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reasir.g conrribucion of n:at:hema::ics ::o zhe cult^ore of 
the nodern world, as well as Its iMorrance as a viral part; of 
scientific and r/sZ-nanistlc education', has nade it essential that 
the r.aohe.T.at:ic3 in o'or schools be ^ooth well selected and well 
taugnt . 

With this in r^.ind, the various mathematical organizations in 
the United Sta::es cooperated in the formation of the School 
Mathematics Study Group (SMSG). SKSG includes college and univer- 
sity mathematicians, teachers of mathematics at all levels, expert 
in education, and representatives of science and technology. The 
general objective of 5MSG is the Improvement of the teaching of 
mathematics in the schools of this country. The National Science 
Foundation has provided substantial f'unas for the support of this 
endeavor. 

One of the prerequisites for the Improvem.ent of the teaching 
of mathematics in our schools is an improved curriculum--one which 
takes acco^unt of the increasing use of mathematics in science and 
techjriology and in other areas of io^owledge and at the same time 
one which reflects recent advances in mathematics Itself. One of 
the first projects 'undertaken by SMSG was to enlist a group of 
outstanding miathematiclans and mathematics teachers to prepare a 
series of textbooks which would illustrate such an improved 
curriculum. 

The professional mathematicians in SMSG believe that the 
mathematics presented in this text is valuable for all well^ 
educated citizens in o'ur society to know and that it is important 
for the precollege student to learn in preparation for advanced 
%'ork in the field. At the same time, teachers in Sr^iSG believe 
that it is presented in such a form that it can be readily grasped 
by students^-' 

In m/ost instances the m.aterial will have a familiar note, but 
the presentation and the point of view will be different. Some 
material will be entirely new to the traditional curriculum. This 
is as it should be, for mathematics is a living and an ever-growing 
subject, and not a dead and frozen product of antiquity. ' This 
healthy fusion of the old and the new should lead students to a 
better understanding of the basic concepts and structure of 
mathematics and provide a firmer foundation for understanding and 
use of mcithematics in a scientific society. 

It is not intended that this book be regarded as the only 
definitive way of presenting good mathematics to students at this 
level. Instead, it should be thought of as a sample of the kind 
of Improved curriv-^ulum that we need and as a source of suggestions 
for the authors of commercial textbooks. It is sincerely hoped 
that these texts will lead th^e way toward inspiring a more meanings 
ful teaching of Mathematics, the Queen and Servant of the Sciences. 
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AS one of l^s ccr/:rlbutior.s tc z::e Irioro ver:ent of .r.atr.er.ar ics in 

.■e schools of this cour^ry, z'r.e School Viatr.er.a olcs Svudy 3rou.j 
has prepared a series of san:cle text r.aterlals for grades - 
througr. 6. These are designed to lllustra^.e a kind of rr.athe- 
rtatlcs currlc'^l-^t tr.at we oelleve a^^^roprlate for ele.r.entary 
schools . 

This volLLT.e is a portion of tnese r.aterlals which were prepared 
by a group of 30 individuals, divided airiost equally betv;een 
distinguished college and university riathema t-icians and r.aster 
elerr.entar-y teacners and consultants. A strong effort h^s been 
made on the part of all to r.ake the content of this text luaterial 
mathenip tically sound, appropriate and teachable. Prelir.inary 
versions were used in n-unerous classrooms both to strengtnen 
and to modify these judgments. 

The content is designed to give the pupil a much broader concept, 
than n_.s been traditionally given at this levels of what m.athe- 
m:atic3 really is. There is less emphasis on rote learning and 
m.ore emphasis on tne constructior: of m.odels and sym.bolic repre- 
sentation of ideas and relationships from, which pupils can draw 
important m^ them.atical generalizations. 

The basic content is aim.ed at the developm.ent of some of the 
rundam.ental concepts ■ of m.at hematics , These include ideas about : 
number; num.er- '.on; the ':perations of arithm:etic; ana intuitive 
geometry. The simplest treatment of these ideas is introduced 
early. They are frequently re-examined at each succeeding level 
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ana ocpcrtur.lt ies are crcviied thrcu^r.cut tne texts tc sxplcre 
then: -ore fully and apply zr.e- -Tfectlvely In sclvlng problerts. 
These basic r:atner^tlcal understand^ngc and s^illls are con- 
tinually developed and extended thrcugncut tne entire -;a tner>at Ics 
curMculur., frcr. grades K tnrcugn 12 and ceycnd . 

We I'^lnr.ly oelleve .-natneriatlcs can and should be studied witn 
success and er.^zyr.er.z . it Is our hope that tnese texts t^v 
greatly assist all pupils and teachers who use therr. tc achieve 
tnls goal, and tnaf they rray experience scr.ethlng of the Joy of 
discovery and acconipllshn:ent tnat can be realized through tne 
s t udy of t hena 1 1 c s . 
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Chapter 1 



EXPON'EOTS 

FL'RPCSS OF UNIT 

To extend the pupils* understEnding of factoring and of 
the unique factorization theorem for whole number? 

To provide expe^'iences in rhe use of exponents to write 
new names for nurnoers. 

To strengthen pupils* understanding of place value in 
the decimal system of numeration for whol numbers. 

To illustrate the advantages of the exponent form in 
naming very large numbers. 

To introduce the techniques for multiplication and 
division of numbers expressed as powers of a common base. 
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MATHEMATICAL BACKGROUND 



N'uTTibers and Numerals 

Confuslo'i frequently exists regarding the terTus number and 
numeral . These are not synonymous. A number is a concept, an 
abstraction. A numeral is a syr;bol , a name for a number. A 
numeration system is a numeral system (not a number system): 
it is 'a system for naming numbers. 

Admittedly, there are times when making the distinction 
between "number" and "numeral" becomes somewhat cumbersome. 
In contexts where only one numeral system is being used or where 
the emphasis is on number rather than numeral, it is convenient 
to rr.a'iCe the customary identification of a number with its name. 
When, however, numerals are themselves the objects of study it 
Is essential to distinguish a number fr . its names and its 
names from one another. Since this chapter is concerned witr. a 
r.rw type cf numeral, an attem.pt has been made to preserve such 
distinctions , 

The Meaning of Equal ity 

It is important to understand clearly the correct way in 
wnlch the equals sign ( = ) is to be used. 
For example, when we write 

4 X 3 = 24 2 

we are asserting that the symbols x 3" and "24 ^ 2" are 

each names for the same thing--the number 12. In general, v:hen 
we write 

r. " H 

we do not mean that the letters or symbols "a" and ''B" are 
tne sam.e. They very evidently are not! What we do mean is 
that the letters "A" ana "B" are being used as synonym.s . 
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That is, the equality 



asserts precisely that the thing named by the symbol "a" is 
identical with the thing named by the symbol "B" . The equals 
sign always should be used only in this sense. 

Exponents^ Bases ^ and Powers 

There are many instances in mathematics in which we use a 
certain number more than once as a factor. Examples are fovnd 
in the :omputation of area of a square, A = s x s: in the volume 
of a cube, V = e x e x e; and in the volume of a sphere, 
V = ^XTxrxrxr. 

Another illustration of the use of a number several times 
as a factor Is found in the designation of place value In our 
numeration syster. . The nuT*8ral 1,486, for example, can ce 
thought of as an abbreviation for 

(1 X IC X 10 X IC) + (4 X 1"^ X 10) + (8 X 10) + b 

A numeral which names a number as a product is called a 
product expression . Thus 5x2x3 is a product expression 
for the number with decimal numeral 30. If a product expression 
shows the same factor repeated there is a simple way to 
abbreviate it. For example the expression 

k 

3x3x3x3 is abbreviated 3 

2x2x2 is abbreviated 2^, 

2 

and t X t is abbreviated t . 

In such abbreviations the numeral naming the repeated factor is 

called the base , and the raised numeral designating the number 

of repetitions is called the exponent . (Note: this use of the 

term "base" is related to but diff ?nt from its use in place 

value numeral systems. The numeral 3^ contains the decima l 

numeral 5 ba^e, c-^t it is not a "base five" numeral. 

3 

However, the form can be directly translated into t.ne base 

five numeral for this number, namely 1000 five.) 



4 

When used as a nunrieral, the symbol 3 is read "three to 

the fourth power". Since it names 8l , we call the number 8l 

3 

the fourth power cf three . Similarly 2 is read "two to the 

third power" or "two cubed", and t Is read "t to the second 

power" or "t squared". We will call numerals like 3^, 2^, and 
2 

t exponential forms of the product expressions which they 
abbreviate. We will also say that they express iiumbers as powers 
They are simple abbreviated forms of product expressions. -Any 
expression containing product expressions which are abbreviated 
to exponential forms will also be called an exponential form. 
Thus 

s^ , , X TT X f— and 

:i X i:-) - X :c^) ^ (5 X - c 

are exccnential fcrms. 



ros 1 ^^cnal N'c ta ticn in the Decimal System, of Numeration 

C^r num.eraticn system is called the decimial system^ because 
it uses groups of ten. The word decimal comes from, the Latin 
word "decem" which m-^ans "ten." The decimal system is widely 
used throughout the world today. 

It is probable that the reason a decimal numeral system 
evolved is that people have ten fingers. The ten symbols we 
use are called digits. 

The decim.al system, uses the idea of place value to represent 
the size of a group. The size of ;..''.e group represented by a 
digit depends upon the place or the position of the digit in a 
numeral. The digit indicates how miany cf that group there are. 
This clever idea of place value miakes it possible to express a 
num.ber of any size by the use of only ten symibcls: 0, 1, 2, 2, 
^, 5, o, 7, 5, and 9. 

Since grouping is by tens and powers of ten in the decimal 
system., its base is ten. Each successive place to the left 
indicates a place value ten tim.es as large as that cf the 
preceding place. Reading from z'r.'- right, the first place 
indicates ones , the second place indicates tens , or ten times one 
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(IC X 1), The third place indicates ten times ten (IC x IC ) , or 

one hundred, the nexz, ten times ten times ten (IC x IC x IC) or 
one thousand, and so on. 

decimal numeral, such as 23^5, may be ini:ercreced as an 
abbreviation of a sum expression, 

23^5 means (2 x lOCC) + (3 x ICO) + ( x IC ) + ( 5 x 1 ) , cr 

23^i means 2C0C 300 + 4c + 5^ 

When we wri^e the numeral, 23^5, we are using number symbols, 
the idea of place value, and base ten. 

The decimal system has sn advantage ov^r the Roman numeral 
system in that it has a symbcl for zer^'. The numeral C is 
used tc fli: places which would otherwise by empty. Without r'-.e 
use cf seme S'^ch num.eral as C the situation would be more 
crnfusing. For example, the numeral for one thousand seven is 
10C7. Without a symbol for zero to mar'K the empty places, this 
might be confused with 1^, 

Expanded Notation 

When the meaning cf a number is expressed in the form: shown 
below fcr 333, it is said to be written in expanded notation 

333 - (3 X ICC) - (3 X IC) + (3 X 1) 

Sucn an expression can be put in exponent forri in the sense 
that IC , ICC, ICCC, etc. can be expressed as powers cf 10. 

3 33 - (3 X IC^) ^ (3 X IC"") ^ (3 x l); or 

333 - (3 X IC"") -r (3 X 10) + (3 x l). 

Since 5^ means 5 and 10 mieans 10, the exponent 1 is written 
onl/ for uniform,ity or for em.phasis. 

Products and Quotients of Mum;bers Written in Exponent ?orm 

When numbers to be multiplied or divided can be expressed 
as powers cf the sam.e number, the operations may be performed by 
short and convenient procedures using only exponential forms. 
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The rules for these procedures may be discovered by pupils from 
the study of several examples. The general rule for 
multiplication is illustrated and stated below. 

Give an exponential form for n if n = 2^ x 2^ 
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= 2^ X 2 
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In the above expression, y Is a factor (b + c) times. So 



y° X y^ = y'^ ^ ^) 



The general rule for division is illustrated and stated 



oeiow. 



Find an exponential form for n if n = 10^ ^ 10^ 



5 2 
n = 10-^ 10 



so 



n X 10^ = 10^. But 

3 2 S 

10^ X 10 = 10-^. Therefore 



This rule is a consequence of 

(1) the relation between multiplication and division, and 

(2) the rule for multiplying in exponential forms, 

b c f b - G "1 
Tc say that y y - y^ ^ is tc say that 

c ^ (b - 3) b 
y X y^ ^ = y , 

We know however that 

X y^^ ^ = " ^ ^ y^ (multiplication 

. 0 c (b - c) 
Thus we Knew tnat y y = y - 

The value of these rules is this: if each of two numbers is 

given by an exponential form with the same base, there is a verv- 

simple way, involving only addition , to name the^r product in 

exponential form. Thus, to find the decimal numeral for 27 x 81 

involves another complex crocedure while an exoonential form for 

3" X 3 requires only the computation 3-^^ = 7- Of course the 

two approaches give two different numerals, namely 2,l87 and 
7 

3 . However, there are many instances in which 3 ' is tc be 
preferred , 



TEACHING THE UNIT 
THE yiE^NING CF EXPONENT 

Objective: To belp puclls learn to write and interpret 
exponent forms. 

Vocabulary: Factor, product, product expression, repeated 
factor, exponent , base , power, exponent form 



In general, the exploration for each section 
of this unit is included in the pupils' book. 
Only a few further suggestions are included in 
this Teachers' Commentary. 



While there is more than one way to teach 
this unit effectively, the following procedure is 
suggested as one possibility. 

Much of the content, except the pages contain^ 
..ng Exercise Sets, will be studied using questions 
which pupils can answer orally, but would have 
difficulty in answering in writing. At the san:e 
time there are many exercises included in these 
sections some of which can be completed by the 
pupils individually . 

The Exercise Sets have been designed to be 
used as independent activities. Examples are in 
many cases supplied at the beginning of each set 
so the pupil can complete the exercises in acceptable 
form. .n discussion of different methods used by 
pupils in solving these exercises is an excellent 
procedure . 

I 

I The teacher will find that there is consider^ 

j able reading expected of pupils. It is important 
j that they learn to read text material with* many 
numei^als. Hence they should be asked to read 
certain sentences silently and afterwards discuss 
the contents cf those pages. 
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Pupils in general learn zo use exponents zo 
express numerals quite readily. One difficulty 
they do encounter is the voca bular>' . There are 
many new words in this section. All pupils shculr: 
have many opportunities to use and illustrate the 
meaning of these words. For example on cage 2 of 
the pupils' book, many more examples like exercise 
1 snculd be used. For some pupils, even the word, 
f a c to r , may be new . 

Exercise .^et 1 need not be completed as 
one assignment. Parts of it may be used after 
the prerequisite concepts have been emphasized. 



Chapter 1 
SXPCNENTS 



MEANING OP EXPONENT 



Suppose you were asked to read a very large 
number such as one that told you the distance to 
a star or one that gave the weight of the earth 
in pounds. These numbers and many others like 
them are so ver>' large that you would have 
difficulty reading them. For example, the earth's 
weight is about 13, 000,000, 000, COG, 000, 000,000, COO 
pour.ds . 

This is a ver^,^ large number. Can you read it? 
Can you think of some way in which you -nig'-^*: tell 
a irlend what the weight of zhe earth is in 
pounds? 

In this chapter ycu will learn new ways of 
reading and writing these large numbers. These 
new ideas will be used often in mathematics and ■ 
science courses which you will study later. 



duct Expressions and Repeated Factors 



The sentence 7 x 9 = 63 shows that 63 Is the product 
of 7 and 9. It also shows that 7 and 9 are Mt^ctd^ 
of 53. Because it names a number as a product, an 
expression like 7x9 is called a product expression . 
Give other product expressions for 63 if there are a^^y 

Write the decimal numeral for each of the following 
product expressions. 

(a) 3 X 15 (A-S) {-) 3 X ^ X if ('^g) 

(b) 3 X 16 C4^) (h) 2x3x3 (l8) 

(c) ^ X 20 C80) (i) 3 X 2 X 2 X 2 X 2 ('4^3 

(d) 4 X 12 Cf8) (J) 2 X -2 X 3 X 5 CGo) 

(e) 2 X 2^ (K) 5x5x5 OX^) 

(f) 3 X 18 (1) 3x7x7 (1^7) 



Kow many times is the factor 2 used In the product 
expression in (j} a'oove'? d) In (l)? Tv-) 

What factor is used more than once In example (h)? (3) 

What number is shown as a repeated factor in example (l)?('7} 
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Write one or T.ore product expressions for each of the 
following. Show at least one repeated factor in each 
product expression. The number of blan^cs will help 
you wi^n some of vhem. 



Example: lo = 4 x ^ 

I6i^2x2x2x2 



(a) 


27 






X 








25 






X 






( = ) 








X 


f^;, 0 






36 
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(^J ^ 






32 




fx] 


X 


rV 


/'^Ky , or 




32 






X 


{^\^ 


1 X /^) 




20 






X 


X 






50 




(<^) 


X 


(S^j X 




(s) 


23 






X 


X 




(n) 


90 






X 


f^vj, X 




(i) 


75 






X 


r^-yx 




(J) 


IOC 


= 


f/c 


X 




or 



X r 



100 = /-2 ;x (a; X C.3-y X /Q-j 

(1) 1 ••- ^ f yJlJ X (/^, (yd^ ^ ) 
(rr.) 1000 X ^ o) y Oc) 

■-■^O 125 { o'; y ^'^y X /i^' 
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Using Exponents to Wrlt;e Numerals 

There is a short way to write product expressions hich 
show repeated factors. This short way uses a numeral to tell 
the number of times a factor is repeated. Here are some examples. 

(a) 5 X 5 X 5 is shortened to 5^^. 

(b) 6 X 5 is shortened to 6^. 

(c) 2x2x2x2x2 is shortened to 2^. 

What we have is a new way to name numberr The new symbols 

like 3", 5 , and 2 are made up of two numerals. The upper 

numeral is called the exponent and the lower one is called the 
base > 

(a) is read "five to the third power". 

(b) 6 is read "six to the second power". 

(c) 2-^ is read "two to the fifth power". 
The new names are called exponent forms_. 

(a) 5^ is the exponent form of the expression 
5x5x5. 

125=5x::x5=5^ 

(decimal) (product (exponent form) 
expression ) 

(b) 6^ is the exponent form of the expression 6x6. 



F5 



(c) 2^ is the exponent form of the expression 
2x2x2x2x2. 

32 = 2x2x2x2x2 = 2"* 

(decimal) (product (exponent form) 

expression) 

A number which can be expressed in exponent form is called a 
power of the number named by the base. The number 125 is called 
the uhird power of 5. The number 3b is called the second power 
of 6, and, the 'number 64 is called the sixth power of 2. The 
thlra power of 4 is also b4. This is why a symbol like 5" is 
read 



Notice that more than one base can be used in expressing 
some numbers as powers. 



"five to the third power 



It 



is the third power of four and also the 



sixth power of 2. 




Express each of 



the following in words. 



For 



^3 



, say 



seven to the third r 



n 




II 



(a) 
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Sometirr.es -umbers may be written in several exponent fonns: 
In what different expon.?nt forms is 16 written in Example 
(a) in t:i> box below? (4^ cn-M i') 

"> 

In what aifferont exponent forms is IOC written in 
Example (-)? (10^) a^. X s^) 

Tell the exponent for^.s to be usea in the blanks in the box. 



(a) 


10 




I, 


X 






), 2 


















X 


2 


X 


2 X 


2 








ro) 






6 


X 


6 




6^ 
















2 


X 


c 


X 


3 X 






2" X J 


) 










X 


2 


X 


2 = 


7 


X 






(c) 


3 




9 


X 


9 




9^ 
















3 


X 




X 


3 X 


0 








(e) 


ICO 




IC 


) X 






= 10 


2 














2 


X 




X 


5 X 


5 




2^ X 5^ 




( - ) 






12 


X 


12 


= -icr 


2 














2 


X 


2 


X 


2 X 


2 


X 


3x3=- 
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:r.clete the following sentences: 



(a) -The nu.7ieral 5^ has exponent (^3) ^nc base ' 



3 

(b) The numeral 6 is the exponent form of the product 



expression \^(oX A X ^ 
The numeral 6^ is read ^ tA$. X^hjiA. iurM^j 

The number 21o is the power of o. 




(e) In the expression.. 3 x IC^ a ( ^iAJrd.Luf^ ^\ 
has been written in exponent form. 

(f) If n is £ counting number then the number has 

\ T / as a factor. 



f .1^ 



^ The numeral / has exponent 3 and base 4, 



The number 8l can be written in exponent form 
with base 3 and exoonent 
) The third power of four" has decimal numeral {M". 



16 

21 
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Exercise Sez 1 

1. Copy and wrlce zhe product expression for each of Z'r.e 
following exponen*:: for^iS: 

Example: 7" = 7x7x7. 

(a) 3"" (c) f2 r~) 15" 
fb} 5^ (d) 2^ (f) 25^ 

2. Write the exponent fcrr. for each of the following product 
expressions : 

Example: 21 x 21 x 21 = 21^ 

9x3x3x5 (e) 2x2x2x2x2x2 

(b) 11 X 11 X 11 (f) 3c X 3C X 3C 

(c) 5 X ? X 3 X 3 X 3 X 3 (g) IC x IC x IC x IC 

(d) 17 X 17 (h) 12 X 12 X 12 x 12 x 12 

2. Express each number below as the product of a repeated factor. 

Then express it in exponent form. (Hint! If you have 

trouble finding a repeated factor, express the number as a 
product of primes.) 
Example: 125 =5x5x5=5^ 

(e) 1^^ (i) 5 to the third power 

^ >^ o (f) 6^ (j) S to the second power 

(-) (g) 525 (i)/-0 to the fourth power 

(h) 2l6 (1) 2 to the fifth oower 
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2: 



ATi^e eacn o 



":"_lowlns oroduco exoresslcr.s in 



- X - X 



X - 



X - X ~ 

x-x-x4x4x 



:e) 



10 X 

X 



X 2" X 2 



X c 



X 6 = 36 X 6 = 21c 



: 0 ^ icw iTii 



(a) 




Ar.swers Tor Exercise Set 1 



J. La) 9x<f ^ 7^ 
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ve: To help pupils learn hew :;o wri^e declr.al 
n u .T. e r a 1 s In e :< p c e n t f o m . 



g Procedures : 

Xrlclrg Che expanded nc"Darlon for declr.al 
nu.T.erals in exponent; f err, is especially^ iiTipcrcant . 
Sentences like: 

i,5o3 - X IC^) ^ (5 X IC*^) - (6 X IC ) + (3 x l) 
should nelp to reinforce the place -value idea . 

The develooT^en of this section is on ?1C and 
?11. The generalization discussed in Exercises ^-7, 
page ?1C IS especially iniportant. The teacher shoul 
help every pupil understand this concept. 

Exercise Set 2 is practice for this se-^rion. 
Exercise Set 3 is a revie'^- of the first two 
sections and applica ticns of the ideas introduced . 
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pcaers c? ten 



^ ■ 1 

1 3 

i Product Expression with 
Dec.-a. Nunieral j ^- ^ated Factors 




j E-^nDonen'C 
1 Form 


■T ^ 

D 

?ov:ers 
of Ten 


^0 ' >;one 


! 


First 


^"^^ -^0 1 10 X 10 






^'000 10 X 10 X 10 


1 

i/^ J 


Ihird 


C^) 10,000 


1^/0 y /o y ^ 0 X / ^ J 


10^ 






10 X 20 X 10 X 10 X 10 




Fifth 


fi^) 1,000,000 








/"^"^ / ) 
'/ o o o ^ a o 0 J 


10 X 10 X 10 X 10 X 10 X 10 X 10 






fh) 100,000,000 j 


0^ / y/ox/<s X /o x^ox^6x/6] 




Eighth 



1- Head the nu.-nerals Ir. Colu.^n A above and supply those that 
are rr.issing. 

2. In Colu.T.n A each number is how many times as large as the 
one named above it? f/0^dw<y; 

3. Tell What is missing in Columns A, 3, and D. 

4. Compare the number of zeros in each numeral in Column. A with 
the exponent of 10 in Column C in the same row. Wha>. is 
true in each comparison? ( XL^ a,^ ^^^,,^) 

0. Do you see that 1 followed by six zeros can be expressed 
as IC to the sixth power?Cvf^It is written 10^. 

o. Tc write the decimal numeral for lo'^ we write 1 followed 
by how many zeros? (C^jx-usiirvj 

7. Express each of the following as a power of ten. 

(a) ICCyOQOdo^) (b) 100 ,000 .000 C/o^) /^'i 1 r^rsrs r\r\/^ 

(loV 
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rable II 



1 Decimal 
Numeral 


Product Expressions 


Exponent Form of B 




^ X 100 = - X (10 X 10) 




6,000 


6 X 1,000= 6 X (10 X 10 X 10) 


6 X 10^ 


500 


vT / /CO - (d- y /£> y ^ o ) 


5 X 10 


90,000 


9 X 10,000 =lfX/o)f/cx/cy/o] 






7 X 1,000 = 7 X (10 X 10 X 10) 




300,000 


3 X 100,0C0=aj X y/^ x/'^^^^j 




30 


8 X 10 


3 X 10-^ 






2 X 10^ 




(3 V ^o. 


3 X 10- 


27^000 


27 X 1,000 =/<:2 7//'^>'/^^/^j 


27 X 10"^ 


15,000,000 
i_ 


15 X 1,000,000 =^^<rx/^^/^'^/^-^/^^^^^^ 


3 /j-y/c 



In the table above, "wnat product expressions are given for 

How is 400 expressed in exponent form? ;4- X /O j 
How is 5,000 expressed in exponent forrr;? ( - '0 J 
Supply the numerals which are missing in the above table. 

On Page 1, the weight of the earth was eiven as about 
13,000,000,000,000,000,000,000,000 pounds. Express the 
weight in the form used in Column C in the table. ^ ) 

Did you ever hear the name "googol" used for a number? 
Googol is tne name given to a number written as "l" 

, - - , . ^^-j TT^^rj^ogs this number as a 

foiiowea oy one iiu.iu^c^ 

power of ten. ( 10'"°) 
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Exercise Set 2 

1. Write each of the fol'owi^e in exnr-o-.- 

xu^^uw^^t, expc.s.iu ^orr. as a power of ter 

Example: 1,000 = 10^ 

(a) 10,000 (;o''j (d) 10 " ^'""'^ 

(o) 100 . (/^^; ^e) 10,000,000,000 r^^O' 

(c ) ICO, 000 ^y^^J (f ) 000^ 

2. Write each of the following as a power of 10. 
Example: 10 x 10 = 10^ 

fa) 10 X 10 X 10 X 10 //^^y 

Co) 10 X 10 X 10 X 10 X 10 X 10 (/^^; 

fc) 10 X 10 X 10 

(d) 100 X 100 X 100 {/^"y 

(e) 10 X 1,000 //o^J 
(^] 1,000 X 1,000 X 1,000 (^/a"^! 



3. Find the decimal numeral for each of the following. 
Example: 6 x 10^ = 6,000 

(a) 7 X lO^e^^V 9 X 10^.^?^^o^oJ(e) (3 x 2) x 10^(^00; 

(b) 10^ X 2(jlcocJ fd) lo5 X (f) (2 X 5) X I0J..0...0J 



Write each of the following in the kind cf exponent fom 
shown In exercise 3. 
Example: 5,000 = 5 x 10"^ 

(a) 60,000- y y^yj (d) 8,000,000 T^x/^S 

(b) 200 (e) 90 L^y^^'^ 

(c) 700,000 (2xy^^J (n 300,000,000 Ox.o*:^! 



23 
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Exercise Set 3 

Which of Zhe following is the largest number?r3 ) Which 
I's'che STT^allest number?(3x«)Explair. your answer .(3' 3 . 3 »3 = 8/) 

(3 t-t = IX) 



(a) ^ 
(d) « 
^6 



(b) 4^ 
(e) 34 



(c) 



(28) 



2. 2" is a number how much larger than o 

3. The number 2^ Is how many times as large as the 



number 8 ? 



^. Suppose you are offered a Job which would take you 5 
working days to complete. The employer offers you 1^ 
the first day. Each day after, for four days, your 
daily wages will be multiplied by 7. 

fa) Make a table like the one below to show the amount 
you would earn each day. Show also your daily 
earnings written as a power of ?• 



0^ 



Day on Job 


Earnings 
each day 


Earnings written as 
a power of 7 


First 






Second 




7" 


Third 






1 Fourth ^ 






1 

1 Fifth 




7" 



(□) What will be your total earnings for the week'^/;?<4.-»7y' 
Find the decimal numeral for each of the following: 
-2 i^a^i (c) 2 X 10 L-^^) 



15 

3 X 



2-^ X 5^ i^""") 
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Make the necessary computations. 7nen mark: each of the 
following n:atheratical sentences true or false. 



(a) 


10^ 


/ 2 X 


10 


CrJ 


(b) 
(c) 


15^ 


< 3 X 
> 10 - 


10^ 
-2 

- 


f F) 


(d) 

(s) 


3"^ - 
11^ 


■ 2 = 
/ 13^ 


50 + 15 
- 22 


cv 


(f) 


62 X 


2^ = 


122 


(V 


(s) 

(n) 


10^ 

5^. 


- 9^ = 
3'< 


= 100 - 90 
83 


( 

(V 


(i) 


150 


- 12^ 


< 10 


(V 


(J) 


9^ - 


700 = 


= 29 


u) 


w 


8- - 


80 = 


3 
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Cbjec::lve: 



To help 
decimal 
in expa 



pu:^ls extend :;heir understanding of the 
syszem of numeration by writing numerals 
:*.ded notaticr. using exponents. 



Vccabular^^': Decimal system.^ digits place value, expanded 



Most pupils have studied principles of 
numeration. Here they review them using exponents. 
An understanding of these properties is one of the 
very important objectives of the mathematics 
program. 



notation 



Teaching Procedures: 
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EXPANDED NCTATICN* 

The sysrer. we use for na^iing numbers is zr.e decimal system. 
In our system we group by oens. The word decim;al comes from 
zhe Latin word "decern" which means "ten." 

Just as cur written language uses an alphabet, cf ?5 sym.bols, 
the decimal system uses an "alphabet" of ten symbols: C; 1, 
2, 3, ^, by 0, 7, 8. 9. These are used as numerals for 
digits . Digits are whole numbers less than ten. 

In our written language the alphabet symbols are used to 
form words which are used as names. In the decimal system the 
ten symbols fcr digits are used to form "words" which name larger 
whole numoers. These "words" are numerals :.iade up cf two, three, 
four, or more digit numerals. 

To understand the decimal numeral system we learn how to 
find the m.eaning of "words" lik:e 23, 8.6, .04. Let us review 
the way we think cf decimals for whole numbers. 

1. In the -numeral 5555, each numeral 5 represents a different 
value. The place in wn:cr: a 5 is written tells whether it 
represents 5 ones, 5 tens, 5 hundreds or 5 thousands. 
The meaning cf each numeral is shown by the aiagram in box A. 
Read the names of the places shewn in box - . 



A 
























5 5 5 


5 
























1 




ones 


or 


(5 


X 


1) 














i 






or 


(5 


X 


10) 




or 


(5 X 


10^) 








5 














hundreds 


or 


(5 


X 


10 X 


10) 


or 


(5 X 


10^) 








5 










thousands 


or 


(5 


X 


10 X 


10 X 10) 


or 


(5 X 


10^) 








5 



2. As we go from right tc left in the numeral 55:^3, the value 
represented by each 5 is ho^ many times the value of t'-^e 
5 before lt'>(lo) As we go from left to right the value • 
represented by each 5 is one-tenth the value of the 5 
before it. 
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3. 



The diagram In box A shows chat place values are powers cf 
ten. In the decimal system, we group not just by tens, 
but by powers of ten. What Dowers of ten are shown in box 




3cx 3 shows the numeral 5555 written In Expanded 
form cr in expanded notation . The last line shows the exponent 
^Qrm of this expanded notation. 



2, 6 



The nurueral 2,648,315 is 
read "two million, six hundred 
forty eight thousand, three 
hundred fifteen." 

Each grour of three-place 
numerals is ser^.rated by a comma 
to make readin^ easier. We do 
not use the word ''and" between 
each group becaus^-- "and" is 
reserved for use i. reading the 
decimal point ir ^r^.erals such as 123.85, 



8, 



3 1 



•10 



-300 



■8,000 



■^0,000 



•600,000 



-2,000,000 



4. Stud:. <- aiagram in box C and tell the value represented 
c-y eacn iiglt in 2,6^8,315. Q^J^dJ 
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3. Now st^j^zy the dlagi'am in box D and tall the value 

represented by each digit numeral in 2,6^j8,315. Give the 
value in repeated factor form and in exponent . rn;. 



■ 5 ones 



"3 hundreds or (3><?.CxI0) o] 



(5 




1) 


(1 


X 




(3 


X 


10') 


(3 


X 


10^) 




X 


10^ 


(6 


X 


10^) 


(2 


X 


10^) 



2 millions or (2x10x10x10x10x10x10) or (2 x 10^) 

••5,315 = (S<10°)^C6xlo^)-f(^xlO^) + (8xlO^)-f(3xlO^)^(lxlO^)4-(5xl) 



Head each of the roilo-.vlng rronierals: 
(a) 317 (c) 1,306 (e) 10,C10 

9c (d) ?5,34o (f) 5^5,8^5 



(g) 606,606 
(hj 32,976,411 



Write a decimal numeral for each of these: 

fa) nine hundred three C^'^'J 

(b) thirty thousand three hundred thirty [ja^JJ-^J 

(c) eight thousand eight (^'^'''^J 

(d) four hundred forty five thousand four hundred forty five 
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^. Express each of the following numerals In expanded notation. 
Give both ohe repeated factor form and also the exponent form 



(b) 2 ,07"^ (3x /ox/Ot/o)-t^ (ox /OifC^t' 
{ino) -h (fx I) 

(c) 8l,04C' i?x(o^)-,Cixio^)-hCo^io^)'^ 
( OK /o y/o) -h(4' x/o) (oxi) 



(d) 200,456 C^iyi/Ox/OxfOx/ox/o^'f 

(o^ lOx/cx/oxfo) -t (ox iOXtO'fo) -f- (4xiOx iO^-h 
( rx/oy-i-C^xt) ij-c CJLx /*>*"J -h Co/ io^) 4- (O t/o^) r 
(^xfo^) +COf/tf; tr^xi) 

(e) 73,8C0 (7x/o%fOx!ax/o)-h 

( zx fox/ox/o) -h (8f( /ox/gf) 4^(0 x^o)'h(ox/) 
o<(yxid*) -h C Jx/o'j •4'(ix/o^) *{oxf£>J -^-(0x0 

(f) 5,247,60c rrr/o^J+ fix/oO + 

(SX lOXJOxlO xIOx/O^lo) -^ ( /0xiO^/O*/O x/o) + 

Coi^io)-^ (ox;) 



1. Grouping in the decimal i.--ystem is by tens and powers 
of ten. 

2. The decimal system has ten special symbols for the ten 
«llglts of the system. 

3. In the decimal system the place '/alues are powers of 
ten arranged in increasing order from right to left. 

The place names from right to left are units ^ones), 
tens, hundreds, thousands^ ten thousands, hundred 
thousands, millions, and so on. 



Ansv;ers for Exercise Set 



(<2.y 3(i>:r 



r^) 7-5, o 
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Exercise Set 4 



The numeral, 23-, has been 
v.-ritter. in expanded notation 
in three ways in the box at 
the right. 



234 = (^100) + (3x10) + (4x1) 
= (2x10x10) + (3x10) (4x1) 
= (^10^) + (3x10^) ^ (4x1) 



For each of the following numerals, v;rite the expanded 
notation in the three ways sho;.'ii in the example above. 

(a) 675 (d) 26,4o5 

(b) 80^2 (e) 137,600 

(f) 2,937,65^ 



(c) 5,168 



Write the decimal numeral which is expressed in expanded 
notation below. 



Examples: (6 x 10") ~ x lO'^) - (2 x 10') + (1 x 1 
(7 X 10 X IC) ^ (0 X 10) ^ (S X 1) = 70o 



6^21 



(a) (3 X 10^) ^ (6 X 10) + ( 

(b) (4 X 10^) - 

(c) (3 X 10^) - 
,4 



3X1) 



(7 X 10) ^(8x1) 
(0 X 10^) ^ (6 X 10) ^(7x1) 

(d) (2 X lo'^) + (3 X 10") + (5 X 10^) ^ (- X 10) ^ (O x 1) 

(e) (9 xlO xlO xlO) ^ (3x 10 xlO) -r (5x 10) ^ (2 1) 

(f) (6x lOx 10 XlO xlC) -H ^0 xlO~^) +(4x 10 xlO) ^ (O xlO) ^(8x1) 

(g) (7 X 10") + (3 X 10-^) + (0 X 10^) ^ (0 X 10^) ^ (0 X 1) 

Find the names for as many groups beyond the million 
group as you can. 
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Exercise Set 5 



Name zhe largest and the smallest numbers which have exactly 
four decimal numerals, not using any zero.[f9?9j I fill 



Use the numerals 4, 5. 6, J, and 8 to name eight 
different numbers with five-place numerals. Write the 
numerals in a column in order of the size of the numbers 



from sm.al les 



] argest . 



3. 



5 2 

Snow t^rat 2 and 5 do not name the same num.ber. 



Do 2 



-.2 



S "jz S'^^ ^ o" 



and - name the same n^umber? 



Make the necessar;^' computations, then mark each of the 
following mathematical sentences true or false, 
(a) = 3^ CTJ re) 7 X 2 X 2 X 2 ^ 7 X 2^( V 



(b) ^ X 10 = ^OOi 

(c) 10 X 12 < 12^ (Ty 

(d) 10^ > 5 X ioc(ry 



(e) 7x2x2x2>7 

(f ) 2 X 6^ = 3^ X 2" 



D .J- J 



(h) 9^ = 3^7". 



Copy the following and make each one into a 
tr-^ue mathematical sentence. Do this by 
writing one of the L.Tnbols in the box in 
each blank. 

(a; 3 X lo'* C-) 6 X 5 X 10^ (d) (6 x 10^) + 5^ ^^y 

100 (e 




(b) 7 X 10^ C^) 



o X 
^3 



X 3"" i 



X - 



10"^ X 7" (-^ j 
3 X 50^ 1^ 



X 12 



^2 2 

9 X 10 
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PRCDUCTS EXPRESSED IN EXPCNEOT FORM , 

Objective: Tc help pupils understand and use the rule for 
computing products using exponent forms. 

Teaching Procedures: 

Pupils can discover the rule for multiplying 
numbers expressed in exponent form. Below is a 
suggested introduction. It is written as though 
the teacher were speaking to the class. Possible 
pupil answers are enclosed in parentheses. Pupils 
should have their books closed. 

You know how to name the product of two numbers using 

declT.al numerals. Guess what this product is. Could you guess 

the answer to this question, "Find an e. onent form for n 
c 10 

if 3 X 3" = n?" (Urge pupils tc guer.s. Possible answers 

->oO oC 6 '( 
rrlzh'c be 3 , 9 . 9" or even %he correct answer 3 ) 

Give me some reasons why you think your answer is correct. 

Let us put this exercise aside and tr^- some easier ones. 

Maybe we can discover hew to name the product. 

j The teacher may now find products such 

! as 2^ X 2", 3^ X 3"", 10" x 10" using 
the procedures illustrated in the box on 

page P21, Then pages P21 and P22 should be 

studied carefully. Then examples like 

^5 10 ^18 
|; X id = can reaciiy oe Gone. 
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FINDING PRODUCTS USING EXPONENT PORKS 

1. Can you think of a way to find an exponent form for these 
product expressions? 

(a) 10^ X 10^ = ? do'') (c) IC^' X 10^ = ? (lo^) 

(b) 2^ X 2^ = ? (d) 7^ X = ? (7^) 

We could solve the problems above by changing the exponent 
forms to decimal numerals, then multiplying in the usual way and 
then changing back: to exponent form. 

2^ X 2^ = 8 X ^ 
= 32. 

Then since 32 = 8 x ^ 

= (2 X 2 X 2) X (2 X 2) 
= 2^ 

2^ X 2^ = 2^ 

It will be much quicker if we can learn to name the product in 
exponent form without changing to decimal numerals and back. 
Finding a way to do this and learning to use it is cur purpose 
in this section. 

2. In the box below are examples of the m.ultiplication of 
numbers expressed in exponent forms with ohe same base. 
Study rhese examples. Can you discover how the exponent 
of rhe numeral for the product is obtained? The questions 
below the box may help. 



(a) 2" X 2^ = (2 X 2 X 2) X (2 X 2 X 2 X 2) = 2' 
Tb^ 3^ X 3^ = (3 X 3) X (3 X 3 X 3) = 3^ 
I fc) 10"^ X lo" = (10 X 10) X (10 X 10 X 10 X 10) = 10" 
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3. Example (a.) shews exponent forms for two numbers, 2 and 
2 , and for their product, 2\ What is true about the base 
of ail three forms? Kow can the exponent for the product be 
found from the exponents for the factors? 

^. In example (b) the base in each exponent form is 3. The 
three exponents shown are 2, 3, and 5. What is the 
exponent in the product ?'''^^What addition fact connects the'. 
exponents? (^-^Z^S) 

3. In example (c) the exponent 6 was found by counting. 
What operation can be used instead of counting 2 and 
then ^? 

5. For the follc^i-.g examples, change each exponent foitn to 
repeated facte: - ^J^^ ^r^^^al^^the products correct? T'^^?,) 

(a) 5^ X 5^ - 5^ (d) IC^ x 10^ x ic^ = ic^ 

(b) 7^ X = 7 (e) 8^ X 8^ = 8^ 

(c) X 0" X 5^ - (f) 4^ X = 

7. For :r ^ fc'.::- ' ; -vxsmples, write the number as a power 
wi-thcu.- c." to repeated factor form. 
Exam?:.-- 2*^ X 2^ - 2^^ = 2" 

i-^"'" -^') (d) IC^ X 10^ X 10^^/^'"'^^ 



[a) X 



(^) - X -"^^r"''^/: (e) 25^ X 25^ (is^'-'K^ 0^^') 

(Cj D X - X ^ ^ J (f) X ICC C''^^ ^-/oo 



1 / 
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8. Copy and complete each of c:.e following. Use only exponent 



forms . 








(a) 2'^ X 2^ = 




(s) 


3 X i^') = 3^ 


(b) 1^^ X 10 




(h) 


a-^ X a - i ^ / 


(c) ir) X 9' 


= 9^ 


(1) 


D X ! J) y = 


( c ) ^ X a ' = 




(,') 


27^ X 27^ = 


, e ; 0x0 






195 X f/?^ = 19^ 


(f) 2^ X 2 = 


\^ .' 
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FINDING A COMMON BASE 

1. Write each of the following as a tower of 2. 
Example: l6= 4x k = (2x2) x (2 x2) =2^, or 

l6 =2x8=2x2x4=2x2x2x2= 2^ 

(a) 64 r^'j (b) 32(f) (c) 128 r;p 

2. Write each of the following as a power of 5. 
(a) 25(^0 (b) 625 C^'3 (c) 125 

5. Write each of the following as a power of 10. 

(a) IOC C/o'j (b) 10,00Cr/o''; (c) 1,000 Oo^j 

Cr.e way to find an exponent form for 125 x 25 is first to change 
the decimal numerals 125 and 25 to exponent forms with the 
same base. Here are two examples of this method. 

(a) 125 X 25 = 5^ X 5^ 

= 5^ 

(b) kg X 3^3 = 7^ X 7"^ 

= 7^ 

This method can be used only if ihe factors in the product 
expression are powers of the same number. 

k. Express as powers of the same number and multiply using 
exponent forms. 

(a) 16 X 4^ = ^4-%4= = 0 (d) 8l X 3^ =(3^3""= 

(o) 7^ X i+9 = Ct". 70 (e, oi; X 32 = (i'^^^^a") 

(c) 5^ X 25 = (s-'r:S' ^ s^) (f) 3x9^= (Zxa^'-s'^'J 
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Lxercise Set o 



ERIC 





te each of 




numbers 


as a 


power. 




(a) 


5x5 = 






(e) 


i X , = 




(b) 


3 X J = 






(f) 


. 2 S 

O X c 




(c) 


2 

9x9 = 






(s) 


X c 




(i) 


IG^ X IC^ 




] 









2. Change the n'^nerals to exponent forms with the same base 



and 


multiply . 








Exarr 


iple: Si 


X 27 = 


3 X 3-^ 


= 3' 


(a) 


9x3 = 






(e) 


(b) 


6x2- 






(f) 


(c) 


25 X 25 


= (:^:/- 




(s) 


(d) 


3l X 9 = 






(n) 



32 X ^ ^C:i".:x'^ 



(h) ICCGC X ICCCC ^(/c^'/o\/o^) 



(3 ;r J r 3 ; 



3. Think of letters of our alphabet as names of ccuntinr 



numbers. Expreso each of the following as a power. 
Example: a x a" = a^ - a-^ 

(a; o2 ^ ,^3 ^3 ^ ^4 



Use exponent forms to shorten the mult' icatlcn crocess 
as shown in the exa:nple. 

Exa:nple: 30C x '-^,000 = (3 x 10^) x (4 x IC"^) 

^^y/cW = (3 X ii) X 10^ X -c' = 12 X IC^ 

(b) ^CC X = '"''■"''j^o^scoi^) l,oCC X 30c J'>^^°"'Too^ooc 
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CUCTIENTS ELxPRESSSD IN EXPONENT FORM 

Cbjectlve: To help pupils understand and use the rule for 
finding the quotient when the dividend and 
divisor are expressed in exponent form. 

Teaching Procedure: 



Suggestion.^ for the previous section are 
also appropriate for chls section . Pupils should 
be able to make more intelligent guesses fOi." 

b 2 

quotients to exercises such as 2 2 because 
of their experience with multiplication. 

AS with other concepts developed in this 
unit:, the ideas are especially important. Skill 
in using the rule is not expected from most 
pupils. However, you should try to help all 
pupils formulate answers to such questions as: 

n P 4 

1. Wny is 3 3 = 3 ? 

2, Is 2^ ^ 2^ equal to 2° " ^ or 
2^ ^ ^? 



Why is 5 -^5 =1? 

Which is larger 4^ or 4^-^-4^? 

Why ? 

Is 1^ ^ 1^ equal zo 1^ 1^1 Why? 



4C 

51 
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Q'JOTIENTS EXPRESSED IN EXPONENT FORM 

F.^r.ce 216 3'- nar.es the number b as a quotient we 
will call it a quo t lent express ion , 

Ycu have learned how to find the decimal numeral for 
2I0 3o by the division process. Suppose 2l6 were written 
in exponent form as 6^ and 36 were written as 6^. Is 
there a way to divide as well as multiply using exponent forms? 
Can vo fill the blanic below with an exponent form? 

o - 0 - 

Here are examples showing two ways we might answer such a 
question. 

First Way 

2 

(a) ^ ^ = ( 4 X 4 X - X 4 X 4) ( 4 X ^) 

= (5^x^x4)-=- 16= (256 X ^) lo 
= 1C24 ^ l5 



('^) 2^' - 2^ = ((2 X 2) X (2 X 2) X (2 X 2) X 2) -(2 x 2 x 2) 

= (4x4x4x2)-J-8 

- (54 X 2) - 8 

= 128 ^ 8 
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Second Way 

(a) 4^ i;.^ = (4 X 4 X 4 X ^ X 4) -^^ ^ 

= ((4 X 4 X 4) X (4 X 4)) ^ 4^ = (4^ x 4^) - 4^ 
We notice that we must mulx^iply by 4 and t:hen divide 
the result by 4*^. But these operations undo one 
another, so we do not- need to do either. 

X 4^) 4^ = • 2. 
4^ -J- 4^ = 4^ . 

(b) To express 2.^ ^ 2^ as a power of 2 we use 
2^ X 2^ = 2^ . Since -n + 3 = 7, n = 4 and 

2 X 2--,= 2^ So 2' 2^ = (2 x 2^} ^ 2^ = 2 . 

Since the second way is so .nuch shorter than the first it 
is the way we should use if we can -jr-derstand it. Perhaps we can 
see better how it works if we first >rite division sentences as 
fTiU-Uiplication sentences: 

(a) To find 4-^ 4- 4^,. we think ? x 4^ = 4^. Now we think 
the ? can be 4^ and write 4^ x 4^ = 4^. 

Since n 2 = 5, n = 3 and 4^ x 4^ = 4^. So 

^5 ^ 1,2-^ ^ n3 ^ ^2x ^ ;.2 ^ -^3 

We now write 4^ 4^ = 4^ 

(b) If n = 2^^ ^ 2^ then 

n X 2^ = 2*^. 
But 2^ X 2^ = 2^ , so 
n = 2^ - 2^"^ - 
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Use the Ideas in the. above exa.-nples in explaining how tc 
fill In each blank with an exponent form. 

(a) 5^x5 = 1^:1 (f) ic" X ic- ^ (/O'j 

(b) (5^ X 5) . 5 = M_ (g) ic"^ . = ( /c'j 

10° 



(c) 5" ^ b ^ \5') (h) ic''' X (/dV = 

(d) (5" X 22) . 32 = JS± (i) 10° . lo"^ = (/O 'J 
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Exerc 


ise S 


e t 








;8 eacn cuowient expre 


ss ion 


in 


exponent fern:. 




(a) 






(e) 


9^-9= Tfy 




\ - ; 






(D 






/ ^ \ 






(s) 


ic° - 10' = ^'(^') 




(a) 








12^ - 12-^ = [;^y 




«>✓ r, £ r 


ige the nuT.erals to ex 


ponen 


t fo 


rms with the sam.e 


base 


ri'^ 


divide . 












-pie: 2I0 - oo = 0 - 


0 = 




- 2^ ^1 

' = D =0 






■ 0 ^ T =; - ' ■ - y 










(a) 




(d) 


io,occ 1,00c = 




r 

'« i 


04 , 2 -^'-^5^ 


1 


(e) 


81 . 27 =(^'ri^- 






243 ^ 9 = ~- - V 




(f) 


1,000,000 100 = 





le fcliowtng in exponent form. 



a) 10^ X 10^ = ;7o^ 




9^ 


X 33 = 


(5^) 


t) - 15^ -^/o-;) 


(s) 


-.3 

T 


X 64 = 


(^') 


= ) 2^- 2^ = {^^ 


(h) 


16 


- 16 - 




J.) 10 X IC = f/0\) 


(i) 




- 5 = 




3) 10-8 z^;^ 


(J) 


1^ 


^ 1^ = 
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Exercise Set 3 
Jsing Exponent Eorrr.s 



The area a square region is 5° snuare feet. 
How Ions is a side? (S' 4t) 

A rectangu.cir region has sides which are 2"^ inches and 
incnes. 

(a) Name the measure of the area of the region in ^,ny 
convenient way, •O'^/Oy^ f/Q^j 

(b) Write the decimal numeral for chc area measure . f/^^ ooo' 



The area of the United States is about 3,6CC,0C0 square 
miles. If our country -were a rectangular region with one 
side 1,000 miles long, how long would the other side be? 

iome very small ani:r:als which can ce seen only through a 
microscope increase in number by splitting into two of the 
same kind. After a certain time each of these divides into 
two animals and so on. Suppose one kind of such animals 
divides exactly ever:/' 10 minutes. 

(a) How many animals will be produced from a s:^ ngle animal 
in one hour? (jl^o^ io^) 

(b) .^^bout h:v; long is required to produce 1,000 an:.mals 
from 1 animal? f / ""^ju^ HO 'yKloou-tl^ 
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To 50 ir.cc orbit around ::he earth a satieliite iriusr be 

^ 3 

travelling about lo x 10 miles an hour. ir. circling 

3 

the earth once the satellite goes about ^7 x 10 miles. 
How inany tinies around the earth does the satellite go in 
3 hours? '^^ijjri^tz^j 

in 

The nearest star is about 3,^41 x 10^ miles a:-;ay. The 

\ 



sun is about 93 x 10 ir.iles away. 



(a) Write the decir::al na-i.eral for 93 x \^'^ .{^B^Oco^ooc) 

(b) About how many times as far away as the sun is the 
nearest star? [il X /o'^ ^ (37 O^ooc^j 

(c) If the distance to the sun were used as a u.iit, 
about what would be the measure of the distance to 
the nearest star? {3U / oV ^ [^^C, 0 00 ..^J 

Light travels about l86,000 miles a second. 

;a) About how many seconds does it take light to travel 

from the sun to the earth? How many minutes, to 

the nearest minute? (?-7^^^J 



(b) Use the answers to 7 (s) snd 6 (b) to find about 
how many minutes it takes light to travel from the 
the nearest star to the earth. (^cJ^/ZO /fcvAj 966^^7Zx^J 

(c) Find out whether this is longer or shorter than one 



year. 
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Suooleriencary Sxercise Ser 

1. ?cr each whole number from 50 through 7C, wrlre tr,e numbe: 
as a product: of primes, or wri^e "prime" after zhe number 
if it is prime. If a prime facocr occurs mere than once, 
rewrite the product expression using exponential forms. 

Here is an exam.ple: 50 = 2 x 5 x 5 

= 2 X 5^ 

2. Express each of the following nu.-r.hers as a product; cf powers 
of primes as in zhe example. 

Example: (2'' x 3^) x (2 x 3" x 5) = 2"^ x 3^ x 5. 
(a) 2^ V (2 X 3^)=fi/j;9 (f) ic2 X 6 X 7-=(^'^^Xj'x7) 



(b) 5'^ X (3 X 5 X 7)={'-J^i^X7/' (s) 10^ X 2^ X 5-'^^''/^) 

(c) 3^ X ['^''^^y (h) 1^1: X 12=((5 V 

(g) 36 X (2 X 5^) = '^ ^ ^- y (i) The number of minutes 

(e) 36 X 48-(''?V^y' 3 day = 3 \ 



Write "yes" if the second number is a factor of the first. 
Write ''no' if it is not. Do not make any long computations. 

(a) 2^ X 3 X 5^ , 2^ (r^^^ (e) 5 x , 15 (t^J 

(b) 2 X 3 X 5"^ , 3 X 5 I'^if) 60 X 6C , 25 ("jf^' 

(c) 2^ X 3 X 5^ , 1^ f'Twj (g) 2 X 3^ X 5 X 7^ 



(d) 22 X 3 X 53 , 6 r^; (r^' 



^/^3X/7 ^7--J/y7 63%V' ^f-i/^^ 

to 'T — ^ 

•S'4z^)(3^ (gt^.t^^y.^^ i,c==:ix3<// 

5? 



: c: 



T for Che following senterices which are zr^j.e and 
::hose which are false. 



9 X 
(3 - 



;F;(e) 



(g) (m X n)^ 



2^3 



m X 
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Chapter 2 
I'—TIPLICATION 0? RATION.^ NU!'3ERS 

PURPOSE 0? UNIT 

The p^orpose of this ^onlt is to extend the concept of 
rational number and operations on rational numbers. Although th 
prinar\- p^^ose of the unit is to develop properT:ies and tech- 
niques of the inultiplication of rational numbers, opportunity is 
also provided to review the idea of rational number associating 
it w'ith regions, segments, and sots of objects. Some practice 
is given in addiT:io2: and subtrac;:ion of rational numbers. Fol- 
lowing this review, the specific pui^DOses ars: 

(1) To develop meaning for the multiplication of rational 
numbers. T^.is is done by associating the product of 
two rational numbers (a) -with a rectangiilar region, 
(b) with se^.ents on the number line, and (c) v;lth 
reference to a collection of objects. 

(2) To develop methods for computing the product of 
rational numbers named by fractions, decimals, and 
mixed forms (for exam^ple such numerals as 1.5 

;3) To develop ability to solve problems relating to 
situations involving m.ultiplication of rational 
numbers . 
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ySi Tr'E: : A 1' I c .- ■■ 3 a ck g r o und 

In the s t ud y c T rr^ r- X e: ^ i c s i n the e 1 ene n t a ry school, a 
child learns to us-r several sets c:' n'or.bers. The first of these 
is the set of ccurrin^r nuniters, 1, 2, 3, ... . The second 
is the set of wnole nvr.bers, 0, 1, 2, 3, ... . The child 
also may have learned csrtc.in properties of whole numbers. 

During tfvj prL^:aiv and middle grades the idea of "nimber'^ 
is enlarged, so r.hat by ohe end of the sijcth grade the child 
recognizes each of the fcllov;ing as a name for a num.ber: 

k 3.6, 2^ . 8, 0, |. |, .01 

1^. traditional langua^ge, /;e might say that v;hen child has 
completed the first six years of school m,athemat:.cs he knows 
about "the ■-'.■hole num/oers, fractions, declm.als^ and riixed nwibers. 
Tnis language is primarily n-omeral language It ooscuxes :he 
fact that a single n^uiTiber can ha-/e names of r.'.any kinds. "Frac- 
tions , decim.als. ana mixed num.bers" are kinds of r.'jm.bt.r ncjnes 
rather than different kinds of n/um/cers. Vjr,;?ther we make a piece 
of ribbon 1~ in, long, or 1.5 in. Icr^, or ^ in. lonjr r.akes 
no difference — cur ribbon is the same whateve cur* ch.cice of 
numeral. Tnat is, 1^, 1.5, ^ are all nam.es for the sam.e 
num/per . Triis nvjnber is a m.emoer of a set of num.bers som.etimes 
called the non-negative numbers or the rational r^umibers of 
arithm.etic. Fo^ our piirposes here, v;e shall call themi the 
rational n'umibers, realizing that they are only a subset of tne 
set of all rational numbers. It also should be realized that 
v;ithin the set of rational nrmibers is a set which corresponds to 

the set of whole numibers. For example, 0, 3, 7 S-^e all 

3 7 

rational numbers that are also v;hole noibers. -rr, 7-, a.nd .2 
are rational n'ur^'.bers that are not v.txole nmbers. 
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First Ideas Abou:: Rational Nur^bers 

Children develop early ideas about rational nur.bers by 
working wlzh regions--rectangular regions, circular regions, 
triangular regions, etc. I- Figures A, 3, and C, rectangular 
regions have been used. For any type of region we r.ust first 
identify the 'unit region. Ln Figures A, 3, and C, the unit 
region is a sc^uare region. 

Ln Figures A and 5 we see that: 

(1) The ^jnlt region has been separated into a nu-T:ber 



of congruent regions. 
(2) Scrr.e of the regions have beer 



n Q p 



haced. 

(a) Using regions . Let us see how children use regions to 
develop their first ideas of rational numbers. The child learns 
in sLTiple cases zc associate a nu^T.ber like i or |- with a 
sh^atfd portion of zhe figure. -Rational numbers can also be 
associated with the unsnaded poroicns.) 

Using two or more congruent regions (Fig, C), he can sepa- 
rate each into the same number of congruent parts and shad'^ some 
of the parts. Again, he can associate a number with the resulting 
shaded region. 



r 



Fig. 
A 



I 

5 



L J 



Fig. 
C 



'The unit square 
is separated into 
2^ congruent re- 
gions. 1^ is 
shaded. 



The unit square 
is separated into 
3^ con^r^aent re- 
gions. 2 are 
shaded. 



Each unit square 
is separated into 
2^ congruent re- 
gions. 3_ are 

shaded. We have 
3 

Q- of a unit sauare. 



At this point, the child is only at the beginning of his 
concept of rational numbers. However, let us nore what: we are 
doing when we Introduce, for example |-. We separate the (unit) 
region into 3 congruent parts. Then we shade 2 of these 



parts. SiiTjLlariy, in we S'-rparate each (unit) region into 2 

congruent regions, and shade 3 parts. In uslas^ regions to 

3 

represent a number like we must emphasize tr.e z'act that we 
are thinking of ri cf a unit region, as in Fig. C. 

(*^) Us ing the n\imber line . The steps used with regions can 
be c::rried out on the number line. It is easy to see that this 
is a very practical thing to do. If we have a rxaer marked only 
in inches, we carj^ot make certain typ-es of useful m.easurements . 
We need to have points between the unit intervals, and v;e would 
like to have numbers associated vrith these point:s. 

Tne way we locate ne.*; poirts on zr.e ruler parallels zhe 
procedure we followed wirh regions. Ve mark off each unit seg-- 

ment into congruent parts. We coimt off these parts. Tnus, in 

2 

order to locate the point corresponding to -j, v;s must mark off 
the unit segment in 3 congruent parts. VJe then count off 2 
of them.. (Fig. D) If we have separated eacn unir interval In 



2 congruent parts and counted off 3 

3 

the ooint which v/e v:ould associate wi^h 7^, 



then:; *A*e have located 
r:g. E) 



2 Ports ^ 



1 



Y 

5 Parts 



I 

2 



2. 
2 



Fig. D 



Fig. E 



Once we have this construction in mind, we see that all 

3 5 2 1 ^ 11 
such numbers as -r, g-, -q-, ^, -g- 

particular points on t.he number line. To locate for 



example, we mark the unit segments into 



can be associated wit.h 

J 

8 



congruent segments. 



Segments 

A 



n 
1 



8 Ports 



8 Ports 
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!c) :v^-r.erals for pairs of nimbers . Suppose that we con^ 
sider a pair of :o'jntlng n^jnbers such as 11 and S v;here 11 
is the first nujr.ber and 8 is the second nur.ber. We can ma:-:e a 
syr:bol, v.'ri::ins the nane of the first nuniber of the pair above 
the line and ::hat of the second belov;. Thus for the pair of 
nur.cers, 11 and 3, our syr.bol v;Guld be If v;e had tho^jght 

of 3 as the firs:: n'orr.ber of the pair and 11 as the second, 
we would have said the pair 3 and 11, and the symbol would 
have been yy. ?or the nuinber;-5 3 and 4, the s3.7r.bol would be 
^. For the n-jr/oers and 3, tne syribol v;ould be i. 

V/itn z're zyrrJool described in the preceding paragraph, we 
can associa::e a point on the nur:ber line. The second n-jniber 
tells into how niany congruent segments to separate each unit 
segment. The first number tells how many segments to count off. 

We also can associate each of cur sym.bols with a shaded 
region as in ?ig. A, B, and C. The second number tells us into 
how many congruent parts we m.ust separate each tuiit region. The 
first n^JT/oer tells us how many of tl^ese parts to shade. 

For young children, regions are easie: to see and to work 
with than segr.ents. Hov/ever, the number line has one strong 
advantage. For example, we associate a number as |-, with 
exactly one point on the number line. The number line also gives 
an unambiguous picture for numbers like ~ and i. A region 
corresponding to ^ is less precisely defin^^d in that regions 
with tne sam.e measure need not be identical or even congruent. 

Ln Fig. G, v;e can see that each shaded region is ^ of a 
unit square. Recognizing that both shaded regions have ^ sq. 
units is indeed one part of the area concent. 



iiiiiiilia 




Figure G 
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V'nen v;e rMa::ch n^umbers with points on the ni-imber ^.ine, we 
work v;ith segments that begin at 0. For this reaso::, ■';'io\igh the 
nur.ber line is less intuitive at early stages, ir is to use 

it as soon as possible . 

Meaning of Rational Number 

The diagrams Fig. (a), (b), (c). show a number line on 

12 3 

which we have located points ccrrespondirjg to etc. 

and a n'omber line on which v:e have located points corresponding 

"i 2 ^ * 12 

etc. M^o shown^ is a number line with ^, ^, 

etc. As we look at these lines, we see that it seems very 
natural to think of ^ as being associated with the 0 point. 
We are really, so to speak, co-untir^ off 0 segments. Simi- 
larly, it seems natural to locate § and ^ as indicated. 



0 12 3 4 5 

2 2 I r T 2 



0JL234 S6 7 

44T44 47? 



8 868 ^8l8 88 Qe'888« 9 



? 1 1 1 

2 2 2 2 

O 2 3 4 5^ 6 

4" 4 4 4 4 4 4 



0l23^49^£782^^ii 
8388 88 888888 8 



(a) 



(b) 



(c) 



(d) 



Now let us put our diagrams (a), (b), (c) together. In 

other v/ords, let us carry out on a single line (d) the process 
for locating all ohe points. 

12 4 

When we do this, we see that ^, y, and ^ are all 

■*issociated with the same point. In the same way, ^ and ^ 

are associated with the same ^oint. 
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N'cv; we are ready to explain more precisely what we riean bv 
fraction and by rational nunber. Leu us agree to call the 
symbo]s we have been using fractions . A fraction, then, is a 
s\^.bc' associated wirh a pair of nLLT.bers. The first nmber of 
the pair is called the naT;erator and the second nuT.ber is called 
the denoriinator. So far, we have used only those fractions in 
which the nuner-tcr of the n-or/oer pair is a whole nu.T.ber 
(0, 1, 2, and the dencninator is a counting number 

(1, 2, 3, ... }. 

Each fraction can be used to locate a point on the nuTiber 
line. To e^ch point located by a fraction there corresponds a 
rational nu-nber . Thus, a fraction nanes the rational n^jmber. 
For exa-T:ple, if we are told the fraction we can locate a 

point that corresponds to it on the number line, 
name of the rational number associated with this point. This 
point, hov;ever, can also be located by means of other fractions, 
such as ^ and Thus, ^ and ^ also are names for the 

rational num.ber nam:ed by — since they are associated with the 
same point. Rational num/oers, then, are nam.ed by fractions of 
the type we have been discussing. To ea h point on bhe number 
line that can be located by a fraction, there corresponds a non- 
negative rational numiber. 

A very unusual child might wonder -whether eve2rv point on 
the number line can be located by a fraction of the kind we have 

described. We must answer "No". There are numbers tt being 

one of them and ^'2 being another--that have no fraction namies 
of the sort v;e have described. Introducing such irrational 
numibers is deferred ^until the seventh and eighth grades. 

The Vt'hole Numbers As Rational Numbers 

Ciip pattern for matching fractions w^th points on the number 
line can be used with these fractions: p f, etc. 



o 
T 

6 

3 



I 

r 



2 

T 

3 
3 



3 



6 
3 



5 



6 
3 



On the nur.'/rer line we see (Fig. I) that v;e matched |-, 
^ v;ith the same point. We note that this point is also matched 
with the co'onoing n'-jm/oer 1. Thus, zo zhe same point corresponds 

(1) the co'onti.ng number 1 

(2) the rational number named by 

It seer;S that it wciild be a convenience to use the s^^nbcl 1 as 

still another name for the rational nur/oer named by etc. 

2 1 ^ 

Tni3 would allov: us to write 1 = for example. In zhe same 

wa.y, v;e wo-uLc thlrJ^ of 5 as another name for the number named 

V/e reed at this point to be a little careful in our t:^irJ<:ing. 
There is nothing illogical about using any symbol we like as a 
numeral- A problem, does arise, however^, when a zingle symbol 
has tv;o meanings, because then we are in obvious danger that 
inconsistencies may result. For example, *when we think of 2, 
3, and 6 as co'unting numbers we are accustomed to writing 
2x3 = 6. v;e will eventually define the product of two rational 
num/oers, and we would be. in serious trc ':^le if the product of the 
rational .numbers nam.ed by— -2 and 3 were^'anythiag but the 
rational n^w:m/Der nam.ed by 6. 

However, using 0, 1, 2, 3, etc., as names for rational 

num.bers never leads us into any inconsistency. For all the 

pui^poses of arithjnetic — that is, for finding sums, products, 

etc.. and for comparing sizes, v:e get nar^es for v;hole numbers or 

names for rational num.bers. Ln m.ore sophisticated mathematical 

term.s, we can say that the set of i-ational numbers contains a 

0 12 

sucset — those named by j, — , j, e'..o. — isom.orphlc to the set 

of whole numbers, that is p p etc. behave Just like whole 
numbers, 0, 1, etc. 

It would be overambitious to attempt to form'olate the idea 
of isomorphism precisely in our teaching. It is s^jifflclent for 
our purposes to regard 0, 1, 2, etc., as nam:es for rational 
numbers. is appropriate to note, however, in connection v;ith 

12 

to n-um.bers lixe j they lead to resu" :s already imown from 

experience with whole numbers. 



a/ 




= v;e are saying ''i and ^ are nar.e 



for 



sane numbe 



•,a) Using physical rr.odels . The truth of rhe sentence 



9" = ■3' -<in oe Giscoverec oy concrete experie: 



:e . in Fi g 

exa-Tple, v;e have first separated our unlc region into tv;o con 
gr-aen- regions. 



We have then separated each of these parts 
f'orrher Inuo 3 congruent regions as shorn in the second dra^'ing. 
The second unl:: square is thus separated into 2 x 3, or 6 
parts. Shading 1 part in the .irst dra^^ing is equivalent to 
shading 1 x 3, cr 3 parts In the second. v;e thus reco;:ni2e 
tna: 



1 1x3 



Shading ^ anr ^ 



01 



a region. 



■ 



Again, our analysis of regions follows a pattern th^r can 

ar.d ^. 



:e applied on the nuT:ber line. Let us consider 



I 

■ST 



Fig. K 



Ln lcca:ing ^ on the number line, (Fig, K) we separate the 
unit interval in-cc 2 congruent segments. In locating we 
separate it into 8 congruent segnients. We can do this by 
first separating into 2 parts and then separating each of 
these 2 segments into 4 segments. This process yields 
(2 X ^) congruent segments. Taking 1 of 2 congruent parts 
thus leads to the same ^ pint as taking ^ c 
parts : 

1 _ 1x4 

2 " 2x4 



8 



c on<^ruent 



66 



er wordr, when we multiply the ninnerator and dencmi- 
by tne same countin,^ number, v;e can vlsuali2'e the 
the number line. V/e have subdivlQed -uur ^ inter- 
n'omber of congruent parts, 
ma'^y such experiences, children should be able to 
'cj:e to explain this type of relationship. For example. 



number line pictures for 



are shown in 



Fig L 



hence 



con- 



- - X 2* 

:m.erators and d3nominators . Ln a discussion 



Tactions naming the same mamber, it may appear 
c emr'-'.asize m.ultiplying numerator an^ denom.inator 
cc'or.ving n'jmfoer. usually think about finding 



Lon nam.e if we can. 



We think, then, ^ = 
Seeing 



= Ti^^ans names tne same num.oer, 
ar. thin;:, — = and this will be particularly easy 
,e£ the same num.ber^' Idea has been em^ohasized 



r fam.iliar idea a^ so is contained in what has been 

"r^:-n tnirJ-: a'jout d:" idirg numerator and denom.inator 

c o'jr.t in.£. .rjm.ber . For example , 'we think : 

6 _ b ^ 2 _ 3 
:^ - o ^ 2 - 4 

y tc translate into a multiplicative statement^ since 
l3n ar.'i alvis^cn are inverse operations. 6^2=3 



(c Using factoring . The idea that multiplying, the numera- 
tor and de -^minator o-.* a fraction cy a counting number gives a 
nert fr^ :tion th-^t names the same number as the original fraction 

is an Idea ver> '-'ell suited to the discussion in the unit on 

IP 

laC'^orlng. :lna a slmoler name "^or v;e v.-rlte: 

12, ^ 2x2x3 ^ 2x2 ^ £ 
1^' 5x3 5 "5 

Suppose we c.re thlrklag about two fractions. Hew will we 
dwClde whether or not they name i:he same number? There are tW'^ 
posslbllltiBS. 

Rule (1). It may be Jhat for such "^ractions as ^ and — , 

"ne fraction Is obtained by multiplying the numerator and denoml- 

.ator of Sne other by a count2.ng number. Ln other words, it .,iay 

be thac we car olcture the fractlnns as was just uone. Since 

2 2x1 2 ,1^, 

X* = X ? oelonf: zo rne same oe^--:nus name zne 
sar..is nur.ber. 

Rule (2;. It m^y be that, -e cannot use Rule 1 directly. 

2 ^ 

For example, and ^ cannot be compared directly by Rule 1. 

^ 2 1 1 

However, v;e an use 1 to see that = ~ and - = ^, ^nd 

2 ^ ^ c 2' 

1_ tnls way,, we see thar — and ^ name the same number. 

\'vtlce that - comparing 3 and ^, we might have used 

R^.:le 1 s^nd 2 In a ^ferert way. We m^ight have recog-.lzed 

that : 



anc 



X 2 



• - X ^ 1^ c c X 2 12' 

or 



an 



3 X ^ 12 

ex-" 2'r* 



i.n tne j.att-^r exam.pj.e, v;e have rer^med and — , using frac- 
tlons with de.iorilnato.^ x 5, Of co'orse, w- recognize that 
- X 5 = £ X ^. ( Commijtatlve ?i*cperty) 

Ln o-!ur exam:ple, we see that 2^ is a comm.on denominator 
for ^ and ^, tho^jgh it is not the least comLmun denor. ^nat c ^. 
Nevertheless, one comjnoxn denom.inator for two' fractions is a_Lways 
the product of the two denominators. 




(d) A special test . Let us now consider a special test 

for tv/o fractions that name tre same rational *nuir;oer. In oiir 

^ , 2 
last example v;e used ox- as the common denominator for tt 

and Thus v;e iiad 

22x6 - o ^ L 



anc 



-^4X0 OOX^ 

v;e could say: It is true that ^ = because zhe tv;o resulting 
nurr.erator3--2 x 6 and 3 x - — are equal, and zhe denominators 

are eaual. 

1 2 3 

_n other woras, to test v:hether = it is onlv 

ne c e s sar:/- - once you have understood the reasoning_--to test 

v;hether 2 x 6 = 3 x And this last number sentence is true! 

o 8 

Ir. zhe sa-me way, v;e can rest v;hether = ---^ by testing 

v;hether 9 x ^0 = 8 x 15- They do 5 Vvnen we do this, we are 
thinking: 

^ „ 9 X ^^0 Q_ ^ 8 X 15 

15 " lb X ^0 " -0 X 15 

Tnis is an exam.pl e ci vrhat is som.etLmes callc ^'cross 
product rule-" It is ver^^r useful in solving proportions. (Some- 
tim.es it is stated: The product of the mieans equals the product 
of the extrem:es.} 

a c 

■^he rule states; To test v;hether tv/o fractions r- and — 

0 c 

nam.e the same n'um.ber, we need only zesz v:hezher a x c = b x c. 
Thar is, 

b^^^^^d 

This r'ule is important for later applications in mathem^atics 
such as :_:.m.ilar triangles. Ln advanced rexts on algebra, it is 
scm.etines used as a way of defining rations-1 num/oers. That is, 
an advanced text m.ight say: "A rational num/oer is a set of 
symbols li]-:e |-, p ^, . . . ] . T-/:^ s:,^.bols, ^ and 

belong to the sam.e se:: if a x d = b x c." 

v/hat v/e have done amounts to the sam^t.- thln^g, but is 
developed more intuitively. For teaching p'urposes, the "miultiply 
num.erator and denom.inator by the sam.e count ir^g nijimber" idea 
conveyed by Ru.le 1 can be visualized m:ore easily than can the 



1^ -« 



It v'oula certainly not be oiir intention to insist that 
children learn R'oles 1 and 2 formally. However, these rules 
3urrr.ari?:e an exberience that is appropriate for children. V/e 
can fcrri a cnain of fractions that name the same number, 

1 _ 2 _ ^ ^ 8 _ 

Each frac". ^n is form.ed by multiplying the nur.erator and 

denominator of the preceding one by 2. We can visualize ohis 

as subdividm.g repeatedly a segment or a region. (Rule l). 

I ^ G 

.';e can lorr. a second cnain beginning with = ^ = ^ ^ . 

o 2 t? IG 

We can then ^understand that it ic possible to pick out any 
numeral from one ^hain and equate it with any num.eral from, the 
other, *.;hich is Just /.tiat Rule 2 says. 

yeaninp; of Rational Number - Sum^nary 



Le:: us s'ummLarlze how far we have progressed in our cevel- 
opm.ent of the rational numbers. 

^1) v:-:- regard a Sj^-m.bol like one of the following 's 
nam.ing a rational numoer: 

1 12 I ^- ^ i . 2 

^ c >^ 

(2) V;e know how to associate each such symibol with a 
point on the number- line. 

'3) V.e kncv; that the sam.e rational number may have mia.ny 



-^am^es mat are frac::ions. Thu.^., — and ~ are frac::ion nam.es 



I cr zne 3 ame nu". s er . 

( ■ - ) ' '.'e k .n z :■: ^ h a t v;h e n v;e h v e a rational numb e r n am.r d b y 
a fraction, v;e cajr. multiply the num.erator and denominator cf 
the fraction by the sam.e counting num/cer to obtain a ne:: frac- 
tion name for the sam.e rational number. 

^5) We knov; that in comparing two -ional nuT.bers it is 
usef-^ to use fraction nam.es that have ohe samiO denominators. 
V.'e know, too, that for any two rational numbers, v;e can always 
find Traction na-mes of this sort. 

Thus far wo have not stresred what is often called, :n 

"to ''reduce" -S, 



for example, is simply to name it with the name using the 
s'nallest possible numbers for the numerator and the denominator. 
Since 2 is a factor both of 6 and 8, we see that 

6 _ 3x2 _ 5 
F " 4 X 2 " 4 

We have applied our general idea that "mi^l tip lying num.erator and 
denominator by the same counting number" gives a nev; name for 
the same n^omber. v;e can call ^ the sim.plest name for the 
rational number it nar.es. 

3 

Vfe v.'ould say that v;e have fo:ind, in — , the simolest name 
for the rational number named by ^. This is miore precise than 
saying we have "reduced" since we have not m.ade the rational 
nuTiber nar.ed by ^ any smaller. V/e have used another pair of 
nuTibers to rename it. 

(6) We kncv;, also, rhat 2 and j name the same num.ber. 
We thus regard the set of '//hole num.bers as a subset of the set 
of rational numbers. Any number in this subset has a fraction 

Q 1 2 

name with denominator 1. (p p j, etc. belong to this 
subset ) 2 is a name for a rational number which is a whole 

number. ^ is not a fraction nam.e for this number, but the 

2 ^ 

number has fraction names etc. 

At this point, it seems reasonable to use "number" for 
rational ninbers where the meaning is clear. We may ask for 
the number of inches or m:easure of a stick, or the number of 
hours i.n a school day. 

(J) We can agree to ^?;ak of che n^jmber -j, to avoid the 

woz'diness of ''number named by " Thus, v;e might say that the 

o "^1 
num.ber is greater than the mzTiber (as v;e can verify 

easily on the number lino). This v^ould be preferable to saying 

2 1 
"hat "the fraction ^ is greater than the fraction " because 

v:^ do not mean that one name is greater than another. 

;;e should not say that 3 is the denominator of the 

nur/oer because the same number has other names flike 

v;ith different denominators. 3 is rather the denominator of 

3he fraction 




(9) v;e have seen that the idea of rational nur.ber is 
relevant both to regions and line segT.ents, V.'e will see soon 
hov; it relates to certain probleris involving sets, 

Mov; v;e .Tii^^ht introduce some decLT:als. 'The nuneral, .1, 
for exanple, is another nane for Hcv;e^/e:' v;e can explain 

a niir.eral like 1.7 more easily v;hen v;e have aeveloped the 
idea of adding rational naTicers. 



Operations on Rational N^jrabers 

Nov; let us cc.isider the operations of aritrjr.etic fo:> 
rational n-j-T/oers. ?o^ each, cur treatme:-'t wii:^ be based on 
three considerations: 

(1) The idea of rational nc:nber growo out of ideas about 
regions ana the n^jinber line. Sir.ilarly, each operation on 
rational nuribers can be "visualized" in ter.r^s l£ ^ns or tre 
nu.T;ber line . Lndeed, th^ s is ho;%'' people original.- ^ --^^ the 
ideas of sun, product, etc. of rational n*air.bers. _ -. ■ . tion 
was introduced to fit a usefi^ physical situation ?. . as a 
v;ay of supplying problerr.s for arithmetic textbc 

(2) We recall that sore ra tional nunbers • j^.'.'- :jj:\oers. 
So, we 'wa.nt our rules of operation to be consist - -at we 
already knov; about whole nuTibers , 

(3) We nust reneiTiter that the sanie rational has many 
nanes. We will want to ce sure that th5 result c operation 
on two nur.bers does .lot depend on the special naniei> v;e chjose for 
them. ?cr example. v;e want the sur. of \ and ^, • > s. tue same 
numoer ^s the sum of — and 

Th'ise three will guide us in defi:,ing the operations 

of addir.io:.^. subtractio.n, n"ui.tiplication,, a.nd divisio.n of 
rational numbers . 



u£t£._ct_£on 

,^ar:. - of aociticn, v/e might thinr: of a road 
houj^, a - ' :iool and a store as shov.-n in Fig. 
J from the .ouse to the school . and ^ miile 




frcn the school :;c the store, tnen we can 

see that the distance from the house to hcjic.: school gto rg 

the store is ^ mile. ^ ■ ■ z 34<-^->l 

From such exa-TOles we can see the 

utility of defining addition of rational ruxrz-^s by^uslng the 

2 ^ 

namoer line. To fine the sun of ^ and v;c v/ould proceed as 
in ?ix:ure 



Using a r-uler. ^'e can locate the point on the n*j:'"-^ r xlne 
corresponlir^ zo the F^jin of any two ratic?'al n\:j.r:r^3. For 
e: imple, vith appropriate rulers^ a child -.r. locate the point 
chat corresr ids to the surn of — and ^ a rhilc wou"'r^ 

c:l.so like to knov: that zhe point for t:.,.. -v.u located with a 
r*alsr is one for which he can find a 3. .on name — a fraction 
th?.t najnes a rational n^jinber. Of cou. ' , one name for the sun 
of ^ and ^ is + ^, but what is ^ .e single fraction that 
nanes rhis :.uir;oer? A? so, he is interested in knowing whether 
o:.' nov. the set of rationa.'' nir.bers is closed under addition, 
cince he knows that :his ^.s true . the whole numbers. 

U:-i:ig u,^:e r/jmber line, it is : . -r/c that the sum of § 
and ^- 2.. 71-13 sijggpsts a way to find the sum of two 

/3/jicnaI n-j^bers that are n...:.ed by fr-.: ions with the sane 
'-.-nomina*.'- For such fractions, we s: ;ly add the .numerators 
.■.nu3, ^ ^ ^ — ^ — = ^. This efinition ^matches the Idea of 



ig two line seg.Tient3. 



• ut w. are net finished* r . suppose that we v/ant to add 
- ar:d We know that there are many ether nar^es for the num.- 

er na.T. 3d by ^. Some are: 

il £ 

12* 



Likewise, there are many names for the niur.ber named They 
include : 

2 4 
B"' 12' IE' 

In order to find the s-'om of these tv;o rational numbers we simply 
look for a oajr of nam.es vrith the same denominator — that is, 
with a common denominator. Having found them, we apply our 
simple process of adding numerators. 

Thus v;e can v/rite a fraction name for the sum of two 
rational numbers if we can write fraction names v;ith the same 
denominators for the n^jm.bers. This we can always do, for to 
find the com-mon denominator of tv/o fractions, we need only to 
find the product of their denomJLnators . 

This provides a -^ood arg-ament as to why 

2 1 _ 11 
7 ^ ~ 12' 

3 3 1 1 

It is clear that 12 ^ ^ T^' '^^ ^^^^ ^^^^ ^^^^ "^^^^ ^^'^ 
number has many names makes any sense at all, it must be true 
that 

£ ^ 1 - A J. 
3 ■ " 12 ^ 12" 

Suppose that In our example v;e had used a different comjnon 
denominator, as 2^. Would v;e get a different result? V/e see 
that; we v;ould net for: 

2 ^ 2x8 _ 16 
o" 3 X d ~ 24 

i - i X ^ _ P 

~ 4 X C ~ 24 



2 1 _ 22 

3 "^^ - " 2- 

^2 _ 11 

a... 24 - 



Little neeas oe said here about subtraction. Using the 

2 

number -Line we can visualize — - ^ as in Fi^rore 



3_ 



I n . 



Thus we can define ^- - as the number n such that 
2 ^ • o 

-f n = Again, skillfully chosen names lead at once to the 

solution: 

^ - n = 3^ 
n - 



Properties of Addition for Rational Numbers 

Oar rule for adding rational numbers has some by-products 
v;ortn noting. 

V/e can see, for one "chir^, that addition of rational num- 
bers is commutative . Our number line diagram, illustrates this. 

10 pi 

In ?ig. 0 v;e see the diagram, for -f ^ and for -f 

0 D 0 0 



I ^ ^+1 



I 



'• I ^1^— i — H i + r 

?ig. C 

commutative property also can be explained in anothe: 



1 , 2 _ 1^2 ^ i . i _ ^ 1 1 
5 5 " 5 " 5 5 ~ 5 

.ve >:now '.na3 i -f ^ = 2 -f ±, so we see tnat ^ -■■ ^ ^ ^ =r. in 
general, tc add rational n/jm/cers ""am,ed by fractions v;ith the SEjne 
denominator v;e si^'ply add numerators. Adding r/umerators involves 
adding vvhole num.bers . ;Ve knov; that addition of whole numbers is 
commutative. This leads us to conclude that addition of rational 
num.bers is also commutative. 

V/e can use this type of discussion or the number line 
diagram zo see that addition of rational n'jmbers is also asso- 
ciative . 

Here is another interesting property of addition of rational 
numbers. We recall thar ^, etc. are all names for 0. 

^; Q 

Thus 0-^7: = m'^T = — Z — = r- general we see that the s^om 

cr? 0 and any rational number is ohe n^umber. 



oc 



^7 



Similarly v;e recall, for example, that I- and |- are 
fraction names for 2 and 3 respectively. Thus 

2 . _ 2 , 3 2 -:- 3 5 - 

as we v;ould expect (and nope;. 

Addition of rational n^jrabers ir. not difficult to understand, 
once the idea that the same rational n-r "ber has rr^ny different 
fraction names ha- been well established. The technique of 
computir.- s^^.s c: rational numbers vrritten with fraction names 
is in essence a matter of finding common denominators. This is 
essentially zhe problem of the least common multiple and thus 
is a problem, about whole num/oers. 

Addition of Rational Num.bers Using Other X-gm.erals 

Often it is convenient zo use numerals other than fractions 
to find the sum of tv;o rational numbers. Those commonly used 
are mixed f 027ms and decimals . 

The first kind of numeral can be easily understood once 
addition has been explained. V/e can see with line segments that 

is a rational number, and it is also easv to see that ^ -is 
another name for this same num.ber. Sim.ilarly, = 3^. Indeed, 

these ideas can be introduced before any form.al m^echanism for 
adding two rational numbers named by fractions has been develooed, 
Decause the idea that 2 ^ = -i- goes back to the num.ber line 

icea of sum. To adopt the convention of /.-ritin^ 2-=- as an 

1 ^ ■ 

aoorevia^ion for 2 -r ^ is then easy, and we may use a numeral 

like 2^ as a name for a rational number. It is these v;e call 
a num.eral in m.ixed form. . 

The use of decLmals is still another convention for nam.ing 
rational n-jmbers. For exam.ple, 3.2 names a rational num/ r; 
other names f^r this number are 



1 c 32 -^0 P 

Of zhese, and fraction names v;hile S^q 

and are niixed foras. 

The niethods for computing v;lth declniais are direct outcomes 

of their meaning. For example, to compute 3.*^ 1-7^ v^e may 

proceed as follows: 

" 10 10* 

Hence 3.-^ 1.7 =5.1. 

we v;ant the child to develop a more efficient short-cut 
proced'ore for finding such a sum. However, the understanding 
of "Che proced"ure can be carried back, as sho;vri, to the knowledge 
he already has about adding n'jmbers with names in fraction or 
mixed form. 

In a sim.ila: way, the procedures for subtracting, multi- 
plying and dividing n^umbers na-mec by ^-cimals can be understood 
in terms of the sam.e operations applied to n'or/oers na::.ed by 
fractions- 



y.'^oiplication 

3;^' the time the child is ready to find the oroduct of two 
rational numoers sucn as ^ ana — , ne nas air^aay naa a nimicer 
of experiences in understanding and computing products of ;vhole 
n^am.bers. 

He has seen 3x2 in terms of a 

rectangular array. He can recognise the 

_ 3^03x2 
arrang'jment in r'ig. Q 2.s sho'wing 3 

groups of objects 'th 2 ob.;'ects in * ^ * 

each group . 

AIc^, ne has 3x2 
in term:s of " ine s^-^r.u 

(Pig. R) tha^ is, as a uiion ^ 
of 3 tv;c-'ur.it segr.ents. * ' ^ 

?ur:;n ^rm.cre . he has interorsted 



Fig. Q 



;> 5^ 3x 2 

F i G. R 



7 • 

* \ J 



Figure R in terns of travel along a line. .?or example, if he 



rov:s a boat 2 miles an hour across a lake;, then in 
he 1 ^>;s 6 miles. 

Finally, 3x2 can be related to 
areas as in Figure 5. Thus, a child 
has seen that the operation of multi- 
plication can be applied to rncuny 
physical miodels. He has related 
several ohysical si*- nations to c single 
numb e:. ooeration. 



3 hours 



2 units 
Fig. S 



3x2 

unit squares 



me •' Rectan.-ular Region '' Model 

r-'ay v.*e rem.ind you that the idea of multiplying and i 

v/as not invented for the purpose of v.T?iting ari3humetic bocks. 

Instead, people found some aoolications in v;hicr. the num.bers 
2 1 ' * 2 

J and appeared and also appeared. For instance, in 

Fig. T v;e see a unit Firuare separated 
into 15 congruent rects^ngles. Tne 
mea-=^ure of the shaded rerlon is 

1^ 

square mits. On the c:;her hand, v;e 
have already used zr.e operation cf 
m.ultiplication to compute ar^as of 
rectangles having dim.ensions that are 
v;hole num.bers. Hence it is ;-.a':^aral to 
and p and v.-rite 



1 






1 










:::::5 









FiQ.T 



:ay 



2 

15 



: Let us c^. . 
1 = -1. 

5 15* p . 

i.ogica^_y, ^ X ^ 



the oroduct of 



it. 



is a m;eanir^less 3:7r.bol ur.til v;e define 
:ould m:ear. anything v;e choose. Our choice of ^ for 
a m.eanmg seem.s, hov;ever, a useful one^ and indeed it is. 

Yeo, children need m.any m.ore exam.ples before zhey can se3 
the gener 1 r'L:LLe that in m.ultlplying rational n^umbers named by 
fractions v;e m.ultiply the nvjnerators and m.ultiply the denomi- 
nators . 



v/e should recogr^ize that al^h. ugh 



:ne 



.rmal 



:rcducticn 



of T X ^ is def-rred -until the slj-ith grade th- developmient is 
anticipated by r.z. rj earlier experiences. .';m.ong tram are: the 



0"j 



identification of a fraction vrith a r ;glon and the various steps 
in finding the measure of a region. 

The " 2Jur:ber Line " Model 

The product of two whole numbers also can be visualized on 
the naniber line. A few natural generalizations to products of 
rational nur.bers can be nade fror: these kinds of experiences. 

For example, if we can thin]-: of 3x2 as illustrated by 
Figure U, (a), then it is natural to identify 3 x t- v;ith the 
situation pictured in Figure U, (b). 



> 3x2 
— > — > — > 

r\r. U 

In the same v;ay we can ■/^-ntxfy, for example, 2 x% with 

\ ^ 2 2 ^ 6 

P^ain, if a r:an walks h niiles each hour, then (2x4) 
mi'es is the distance he v.^lks in 2 hc-^-s. (Fig. V) Orr ^ 
more it is also natural to relate |- x 4 wl^n a distance he 
travels—this tim.e with his distance in \ hour. 




|x4 



r i g. V 



Suppose, now, that a tur-tle travels ~ m.ile in an hour. 
In 2 hours, it travels 2 x ^ or |- miles. We identify the 
product 4 X i with the distance it travels in I- of an hour. 




Pig. W diagrams tne ttirtle^s tra.vels. 



We locate ^ of ^ on tne number line by locating: ~, 
1 D 
cu^uing the ^ segment into 3 congruent segments^ and co->antir^ 

off two of them, a? in figure X. 



2 

0 \ t 



c:;ngruent 
segments 



More specifically, we first cut the ^jinit segment into 5 con^ 
gr-aent segments. T^^en each of these is cut into 3 congrv.ent 
segments. We rhus have 3x5 s*^ -nents. v;e counted 2x1 ol 
them. We see i;hat ^- of i is associated with the ooirt 



2x1 

^ X 2 



We had two numbers: and When we talk about S- o: 

J we are explaining l situation in which we have a pair of 
num/oers [j and |-) associated with a tr Ird (4:). We have, 
in short, an operation ; Iz is natural to see whether it is an 
operation .-'o know. We find that it is. 

We already had c.greed, using the recrar^le model, that 



^ X i 2x1 



3 5 3"^rT 



Hence, we now see that wo can identify ^ c'' — v:-^tr £ x — 

J ^ 5 ' * o 5* 
Moreover, we notice that if we use the idea of travel on 

t;ie n; .ber line (Fig. W) it is again natural to identify 

T ^ v:ith of i. 



n 

8i 



Model 



ssLgSy of of a do:. en of eggs. 



^ resulc of separating a finite set of 12 
^ets each v;ith the san:e n\jT.ber of object, and 
:he subsets. Tne relation betv;een this con- 
LnT a 12-inch se^.ent can be seen fror. 



Fig. Y 

r such examples with ver^- your^ children to 
^. But this is a little misleading^, for 
^- cf 12 is again a situation involving 
12. ^.r;ain we can verify triat ^ of 12 



the standpoint cf z.Q-2LnlT\^ the operation of multipli-- 
raticnal n^u.T.bers, it v;ould be entirely ^jifficient to 
terpre::a::ion. Hov;ever, because products f rational 
3 used in T^ny types of problc- situations the child 
rccr^n:_ze that the derinition does fit the needs of 

can 'z- -'"sualized as: 

'1; : ^ area in sqvnre inches of a re -"tangle wir 

^ e ng on in . and wid th in . 
'Z) zr,'Z length of a line segment formec by taking 4 

cf a — 1: segment. 
: t: '. n^amber l^ne r.odel come mjiny proble - situations. 

:f a car travels i- nile per minute, it travels 
es in 4 ' minute. 

ve. , ^ X 12 -jan be interpreted in the ways noted and 

: .lao^i L/O finite sets. We use ^ x 12 v/here we 

2 

r.z zr."-- n^jm/o:ix~ cf eggs in T>r of a dozen. 



-(2 

So 



"The assoc: ativ3 property of r.'altipll cation holes ^ in 



essence, cecause nolds i or '.vhole rnrncers. ?ror. the associa- 
tive property, -.-'e 3an oor.pute x 5) as either ^ x x 5) 



i:icns leads .:;ire' 
a n ar. V ratio na 1 



trian-ie. 

.nterestin^ r:ultiplication property of 
n't t'.'.T ratio '.3.1 r.'ujn'cers nameci oy frac 



0- ^ n *r rt^^ 3 o , ^00^ j_s L/ne . . u ^p ^ i o a is ^ o r. 
is-.' ^0 ^ee thar .:e oroduct of 1 and an 



}ertv o: 



IS a oire- 



K v;noie 



an 



F'inall; 

■1^ r> Q ^ 



}ncv,s cna.- ^ip.; v:^:;.;^ cne n'^^erator <. no aenoinmator 
: by the sa-^.e co'^-^ting naT:ber is eq^ivalenr to 
1 by the n'uLT:ber nar.ed by the fractic.:. 
, the cistributi'/e roperty for rational nirr.bers is 
? o'or definition. The distributive oroTDerty tells 



:nat, :or exariple, ^ x ^-^ -r r=-) 
:ure helos us to understand thi: 



(4 X 4) 



:a: 



i.'^cles have area 



e siTialler rec- 

2 ^ 
X ^ anc ^ X 

J 0 p 
area of their vnion is x ;~ - 



i — X ~) . C'Ur area 



Fig. A A 




-stricutive pro: 
v;e can sav; 



:y is usef'^ in conouting a oroduct 



X 34^- (5 X 3) - (5 X f) = 15 -r f - 17f. 
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Divisic 



we v;ar. z z : 

O . 3 ^ 



ra::iona^ .cer sysce.-r:, as m cne cc'^^.::ing r/uir:bers, 
;3e divisic^. tc ansv;er cue st ions of '"v/hat n:ust v;e 



a civ^s :.on "iruarior: we are giver 
Tnus ^ ^ 13 the n-uniber such that 



one lacoor anc 



v.*e r.us soj.ve: 



where ar.d n are count^r.g nu^/cers. 

To acquire an ur.der standing of the division process, chj^'.- 
dren need r.any concrete experiences in its use. These er.per- - 
ences parallel those v;ith multipl ication, since division probler.s 
can be interpreted as problems in finuing an appropriate luulti- 
plier. Thus typical probler. situations include: l) findi.^ the 
wiarn ol a reccangle v;nen the leng'::h and area ere knoATi; 



o 

ERIC 




rational n'^-r-.bers as a successfLil effort to obtain a systerr. of 
-"'^r.cerz rhat is closeo under division. 



Zz is an interesting; paradon that nov;, having zeflnez 
division by a ra::lsnal n/Lmber as nultiplicaticn by the reciprocal 
of the nur.ber, v;e conoid really Z'^t along v;ithout division en- 
tirely, since to divide by a n/j^ber v;e can alv;ays n^.ult-:::ly by 

(7 

So 

o 

ERIC 



ERIC 



2 u": tract; in- 



v;e ir.orocuce '::ne negative niimoers to 
ier subtraction. Cr.ce we have done so, 
\ be replaced by adding the opposite. 



"act:ion3--A ^>'r.oo^ lor a Pair oi Rational V/jj?Soers 



• C7 ' O •- 



raw-. 



:zec. o-jiT use o: irac^ion ro tnat oi 
:r vrhole n'UTbers. Let us nov; ^Ive 



the oairs of 



'.ai nur.bers instead of vinole nur:bers, 
3 



/e airear.y rcnov; ana 
Ina's is, Tor - x n 



say tnat "cne s^vt.so] 
v;iil r.ean 1.5 5. 



are D'.vo na-T.es 
1 3 3 



9 



'■'.'ill mea.n 



: v;e say, ^e^ — c = — we are defin 
s^.nr.bols v;hich hitherto has had no r.eanin2 for us. 
nothin': illonrical v;it 



efining a new siymbol in any way 

3 
2 



:o 2 



the syrr.bol 



no: 



^eat this nev; s^nr/ool irj:iediately as if it 



were a fraction of the kind with which we are far.iliar. For 



exar.ple, although we >:ncw that — = 



d X 



<e cannot be certain 



^ X 



C > X o - - ^ ^ 

cannot conclude ('without argur;en 



112 
ecause v.-e Know -f- = ^, we 

-J -J \J Q o o 



) t/.at "J 3 ~ "T- 
Ln prac:;ice, childre.n in the eleme.ntar^' school are unlikely 
: add cr to r.ultiply riany nuTibers naned by these new fractions, 
^t, exa-T.ples as will be fa-^iliar when using deciiTial names 

: division of rational n^uTibers. In Z^ater years, they can find 
)luticns to such exair:ples as 12^% of 120 by solving 



Thus, it seens necessar:; ''knov;" if it is possible tc rr.ultipl 
the r/siT.erator and dencr.inator cf by IC zo obtain anothe 

nar.e for the sar.e nur.ber. 

Aga. let J.2 r:a:-<e scr.e observations abouc division. Does 
nultiplyia;;^ the dividend and divioor by the sar.e n-j^v/oer change 
the reo'wLlo? We observe 



(6 X 2; H- (2 X 2) = 3 or 12 - - 3 
(c X |; - X = J or ^ - ^ ^ 3 1 = 3. 
V.^ al£o need ::o be s-ore that vrhen '.ve rroltiply the rjjinera':or and 
denonina^or of a fraction^, as, ^ . by the sane nimber, v;e 

obtain a nev; fraction equal ::o " :e original one. 
Does 2. 4 = ? 

V/e >nov; that ^-^--i^-^xri^?- and n = x -3- = 

Lei: us ncv; nul::-.ply both n'^merator and denordnator of the frac- 

tion -4— bv the san-e n^unber t-. 



\' w 



X 



6 O C X CS 



^ = It = - ^ 

20 

IS — — tne sarr.e as 



- X 3 
20 



20 



If it ir, then 3^ 1 = 

We do knov: that this is true since the product of 1 and a 

rational njjriber is that saine rational n-^nber. 

5 5 



Thus ^ ^ ^ = ^ and = ^ ; so, 



o 



"^5 r . 




en 



ana 0- -:houlG '^e copied 
cuare papei% preferably card- 
square of colored acetate zo indicate 
z cards nay ':e reused. 

a^e zz should be coded on card- 



{2) 



; on pa.-^e co sno^aj.u ce copieo on a large 
paper, ^/ani.ber lines r.igh^ be £;rouped or used 
:ally. Su^-'^-"^^ groups vrculd be (l) A-E, 
: , anc 



(3) 



paction 3nar^ on. page c7 sno\ 
Lass use, on heavy oaoer. 



en-Largea for 



Models of Pccke:. Charts and cards for v/ork in reading 
and v.-riting decir^.als are suggested on page cc . 

?ic':'ures of arrays Ahich are used in tnis development 



:'Present 



^ " i : 1 
5"' 10^ Yl' IF 



a seu 01 oojeccs are snoViT. on page o9 and could 
be enl. /ged on hea'rr paper for class use. 

ether devices 

Flannel board and fracuional parts 

Yards oick 
Clock 

Scales 



• -v.*^ nalves . 



^ns J e c c , 
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i"" 2uces 
?iay .T:Oney 

3::rinc rarkeci ;;ith cclcred ir> cr colored beads to 

congruent line sesments. 
Strips of paper for roldins 

Clrc^alar, undecorated paper plates - one to represent 
tne unit, others separate^ into congr^aeni: regions 
representing halves, thirds, fourths, fifths, 
sixths, e-:^^hzhSy and tenths. 

Themoneter 

Groups of concrete objects 
Egg cartons 
larton dividers 

r'aterial for Pupils: 

Dittoed copies of nodels used by teacher in development 
of ^anit, especially nu-.ber lines and fraction 
chart. 

Activities for Pupils; 

Praccion '".rees" suggested on page 91 
Tragic squares 

Fraction Games - puzzle is suggested on page 9c 
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>'ocels for Figures i-12 
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?oc>cet Chart and Cards for Place Value 
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Set B 
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Set D 



. — ^ s> w^^^v^ <^ ^ . . c: _^ _^ ^ u.-^ >^c:c:^..^ ^, -j^, 

and cf a se^ cf objects. Usee with acetate paper 

:u could show 5-, ere. of a seo cf objects. 
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Puzzle 




Shallow top of square box may be used as franie. Cut out frac- 
tional parts shovn above in proportion to frame. Numeral below- 
each part indicates the number of that part to Include. Let 
children see in hov; many different ways they can cover the unit. 

You might also have puzzles for (1) halves, thirds, sixths, and 
twelfths and (2) halves, fifths, and tenths. 
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1 1 ! 



Vccabular; 



:'e'*lev: 
:ers. 



To revi 



:arcs A- a 
:ane : 



^.e use 01 ratior.a-L 



the syrr^colls:?. for ra'::lcnc 
deolnal, and r;iJveG forr.. 

par^e o2 : colored aceta: 
flannel ooard and r.odels 



in vo ccngruen'C regions . 



uniT: scuar^ 



on, ; 



1 me 



r.cers : 



nio re~-ions 



;ons:ruen:: 



separated, r.easure, -anion, rational n^ar.ter, frac^cion, 
dencTiinator , nuT.erator , region , line se^ient . 



Suggested Teaching Procec 



Teachers shcold use only as r.uch of 



secuion as is needed by me pupiis m .:-S cxass. 
It is intended to bring into focus ohose ideas 
associated with rational nuir^bers A'hich are used 
in the developnent of multiplication, 

(a) Meaning of unit and part of iinit . 

Have ready materials such as the Cards A 
thro'Ugh G on page 



of 



:ne 



82: . The shading 
iiagrams below shows how one might use trans- 
parent materials to cover that part of the 
region. Each card represents a unit region. 
The p'orpose of this development is to help iden- 
tify^ that rational number which indicates the 
relationship between the part of the unit and 
the unit. Use also paper plates and felt pieces 
on flannel board to represent circular regions 
and number line I n pagt cc . 
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<lr.z r.anner 



can be develoc. 



scuar 
sr,ali 
r.easi 



>:cae^s 



:age ) They re::resent 



:vea ^.ir.es separate each reglor. ir.to 
r^uent: regions. Lock at Card If 1 is zhe 



:eas* 



snacec 



the region represented by th 
'e zhe part that is shaded? 
; t*<na par'^ oi Car 



:ar( 



wn a t n um b e r 



Anat par~ 
C is shaded: (^) V;hat 



-.s 



is 



nese 



ne other 



! 1 



r dc you say of Care ? is shaded? (-The square 

-s separated into IC ccr^ruent regions. Each of therr. 
o: :he '.v-hole region. Three of these regions are shaded. 



— me r.easure c: tne shaded part of Card ?. 



epresented by Card 3 



-S 1 . 



region is 



Whc-^ is the measure of 



wnat 



_ne r.eas'ure oi tne re.-; lor 
^.eas'ure of the shadec 
j^.sr.aded region? 

The measure of the region represented by Card D is 1. 
is the measure of the unshaded region? {Z.) \hat is the 



measure of the shaded regions* 



Continue as neede: 



'2^ 



Line segment . You may then wish to use 
paper plates or models on the flanne.l board lo 
represent other regions such as circular regions, 
triang'olar regions, etc., before representing a 
line segment on the chalkboard.' Mark the seg- 
ment to show five congr-uent parts. Let the 
measure of the line segment be 1. Then ask 
for the m.easure of-" the union of two of the con- 

gruent segm.ents; (^) the union of four of the 

congruent segments. (^) etc. 

Observe other representations of rational 
num.bers. You m.ay v;ish to note that commonly we 
use a rational number to indicate the measure of 
a line segment or of a region. 

Summiarize these experiences by recording 
the measures of the shaded regions of the cards 
(or whatever materials were used). They might 
v.. i- ^. 3. J_. 5 

7' o-' 5^ 10' z' 
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[z) Vocacular:/ . 

Each zi zr.eze r.ajr.ez Is called a :?rac~lcr:, 
Each Traction narc-c a partlc^ar pair zC r/^-^/cers. 
The r'srr^zer narked colov; rhs line Is called zh-z 
dencninatcr . Have cucils .nar.e the dencr.inatcrs 
m iractions listed. (3, c, etc.; Each of 
these iractions also has a riunera^or. It is tne 
r/^T.cer na-T.ed acove the line. V.ajrr^e the r/j.T.erators 
in the i^racticns listed. (1, 1, 2, etc.) 

ContI.nue to brin^ out the idea that a 
rational n'u.T:cer czay be illustrated by: 

(1) ^ regions . 

Have ::ne pupils Icok at the cards ana tell 

v;hat each deno.T.inator indicates. (The 3 of ^ 

shov;s tha:: the region has been separatee into 3 

smaller regions of ec/^1 rieasime: the 5 q: 2. 

chov;s that the region has been separated into 3 
smaller regions cT equal measure. ) 

Have them look at- the cards and tel^ v;hat 

-:^ach n™erator indicates. T The 1 of ^ tells 

that 1 oC the 3 congn^.ent regions is shaded 

on Card 3; tne o of the -A tells that 5 oi 

Che IC congruent regions are shaded on Card C. 

( ^ ! Using line segmients . 

Represent a line segm.ent ,^3 on the chalk- 
board. State that it is to 6e the 'unit se^went, 
so its m.eas'ure is 1. Separate it into l£ con- 
gr^jent parts. Locate point C so that AC is 

the ^urion of 3 congruent ..arts. Ask for the 

c 

m.eas'ure of line segr.ent AC (f^) ? snd then ask 
for the m.eas^ure of line segment C3 (y^j and 

for the meas'ure of line segment .^3 (y^) . Ask 

pupils hov; they determ:ined the num,erator and 
dencm.ina*:or of each fraction. 



^dentii'y other situations where rational n/umbers 
are used as: 

5 days is v;hat part of a v;eek 
2 O'Onces is v;hat part of a pound 
inches is v;hat part of a foot 
apples is v;hat part of Ic apples, etc. 
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Chapter 2 
RATI OXAL :vJ7'3Z?S 

RATIONAL NIT'^ER (RZVIZW) 

Rational r/jriters r.ay be used for the r.eas'^ire of a region and 
for the neas'ure of a line segr.ent. ThinJ*: of othe:.-^ uses for 
rational numbers. Look at the fig-ores belc". 



E 3 

0 » » 

f I I 

The shaded region is two- thirds of the square region, AE 
is two- thirds of 73. Tvc- thirds is the measure of CD, 

Two-thirds niay be represented by the n^jmeral which is 

called a'fraction. The 3 below the bar indicates that both the 
square region and A3 have been separated into three parts of 
equal Treasure, -The number 3 is called the denominator of the 
fraction. 

The 2 above the bar in ^ tells the number of thirds we 
are usln^. There are 2 thirds shaded in the square region and 
2 thirds used for A2. The number 2 is called the numerator 
01 the fraction. 



y y ////// //^/ ^^'A 

V/////// //// ///-^j 



1 ^ ) ^ 



?3c 

Sxer else Set 1 



^////// ///// // 



y/^// \// ^/y 



V/ / ////// " ^ ' 



y2/zz^2u^ I 



.-j^.sv.'er ^he icllowir.j question's for each region above: 
a. Into how Tjiny parts Is each separated'-r^^^s;^ ^''c,6; C^^i'j 
c. .{c-.v r:any parts are shaded? C^- -^J. ^^'-j (C j^i:'--3) 
c. I:^ ::ne .Tieas^ore of each large square region is 1, w-rite 
the Traction that indie:. tes the ineasure ol the shaded 

a. A?iat do the denoir.inators you wTote reDresent"' ( ^^U- 

c. V/::at do rhe nunierators represent ? r^,;.^;:/^, ^^t^^x^v-^^ 

For each fig^ore above, ;e^ite the fraction that indicates 
:;he neasure of the unshaded region, - -jj. - - -^j^ ' §^3 

a. '//hat do the denon:inators you w'rote for Exercise 3 



a 7^ "r^ a c a "' ; -^-U 



^f^u^^ ^^-jf-c^ ^w-u-a^ ,a3JL^c>X0lM^ y 

A^hat do the na^.erators represent? (^ptij^yyi^<>-yJ^^ <y^ 

5 = f- ^ T --2 sho'ivn in the shaded region of Figure 3. 
Write si^T.ilar mathematical sentences for the shaded 
parts of 3'ig^ares A, C, and (k T'^X':!') 



P37 
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a. vrnat fraction names the ineas\;ire of AB? C "2^) 

b. What does the denominator represent? (G^^^-n^-^-^'v^ 

lat does the numerator represent? f^tisL yyu^yt^^^ 
2 11 

^ = + 2"' Write a mathematical sentence for your 
answer to Exercise 5a. Is more than one sentence 
possible? 



a. 



r_2 



What fraction names the measure of line segment CD?f-2-) 



b, 'What does the denominator represent? r ^ ^ :;^^?^^^^ 
2 11 

c. If = T + Write a mathamatical sentence for your, 
answer to Exercise 6a. (v-^ 4 = ^'^^ T ^ = t) 
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a. 



0 
3 



2 

3 



5 



8 
3 



What is the measiire of EF? ( z) 

What does the denominator represent"^ fj^^^ ^^.o^^yy^^^^ ^ 
Whao does the numerator represent? f:::^^ />u<^^*>v/^ ^ 
Write a mathematical sentence about the neasure of EF. 



Ln Figures A - E, each figure represents a region whose 
measure is 1. Cocy and co.T.plete che chart. 



B 




3 



D 



1 Number of congruent 
Parts 


Niinber of Parts 
Shaded 


Measure of Shaded 
Region 


j 

3 


2 


2 


! ' ^\ 




(-13 








' (8) 






1 _ V '^^V 








Draw simple figures to shov; segments or regions whose 



measures are the numbers: \y f-, \, \Ad^^ih^^^<^^^j^y^ 



a. What is the 2 called in these fractions: 
2 2 2 2 

7' 9' TT' 25 C y^^yuyvy^^^^t^) 

b. v:nat aie the 3, 9, 11, and 25 called in the 
fractions? ( d2^,^>n».-c;fej 

Complete the sentences below, using the Figures of 
Exercise 8. 

3 

a. The denominator of the f. -action — sh. ;s that 

Fig^jre 3 in Exercise 8 has be'^n separated into 
congruent par::£. 



The numerator of the fraction ^ shows that Figure ] 



has '^C) parts shaded. 



2 

z. The denominator of the fraction ^ shows that 

Figure A has been separated into (3) congruent 
parts . 

d. 'The denominator of the fraction ^ shows th^t 

Figure D has been separated into 12) congruent 
parts . 

ational num^bers to answer these questions. 
What part of a week is: 

a. 1 day (f-^) c- 5 days [^) 



b. 3 days d. 7 days K ^ \ 



O. 



?4o 



13. 




part of one year is: 










a. 


9 months ( 75 -5:; 


c. 


c 
c 


montns ^ -i:-^ 






^ months ( <^ ^) 


d. 


10 


months CtI: ^ 






part of an hour is; 










a. 


minutes ( ^ 


c. 


15 


rrdnutes <^ c^o ^ ^) 




b. 


30 minutes ^-%,) 


d. 


10 


minutes C ^"^) 


15. 


Wr.at 


part of a pound is: 










a. 


^ ouncGS C 7^ ^ 


c . 




Ounces < ^ ^ y 






z ounces ■jiy' 


d. 




ounces a 73" 




VJhat 


part of a yard is: 










a. 


1 :oou L-j^ 


c . 




feeu X '--^ 






2 feer (fj 


d. 




feet J ^ <^ ^'k) 


17. 




part of a foot is: 










a. 


^ L.cnes (_ , <^ J 


c , 




mcnes ^ 75 37 




b. 


8 inches C ^ 


d. 


12 


inches f-rr ^ 0 


18. 


What 


part of a day is: 










a. 


c nou-L s I. 2^ ^ 




8 


nours C ^ T^' 




b. 


60 minutes ( j^<^ j^] 


G. 


12 


hours ^"irj 


19- 


^rshat 


part of a mile is: 










a. 






1,320 feet(gf; ^ 




b. 


660 feet(^ -rJ 


d. 


330 feet f -|^^ T^J 
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DIFFERENT NAMES FOR A NUMBER (RATIONAL NUMBKR) 



Objectives: To review the idea that the same rational nuiriDer 

can be named by different fractions, decimals, and 
mi^ed forms (e.g. ^ t;, ^o^ 1.5, loC, 1^, 
etc. are all numerals for the same rational number 

To provide f^orther practice in determining Ooher 
names for a ni:im.ber when one cr more names are 
already knovyn. 

Materials: Figures 1-6 page 103 ; dittoed copies, one for eac 
pupil, are usef^vil; each fig^jre represents a 

unit square region separate! in*:o smaller regions; 
n^umber lines A, 3, C, I, and J on page £5 . 



Suggested Teaching Proced'ure : 

Different fractions f c_r^ the sam.e n^umber . 

The meas'ore of the ' e^,. ^n represented by each of rhe six 
is 1. (See figures below; '.^Jhab is the m.easure of each of the 
shaded regions? (The shaded region of Figure 1 is i; . . . ) 
Write these fractions on the chalkboard. (tt, tt. -^j tt. ttt, 

Ask if six unit square regions are all congruent. How can 
you tell? l«/hiat do you notice about the shaded regions of all o 
them? (They are congr^uent.) Do they have the same m.easure? 
(Yes) To shcv; in '.vTiting that these meas^ures are the same, we 
v.-rite: 

1^2_3_^'__e ^ 

2 ^ "S" F 12 " 1^ 
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Fig. 1 





Fig. 3 




tttttttttth — \ — r- 

)HI-U- 

iiiSi 1 1 



••-t...4-.-> — \ r- 



iiiitiiiSiii ' 



Fig. 5 



Fi g. 6 



Are there ether fractions v;hlch narrie this sane nuTiber? 
(Yes) List scnie. etc.) Hov; riany could you lis^.? 

(More thar. you can count. ) 

(Exa-T.ine Fig. 1-6 again.) V.'nich of then shows vrlth dotted 

• of the unit square region" (Fig. 2, 
v;nat is the neas'ore of these as shovrn by the dotted 
he paper? ^: f^) - 

V.'hat is true about these fractions v:hich you have used to 



lines a region which is 

> and 
lines of t 



5). 



nane .neas-ures? 

other v:a2/s of nar,in^ this nunber? 
nany fractions belong to r-his set ? 

Write other names for each of 
the sei:3 of na-nes for you. 

r 3 



Thev na-ne the saine rational nuT.ber. ) Are there 

20 IOOn 



(More than you can co'unt. ) 
:hese n-ur/cers. I v;ill bec:in 



3e: 



c 



Set B 



Set 



Sec D 



10 
iF^ 

23' 



o 

ERIC 



*-*ov; did you decide v/hat ether fractions to v.^ite in Set A? 
(I luoked at — of Fi^^ore 2 and folded iz into sr;aller region 
Since each cf 



:he regions v;as seoarared into ^, then rr = 



I 1 



oeparared a^ain ) 

Let children n a r rc t; o d e 1 s as needed to she v; 
:her nar.es ::o be included in Set A. Set 5, etc. 



Dc "cu ■.-inov; anctner xay to find a fraction that naries a 
5ar,e rational r/or/cer v;ithout using pictures? Examine the sets 
•/e ha ■/ e '. .t 1 1 1 e n o n ^ h e c h a 1 >:b oar d . 



12 



12. 

20^ 



300 



J 



20 



10 

25^ 



£2.. 

^0^ 



2500 
-000^ 



200 
500^ 



.^aestion tne children about the relation 



Lons m each oi 



:ne sets. 



Helo to 



ij generalize their observations as suggested belcv;. 



rac: 



^ 0 

in Set C and could not 



: o^c 



;o"'uld multiply both 10 and l6 by the 



:ar)er or T.al-:e Pictures, how could you find other names for 

sar.e number. ) Cculd this saric plan be used for fractions from 
the other sets? (Yes) Vie could multiply the numerator and 
denom.inator cf a fraction by the same number. Let's try this. 

Teacher and nildren should follow a similar 
procedure until zn.e children generalize from 
experience that the numerator and denominator of 
a fraction may be m.ultiplied by the same number 
to find a fraction which names the sajne number. 
Then ask if any whole number can be used. Point 
out that the num.erator and denominator are never 
multiplied by zero. Prepare num.ber lines A-D 
on Page c6 . Teachers should also construct a 
num.ber line sir.ilar to the one below to show that 
different fracticns nam.e the sam;e rational n^jm.- 
h ^ . 



O 



-0 — a 



0 1 2 3 i 5 6 

? 2 2 2 2 2 

Ci23_^5678^1011i2 
3£ipjll2l3l4]5l6l7 3S]Q20a22 23 2^ 
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Di??ER£:'T ::akes for a number 

Regions are measured in teins of a unit square region. We 
may decide what unit square region we wish to use. 

Let us use the unit square region shown in Figiire 1. (We 
may sometimes call it a unit square instead of a unit square 
region. You must remember, however, we mean unit square region.) 



y//////////A 



FiS^re 1 



W^^^y 
^C^'^'y/W' 

Vy/^//'^/ 



/y//y/////. 



777 



//y//0//// 
//// //Y. ' 
\yy/yyy/////y 



Fi^rure 2 



^<^y/y^^^^'^/ 
''^^y//yy/,. 

I 

i 



'^//yy/y/ AOyy/yyyy,y/A 



Figure 



The shaded region of Figure 1 has the measure 1. The 
Shaded region of Figure 2 has the measure 2 because it can 
be exactly covered by 2 unit sqi;;ares. 7ne shaded region of 
Figure 3 has the measure because it is one of the two 
congruent parts of a unit square. 

A region may have the meas'ore 1 and net have the same 
shape as the unit sqviare of Figure 1. The shaded region of 
Fig-ure 4 has meas'ure 1. The unit sqiiare is sketched in with 
dotted lines to help you comipare the shaded area with a unit 
SG-oare. 



11/ 



?42 




A 



3 



C 



The ^ar.it saj-iare regions above are all the same size and 
shape. The measure of each is one. 

Each region is separated into smaller congruent regions. 
One-half of Region A is shaded. Two-fovrths of Region 3 
is shaded. Three-sixths of Region C is shaded. The three 
shaded regions are the same size and shape. Their measures are 
equal . 

1 2 3 

The fractions t-, and are all names for the same 

rational number. 

There are many other names for They may be found by 

drawing diagrams like A, 3, and C. They may also be found by 
multiplying the .numei'ator and denominator of the fraction by 
the s ame number . 

■- A namber has more nam.es than you can count. Some otlier .names 
for o.ne-half are: 




100 
200^ 



/ 7 V 



Exercise Set 2 



The shaded regions in A, 3, and 7 siiggest other naries for 
^. v;rite these nanies. Write five other names for '^-Cidyrij'r^ 



/ 1 '^iy 



^ne n'uinber line below s^asi^ests different names for rational 



n'omoers 



C 

-0- 



2 , 3 
— , ana — . 



r2 



o 

o 

12 



Virite the names siiggested on the namber line for ^.(z.-k) 

o 

iv'rite tnree otner names for ^. 

Cn the n^jmber line above, other names for 1 are 
s^oggested. v^'rite these n::i:ries, and three orhers. 

■rh.ere is no other name for showTi on the num.ber 

line. Write one other name you know for (^) 
If the n'um.ber line were extended to the point -j, what 
:her nam.es would you v.Tite for ^ ? -^3 




Drav/ simple fie^ares tc show 



2 



7 



6' 



Write the fractions v;hich rename 1 
shaded regions in the Tigiires below 



Vy///////W////A 




as suggested by the 




2 



:.2 



C 1 2 

TT" 

o G o 



5 7 S 9 1011 1213 1'; 151617 1819 20 21 22 25 2-: 



a. 



o::ner names lor 1-|-. C ji- ^ y 



'2. 

1 g r .^^ -2- ^ 



V/rite 

Write 2 other names for ^ 
Write fo'or names for the number matching the point 
naif way between 2 and 3. I "J^ s-^ tt^ ^^^^ 
If the number line v/ere extended to the point m.atching 

write the set of fractions with denominator ^ that 
you woulG '^-rite oelov; tne numoer line. C^^r 1^ "^J 
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2 

e. If you wrote on the number line in the row of 
fourths, between which t^vo fractions would it be placed 

f . If you wrote a fraction for a nimber halfway between 
^ and g, what would It be? ( 

Below are sets of names for r/jmbers. 

A _ ^11 2 3 3 2 20 5 11-, 

- 3 2 3 4 11 li 5 , 

beo B - i^, ^, 



7' 9' 10' 'ST' 1^' VS' 

1 

3 



a. V/hat fractions in Set A are other names for ^ ? 

b. VvTiat fractions in Set 3 are other names for i ? 



WrAch of the following rational '.ranbers are the same as 
whole numbers? 

12 U 3 71 50 9 cl 

Write the names of whole numbers between |- and |-. ^,^3 
Replace n with a numeral to make the statements below true 



1 o 



a. % = =: i^) f. 

^. i = ^ g. 



14 


n 


To 




3 = 


i 




n 




6 




n 


I = 


3i 


4 










= 7 



110 

121 



10. 




Which nur.ber 13 


greate. ? 


















1 1 
a. 2 T 






d. 


0 


2 
1 










D. or 






e . 


1 5 












c . — or ^ 






f . 


1 or 
o 


-1 


r ■ \ 




11. 




Mark each stc^tement true 


or 


false. 










f' 


/ y 


2-1^ 


(T) e. 




- ^ 






72 

12 ~ 


r 

0 

o 


r 

K 


-J 


°- 1=9 




2 


~ l" 


CO 


i , 
^ ■ 


88 




1 

V 


' /' 


2 18 
=• I = 57 






" oO 






2^ 




f 
V 


c^ 




Cr)h. 


2 

B" 


22 

= 5o 








18 


12. 




Coniplete, using 




f! 

} 


or "= 


in each 


blank. 








(Recall that ^' 


>" -eans 


"is 


greater thar.' 


'■ and "<^' 


means 



''is less than. " ' 



a. , >; e. ^ ^ / y 



IT 



*Arite Tractions that niake true statements. 

12 3 f±\ /X) ] (3A (^\ fj^] 




V.^^ilch of the following fractions are other nar.es for ' 

o 

>.> c> i5^> IF' 15 

•snich of the follcwins fractions are not na-Ties for ? 

2 3 2-^ 27 6 l8 ^ ^ ^4- 

1' 1^' ^ ^f, 57/ 

Arrange in order froir. least to greatest. 

1 ' ^ 3. ri^-^:; ij rJ 



Xar.e the greater nu^Tiber of each pair. See also 12a, 12b. 



a. 


2. 


or 








17 

4 


or 


, 32 ^3X) 




2 


or 






e. 


8 


or 






1 


or 


15 f I ) 
T6 vT^ 




*» 




or 


1^ ^TSJ 






be 


tho\ight of as 


1 
5 


5 


1 °^ 


as 


^'three ^ 


as 


2 

I> - 


t 


6 

or as 












2 




be 


tho^aght of as 




^ t 


or 9 


X 


^ or as 








111^ 
2 " 2 " 2 " 2 


4- 


1 1 

2 2 


1 


1 
2 


1 
2 



or 



3-.7 rriay be thought of as 3 0.7 or as 2.3 n- 1.* 
Write three other names for each of these numbers: 



1 



b. J c. 2.5 
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Gbjec*:lve: To reviev; the idea that a rational nur/cer r^y 
na-T.ec by a r.lrvec forr. as well as by a fraction 
that is, 24 and 2. both nane the sane n'O^Tfoer 
fVve 3all a r.ixed Torrr. and v;e call ^ a 

:'rac::ion. ) 

Vccab'j2ar:v': Xi:<ed fcrr:, sir.plest forr., sir.plest r7.i;ved fcrri 



:ed Teaching Procedure : 



(a) Us i nig physical aiodels . 

Tnis is a reviev; topic. You will find the 
nuir/oer line or circular regions on the flannel 
board quite helpful. For example, locate point 



on n/LTTiber line that is associa:;eG 
see that usin^ 
can also name t 



th 



.-ilso 



segment 
1 



:na:; you 



Vr 



fou may wish to consider the segment of the 
n'OTiber line between 1 and 2. Note hov; you 
can uoe fractions a-nd then mijced forms. 

If circular regions are used, then show for 

Q 

example hov; ^ can be arranged to form. tv;o 'unit 

regions an.d a uni ^ . 

(b) Us Ing numerals . 

Name rational numbers by fractions. Plan 
sequence of experiences so that pupils can 
observe that all rational ..umbers greater than: 
one can be named using a numeral for a whole 
.numiber and a fraction. (This is what v;e call 
a .mixed form.. You probably know it better by a 
.m.ix:ed num.ber. ) 

Fraction to Mixed Form . 

T.hen, snow wh^t computation procedures may 
be used to go from a fraction nam.e to a mixed 
form, nam.e . 



12 



Show that we name the 15 as a sumi of the 
-^argeso m'UjLC^p-Lc o^. ^, eouax co oi^ _i.cS3 'C;iari 
15, plus that r';hich is ''left cver.'^ 



ii 
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XI:': ed ?orr. to . racticn . i j 

Shew v.-hat con:pu::ation prcced'jres r.ay be 
used tc gc frcr. a r.jj^ied fom nar.e tc a fraction 

• i 



I": l3 c *en necessary- or desirable ^o renajr.e 
a r/jT/cer r.ar.ed cy a frac::lcn a graaror 

than z, In r:i.xed fcm. For exar:ple, ^ = 1^ 
or 1-^-. 7ne n™eral 1^ Is called one oLT.pleso 
nil-xed fom :or this n'aT:ber, 

The developrient of a r:ethod for renaming a 
nu-T.ber In nixed forrr. is based on the r-aohenaoical 
sentence used for recording the result of divi^ 
sion of v;hole n-unbers presented in Grade 5, 
::hapter 3, Wr.er. 257 is divided by 5j t:he 
quotient is 51 and the re^iainder is 2, So 
257 =• (5 X 51) 2. If yo'or students have 
learned tc divide and chec>' by traditional 
methods and are not farr.ilia.^ with this \':ay of 
recording the relation, they can be introduced 
ro it; by recalling the method they have learned, 

= Check: 51 

^^it aft 



7ne division is correct if 257 = '5 x 51) 2. 

■7nis type of mathematical sentence is 
described by the form 257 = (5 x n) -r r. Since 
the remainder sho'uld be less than the divisor, 
it is required that r be less than 5. 
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FRACTIONS AND MIXED FORMS 

-I o 

It is easy tc ^ee that 2t- and ^ are r.ar::es for tr.e sarr.e 

c 1 
nur.ber. ^ is z. fraction name and 2— is a mixed form, for t:;l; 



1 X ^ 



Sup p 0 s e you have less f ar. i 1 la r numb e r s . 



18 X 13 

1 X iJ 

23- . : 



Consider the number . How can it be >Titten in n:i:xec 

0 

^. . 8 

ion?."' You icnow tnar = i . 

6 

17^ _ 8 -r i66 17C ^ i6 4 158 

8 166 16 158 

= ^ + -5- = "8" ■ " ~8~ 



0- S 



Recall thaj a fraction is in simplest form wf^en the numerator 
and denominator have no common factor, except 1. In the simplest 
mixed form for a rational number, the fraction ic In simplest 
form and names a number less than 1. Is either mixed form 
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accve in sir>plest rrrlsiez fo— " To fine the sir.plest r:ixed Coz 
Tcr -A-rite zhe n'ar.c-rator , 17-, in the rorrr: (S x n; ■ r, 

with r less ::han 5. Vfnat cpera^icn zc you use to find n 



G 

X 21 



- 214 



:lse Set 



Write nar.es for these nizr.bers in the fern: sho'*vn. In Exercis^^ ? » 
be sure r < 6. 

1. 56 = {z y n; ^ ^'--^^y--^' ^. ^o = (i^ x z] ^ r(^.4^-M3) 

2. 55 - {3 X z) - n>,^.: 5. :2- = (25 x n) r(n--^.rr2^) 

3. 72 = (12 X n) r(-=^^r^0' 6. 3^7 = (l3 x n) ~ T[r.--\<\ r'.5) 
N*ar:e these n'u'^-.ters in sirnolest r.ixec forr.. Show vo*ur work as 



e exar.oles aoove Exercise Set 



Find fracoion nar,eo for these nu-T/oer. 



10 
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Ob Jectsive : 

Materials : 
vccaculary : 



To reviev: adaiticn and suctracticn of rational nur, 
bers 'j.3ing fractions, decir^als a:.d r.iaed forms. 

Have Fig. 7 through 12 page c 

?ri.T.e factorization, greatest co: 



available for use. 
r. factor. 



SUv::^ested Teachin,^ 



O ^ - 1 >-i;ii • 



"e^::^ons ov aaaition. 



a ; Descricing ^ne 'anion 

Look at these fig^ures v;hich are separated into congruent 

.3 



3 

parts, vrnat rarr of each figure is shaded? of each is 

shaded. ) Sor.e of the parts v;hich shcv; ^ have been separated 
into s.^naller carts. 



Fig. 7 



Fig. 8 




Fig. 9 



^ ***** 



Fig. 10 



i 

m 



■•'•3 
±2 



Fig. II 



Fig. 12 



Have children describe the shaded oart 
3 1^ 

of Figure 8 as tt = -jr the shaded part of 

3 S 
Figure 9 as — = 



.17 



i2. 



(o) kzc'Lr^ rational nujncers_. 
V.'e car. use these flg-Lires to rir.d the s^ltt. 
nur.cers. Find these s^or.s: 

2 



:i two rational 



snows 
S 

ic' 



hat - f = ^. I 

shov;s that 



figure 



12 shov;s that i "| = i = i ) 



rsjre snows ma: 



Figure 



c 0 0 2' 

Did 2/ou need these figures to find the s^jn of these nur/oers? 
{No, They were naned by fractions with the sar:e denominators. ) 
'wnat procedure do you use to add two numbers with the same 
denominator? (To find the numerator of the fraction name of the 
sum add the numerators of the fractions. The denominator of the 
fraction name of the sum. is the denominator of the fractions. ) 

Some numbers which we wish to add are not named by fractions 
■..-th the same denomiinator. Look at these. 

The numibers in the exercises below are those 
whose sums can be read from the fig-ures. If 

82 

children recognize that ~ 7 ^ t:hey 

should not be discouraged by the teacher. At 
the same tim.e the teacher may point out th^t 
these numbers are beirig used to find a method 
for the addition of any rational num^bers. 



After expressing this sum cf tv;o n^jmbers, 
children m*ay find it easier to use vertical form 
to compute sum. 

To add two numbers named by 11 actions with different denomi- 
nators, you can first name them Ly fractions with the same 

1 8 

denominator. How can you rename 7^ and ^5" Exercise (e) 

so they have the same denominator? (Rename i as -rr. ) What 

^ 8 12 ^ lo ^ 

is the sum? ^ ^ = ^) 



Repeat questions for Exercise (f ) and 



118 
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EKLC 



and addition is sometimes ^Titten like this: 



12 



12 3 
Ic 12 4* 

v;rite only vs'hat you need. Some of you may net even need 
to /.-rite You may just think it. 

In Exercise (e) and (f ) the sums should be expressed in 
siripler form. Give the simpler names. (j^ = = |-) 

These sum.s may also be found by use of 
Fig'ures 9. 12, and 7. The children may need 
further review. 

( c ) Subtracting rational numbers . 

Looking at Figures 7 through 12 again, can you find the 
unknown addend in these subtraction examples: 

(h) |=i+n (i) l^l^n (J) ^ = ^.n 

(?ror?. Fig. 7, i - J = |. From Fig. 8, | _ | = |. From 
^ 1 i: 

?ig. 11, it - = i?^- 

Do you need to use the figures to find the urJcnown addend 
of these r/jm.bers? (No. It is easy to subtract them because the 
fractions have the same denom.inator . We subtract the mjmerators.) 
What is the denominator of th^ fraction name of the unknown num- 
bers which are subtracted. ) 

Kow are these numbers subtracted? 

C-^) J = i + (1) 1= 1 + n (m) I = ^ ^ n 

(They car. be renamed so the fractions have the same der.-r/anator. ) 

5 1 1 

How >rlll you rename ^ and to subtract them? (Rename 

as I- Then ^ - ~ = h . 

How will you subtract in Exercise (1)? (Rename 4- as — . 
6 5 Iv -+ a 

B - ti ^ B' 



J-o'j 



How V7ili vcu subtract in Exercise (m)? (RenaiTie — as 
2^ 9 2 7 ^ 



% 12 " 12 " 12 " IT* ^ 

The forrr. of recording your renariing and the subtraction 

sometimes written like this: 



f^r\ ':> - ^ 



b 0 

2 

b 

3 



12 

2_ 

12 



(d) S^orrjnary . 

The children .Tiay need further review. 
Have the children summarize the method of 
adding and subtracting rational numbers: 
I (a) to add rational numbers name them by 

fractions that have the same denominator; add 
the ni:imerators to _"ind the nimerator of the 
fraction name of the sum; the denominator of the 
sum is the denominator of the fractions for the 
numbers added. 

(b) to subtract rational numbers name them 
by fractions of the same denominator; subtract 
the numerators to find the numerator of the 
fraction name of the unknown addend; the denomi- 
i nator of the unknown addend is the denominator 
I of the fractions for the numbers subtracted. 

The review includes the addition and sub- 
traction of numbers written in mixed f orm^ 

e.g., ^ 2^ ^ " ^T' neces- 

sary to use class time for review of these 
processes. 
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ADD INC- AND SUBTRACTING RATIONAL NU>SS?.S 

Recall that it is easy to add or subtract ■:wo rational 
nisnbers if they are named by fractions with the same deno.T.inato 



2 

3" * 


1 

t " 


2 -r 1 




4 


2 

T = 


^ - 2 
— ^ 


_ 2 



-. ^ 0 11 - ^ 6 3 

— — ^ 

O 4 



1^ . <- = 



To add or subtract rational numbers naned by fractions with the 
same denominator, we add or subtract the numerators to find the 
numerator of the result. The denominator of the resuj.t is the 
same as the denominator of the two original fractions. 

If the denominators of the two fraction names are not the 
same, one or both rational numbers are renamed so the fractions 
have the same denominator. 



Add: 



2 10 U ^3 



Subtract: 



1 4 

2 =_8_ 



2^ = 2^ = 

i 
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Exercise Set 





it 



1 



1=1-1, 



Figure A pictures the addition fac 
What addition facts are suggested by the shaded and 



unshaded regions of Figures 3? C? D? and E? 

Figure B also shows that " §* = J ^ ' \ ^ \' 

What subtraction facts are suggested by the shaded and 
unshaded regions of Figure A? figure C? Figure D? 
Figure E' (fl " ! - i 4) (C " I " 1 = " i-^ f) 



122 

133 



Choose one of the rectangular regions A, B, C, or D to 



find 


the 


s\an3 


of the numbers in the chart 


below. 






Number 




Rectangular P.egion 


Used 


Sum 


a. 


1 

2 


and 


3 
B 






b. 


1 


and 




(8) 




c. 


1 
? 


and 


1 


(A) 






d. 


1 


and 


1 






(^) 
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Recall what is meant by the '^prime fac sorizatic-^." of a 
counting number. Complete: 





Fraction 


P "n i rn p n'a r> t* _. 

zation of 
Denominator 


zation of 
Numierator 


Greate s t 
CorjTion 
Factor 


S imp lest 
Form 


a. 


B 


2x^x2 


2x3 


2 




b. 


_8_ 








I 5 J 


c. 




\ O 


r3x3^ 




W / 




2 

ir 

o 


> ^ L- - ^ / 








e . 


8 

A. C 


(2.2x3) 


(2x2x2) 






f» 


\^ 
1^ 




(2x7) 


(2) 


(i) 


g. 


18 

D 




(2x3x3) 




\ 1 / 


h. 




(2.3) 


(3x3) 


C3) 




i . 


6 


(3x3) 


(2x3) 




^4-) 


J. 


27 


(3x^U3) 


(3k3k3x a) 


(zr) 


(2) 



Rename each pair oC numbers below so the fractions have 
'.he same denominator. Use ...le Sx-jdlest denominator 
)ssible, 

- I ! -d I ana 

•0. I ana 3{f,f)d. I ana i<;i„,£)f. | ana K^,l) 
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2\ 



12 ^i- 



Sxpress in simplest form: 

e n\ - 8 _ 

?ind the sum of each pair of numbers and express Iz in i 
simiuest form: 



a 



^ and 


lot) 




and 




4 


and 


3 (si) 




and 


34(4! 


i4 


and 


■1(16 



■3 1: 



I I 



b. ^ and ^ ( \ k) S- § and 6 ( i^"^ 

7^ and 1^10 To 

j. and 5|(lO-^ 

Find n. Express n in its simplest form. 

a. n-.^-Ui) e. n = 1^- - | /-f i h. n = 9I 

b. n = 

c . n = 



|(i)r. n = 15|- 121(31) i. n = 4/ 
^(S§)g. n.l3|-ll(2f) J. ..^-i 



y 5 
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Find the numbers n, p, w, and so on. Express the numbers 
in simplest Torm. 




13? 
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USING PARENTHESES 

Objective: To learn hov; parentheses are usef 'ol in helping us 
write what v;e mean. 

Vocabular;y' : Parentheses . 



Suggested Teaching Procedure : 



Although your pupils nay be familiar v;ith 
~ne use of parentheses, these pages are for use 
If needed at this tLne, Or^, you may ivish to 
use them to re- _ ..phaslze the use of parentheses. 

This lesson can be motivated by v.'riting 
several mathematical sentences on the chalkboard; 
such as, 

2 X ^ -f 3 = n 

S - 5 1 = n, etc. 



and ask pupils to find 
(Hope you have different 
Then ^vrlte again, 



1 I or eacn sentence, 
ansv;ers . ) 



(2 X ^: 

8 - (5 



3 = n 

_) = n, etc. 



and ask that they find n for each sentence, 
(.\'ov;, hope there is agreement,) 

■Then ask what made the difference? 

Emphasize the use of parentheses expressing 
the name of a number using addition, subtraction, 
m-oltiDlicatlon/ division, etc. That is (3 -r 2) 
for 5, (8 X 2) for l6, etc. 

Summarize this discussion by using the 
exploration in pupil text before pupils do the 
S:cer ^'.Ise Sez 5. 
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USING PARENTHESES 

Very early in your study of mathematics you learned that 
a number can have many names. 7-fl, 2x4, 14-. 6, and 
l6 H- 2 are all other names for 8. 

Did you realize, however, that all of the different names 
for a niimber must be names for Just that one number? 

Per what number is 6 -»- 3 x 4 another name? Is the 
number 36 or l8 ? 

To remove ar*y coubt about what one number 6 -r 3 x 4 
names, very helpful symbols called parentheses are used. 

\-otice that (6 -r 3) x 4 and 6 (3 x 4) represent two 
different numbers. 

(6 3) X ^ = 9 X ^ = 36 
6 - (3 X 4) = 6 - 12 = 18 
Trie use of parentheses is very helpful in v.Titing correctly 
the mathematical sentences for story problems. 

Scercise Set 5 



1, VSiich or the following pairs of numerals na.me the sa-ne 

r \ 

numoer? i^o, ; 

(3 ^ 2) ^ 5 and 3 . (2 5) 

{\i - 8) 2 and l6 ^ (8 - 2) 

(15 - 3) - 2 and 15 - (3 - 2^ 

2 X ^ 5) and (2 x 4) -f 5 

I - (| ' i) and (I - |) . ^ 

Place parentheses in the following so that 



2 x;^3 



X 3;' 



;i2 - l:x 2 = 22 



13. 



3. Write In numerals, using parentheses. 

2 3 1 /'o ' ' ^ 

a. Subtract the sxm of 2y, ^, and 3^ from 10. ^^F} J 

b. Divide the product of 32 and 67 by 16. (^34) 

c. Add 5x8 to the product of 4 and 7- (Q>^} 

d. Divide 2750 by 5 and multiply the result by 3.0^^9' 



Exercise Set 6 

Read each problem carefully. Then write the relationships in 
the problem as a mathematical sentence. Solve, and write the 
answer in a conplete sentence. 

1. Sue and Tom are twins. Sue is 46^^ inches tall. Tom is 

inches tall. How much taller is Ton than Sue? 

T-^ri-H-n - ^St Torn \^ \nc(^es "i-allev-.) 

7 3 

2. Mary walks i- of a mile to school. Jane walks 77- of a 

o schccl . Hcv^^ much farther does Mary walk than 
Jane?(T^^-n ^Snj u;a(ks JT^"'!e -^5 ^-iKer,') 

3. In Btrs. riardgrove^s class ^ of the class goes home for 

lunch and ^ of the class eats in the cafeteria. The 

other boys and girls eat bag lunches in the rccn. What 

part of the class eats in the room? 
(^-j -^j + p = 1 ^^5^^ ^^^^ "^^^ rocm) 

^. Kale^s irf^^^rC shop had a off the original price" 

sale, 'toat part of the original price did each record 

cost? (^"^ " 4" " ^ RcCOvrO^ CO^i^ +kc (:>v-tQirj5l pt-iC^'^ 

5. Peggy mdde a two pi.ece playsuit for herself. The pattern 

3 1 
required yards material for the blouse and 1^ yards 

for the skirt. How much material was required for the 
playsuit? (f+ ThcpUpu,! rec^u -.c u J. 



'.9 

1 



■2 J 



3 1 
?or lunch, Ted ate -tj- of a peanut butter sandwich and ^ 

of a Jam sandwich. How many sandwiches did ''^f^'^ eat for 
lunch?(j|- + J " n Ted ait 'i s a^r ci /ckc^ "^^o^- i^ncli) 

of the student body of Oaks Junior High School attended 
Ward Elementary School. ^ of the student body attended 
Morgan Elementary School. What part of the student body 
attended elementary schools other than those mentioned? 

Mrs. Green used ^ of a dozen eggs in a cake and ^ of 
a dozen eggs in a salad Iresslng. What part of a dozen 
eggs did she have left? \ \ \ I fl \ 

3ob had a piece of balsa wood one foot long. He cut off 

two pieces |- and ^ foot lor^g for the model he was 

making. How many Inche- "^.ong was the piece he had left*^ 

(l-("k^y)-"^ 3ob Hsci a piece Z \^cV,^s iov.c^ U-ti.) 

1 ^ " 

Janet filled ^ of her stamp book with American stamps and 

2 

■J of the cook with stamps from other countries. What part 



of the book was not filled? , i |, ,\ 

(l-rV^f)-v of iKe book uoas n.t ^'lUo) 

If you attend school 9 months of the year, what part of 

the year are you not in school? . 



- ^ r. You a^e nd m ^cUl ^ vc^r. 



Alice weighed 69i- pc^jnds at the end of June and 7l|- 
uouncs at the end of July. She gained ^ pound in August. 
How much did Alice gain in Ji^Ly and Au^st together? 



DECIMAL NA>2S FOR R^.TIONAL >rj>3EHS 



Objectives: To recall the decimal system of notation, including 
its application in naming rational numbers. 

To name meas-ores of regions which are parts of unit 
square regions, using decim.als. 

To find fractions and decimals which are namies for 
the same rational nuTiber. 

Materials: Pocket chart and cards for place value. Page 6'b 
cards ?.:-V;, Pages b3-6-; n-^T.ber line J, Page b6. 

Vocabular:/: DecLmal, place value, digit, the fraction form. 



i'u^geoted '::eachlnQ Proced'ore: 



If necessar;y', review the decimal place - 
■/alue systemi of notation. 

Use Cards M, N, and 0, and ask the pupils 
to indicate by decimals the m.easures of the 
shaded regions. Use Card P, and suggest that 
the shaded squares can be rearranged to fill one 
columji f tenth), v;ith five m.ore squares (hun- 
dredths). Relate this new arrangem.ent to the 
decLmal 0.15 = 0.1 -f 0.05- Continue with Cards 
R, S, T, U, and V. 

N'UTiber line J can be used to locate points 
named by decimal numerals, 0.5, 1.2, and so on. 
You may wish to draw on the board a number line 
v;ith a scale of tenths labeled with decimals. 
Znen consider placing a point to be labeled 
0.01, and label the tenths scale in hundredths, 
0.10, 0.20, etc. Then locate ooints for 
0o2, 1.36, and the like. 

The number line can be of assistance to the 
pupils in ordering rational numibers named by 
decimals. Locating points for pairs of num.bers, 
0.5 and 0.1^, for exan^le, helps them to de- 
cide which of the two is the greater nUi^nber. 

Mote the use of a term ^vvtiich may not be 
fam^lliar — the fraction form of a decimal . 

A rational nimiber has many decimal names 
and many fraction names; for example, the num- 

— - — =1 = ^= 0.250 = 0.2500, 



oer 
etc . 



0.25 = 



100 " 20 



The purpose of this lesson is to develop an 
easy way to find one special fraction name for a 
nur.ber named by a decimal. This is done by 
observing that the digits in/the decimal indicate 



the numerator of a fraction v;hose denor.inator is 
indicated by the place value of the last digit 
on the right. Consider the decimal 1.52. The 
digits are 152, so the numerator of the frac- 
tion is 152. The last digit, 2, Lz in h^on- 
dredths place, so the denominator is 100. Thus 

1 - i2i 15 2 - ^ 152 = 
■^•-"^ ~ 100' ~ 10' 1 ' 

In each case we have found fraction name 
for the number named by the decimal, but we 
cannot say we have found the fraction name, 
since each number has many others. For example, 

^'■^"^ ~ 100 50 300 

We call the fraction whose denominator is 
indicated by the place value of the last digit 
in the decimal the fraction form of the decimal. 



So the fraction form of the aecimal 1.52 is 
±22 
II 100' 



1J2 

143 



?59 



decimj=j. names for rational numbers 

As you know, any rational number has many fraction names. 
Certain numbers can also have decimal names. This is true 
provided the denc.T.inator of the fra.ction name is 10, or 100, 
or 1,000. 

Do you recall the meaning of num.erals like 23.6^- ? Think 
of the place value system of. numeration. 



n 

CO 

CO 4^ 

c3 O nod 

^ U x: J-« CO 

7:3 CO CO -p 73 

o c c o c c o 

? :::: e-^ o ::: 



2 3 . 



23.6^ means 2 tens c ones ^ 6 tenths -r ^ hundredths or 
23.6-^ = (2 X 10) ~ (3 X 1) - (;5^) + {^) 
Look 3.Z the last two term.s. 

6 ^ 6o - 



10 ■ 100 ~ IOC ■ _00 



IOC 



So you read 23.6^ as ''twenty- three and sixty-four hur.dredths " . 
You =3.r. .Tit: It 22^. 

64 



b ^-^Yoo - ^-^ - roc 

2300 c- 



256^' 

236^ 
IOC 




?60 

Do you see that you can find a fraction na.'-.e for 23.6- in 
the following way? 

The digits 236^ indicate the numerator. 

The place value of the last digit in the decimal 23.6^ 

indicates the denominator. 
We shall call the fraction found in this way the fraction form 
of the decimal . 

^■ow consider the decimal ^.206. What Is the numerator of 

its fraction form?"^ What is the place value of the digit 6 ? v 

((ooo) C-hho^^^tK^ ths) 
What is the denominator of its fraction form? How is the 

fraction form for ^.206 witten? (-7^~|) 



Exercise Set 7 



Which of the following decimals have fraction forms with, 
the same numerator? fa c/ a c^J i \ i \ ^ ^ ^ ) 



'J 

a. 0.13 f . 0.25 



2.5 g. 1.3 

7.85 a, O.7S5 

d. 0.013 i. C.025 

78.5 J. 13 

2. '^.Ich of the decimals in ?:xercise 1 all have fraction 

forms with the .same denominator? (^a, C ^ : co-.i c j . 

J. .-sre unere any two of the numerals listed in Exercise 1 



that are nam.es for the sam.e num.ber? ( iV'o^ 



145 ''^ 
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Write fraction names: 



a. 


0.32 


^52.^ 

V t n ^ 1 


b. 


18.0^ 


f 1 ^ C ^ ^ 
\ \ CO J 


c. 


0.075 


1000 ) 


G. 


^62.5 




e. 


9.1 





Write deci^Tial names: 



a 



e. 



{c.3 ^ 



^8 
100 

132 

ToU 



11 

10 



7.? 



Exercise Set 8 



Each of regions A, B, C, D, and E is a unit region. 

0 



iiin 



iiiil 



liiiil 



iiin 



a. Write the fraction that represents the measiire of 
each shaded region. 

b. Write the deciinal that represents the measure of 



each shaded region. (/I 0. 3 [5 o.7)(c ''•^'X^ °-^)(e C^^, 



14 



P62 



E suggests the addition sentence 



10 



c. 



10 " 10 " 10" 
'*Vhat addition sentences are suggested by A, B, C, 

//I 3 7-'^., R J- ^I- ^ L2 - 1 r J- ^1 . , 
and D ? (ATo "^/T* 7^ ' ' ^'^ ' ^ ^/o^.-o'TF-/ 

/o '/ 

E s\iggests the subtraction sentence Y§ - ]^ = 
What subtraction sentences are suggested by A, B, C, 
and D [H 10 ' 10 ' 10 ^ /o lo ' lo ^ ~/o " 

Use decimals tc vni'ite the subtraction sentence 



suggested by E. Suggested by A, B, C, and D. 

A^ - 0.5 = Z) /.^ -0.9 

^ G H 



0.,) 

















1 
























































































































































!l|l! 






illi 










IIII 












III! 




.'III 

















































































































































































is 






is 









































?, G, and H are unit regions. 

a. Write the fraction that represents the measure of each 



shaded region, (f^) (C--^^ 



3 7 

H — 



Write the decirnal that reprej::ents the measure of each 



shaded region, (f 0.n)[(j 0. 5?j (H 0.37^ 
What addition sentences are suggested by G, and H ? 
write them a) using fractions and b) asing decimals. 

Write the 3\ibtraction sentences suggested by ?, G, and H. 



V/rite them a) using iic^ci:ions and b) using decimals 



7 = 0.73; \.0(>'' O.'S^ ''0>'^'i \ -0.37 r. fc3^) 



14? 



?6o 



6. Describe a region you would shade tc show G.C"1 of zhe 
unit square F. f-^^^-^'-^- / 'l^'^^ '^"^^ ..^c..4 ^,3,. 

7. Describe a region you would shade to show CGO-^ oT the 
'onit square G. (Pcc/ans s^^i/e^ ^^^^^ . -^a/c 

8. For each decimal, write the numerator of a fraction form. 

g. 7.25 {ti5) 





a. 0/^ (^) d. 


0.1 


g- 




b. 0.25 C^-) e. 


0.37 (^0 


h. 




c. 0.01 f . 


1.8 (f?) 


i. 


0 ^ 


Wha':: is the lenomina' 


tor of the f 


raction 




decimal in Exercise 


8 ?^ 


^ '00 


10. 


Write as decimals: 


1 t n-i 

\ d 10 






a. ^ir,^<\ d. 
-00 v^' '-7 


■ 1 00 ( • ^ 





100 



i 
) 

/ 



0. T 



A^ite as fractions : 

i. o.65ij^; d. c.3vo; g. 0. 10 (^r^j 

b. 0.8 (t^) e. O.C7\rcc^ n. 7.87(^^1^ 

c. :-.-^c;'^^ f. i.i i. 0.123''^^, 

\: CO/ 'JO coo/ 

Find n in each sentence: 

3 . 5 -.2 f-r l\ ^1 4 , /' , J\ 

T - ^ % ^ - V V ^2 5 ^ ^ = ''[^~oJ 

.-j:^: ar^e -in order from least to greatest: 

C.5^> 0.056, 1.04, 0.09, 3.68, 0.1, -.00 



lo7 

i4 



P64 



14, 



Pine: 



15. 



Id. 



n = 



D. 



n = 



4- 4 Of. 



d. 



n = 



1 
5" 



9 ' 



7-5 



h. 
i. 
J. 



Find 

a. 

b. 

c, 

d. 

Add: 



t: 

t - 
t = 
t = 
t = 
t = 



0.9 - 0.71^ O./Q^ f 
0,72 - 0.395(0.325} 
0.8 - 0.47(0,33) h 

0,35 - 0,2 (0, /5) i 
27.53 - 8.9(i?.fc3) J 



c , 
d. 



0.5 aiic 0.39((:)./9) e 

0.73 and 0.6 (l 33} f 

14. CI and 1,9(5/; 1) g 

1 and 0,1 (l.i) h 



.2 



I 



52I-- 46|= n (5i 
10^1- 93| = n (^.0^ 



1 
2 



16.32 - 3.79 = tf/Z 53^ 
1.2 - 0.09 = t ( i') 
5.65 - 0.3 = t (5.35) 
9.7 - 3.67 = t (&. 03) 
15 - 7.48 = t (T- 



2.16 and 7.8 (s 

47.1 and 9.072 (s-fc. I zz) 

0.07 and 4.3 ( 4 .St) 

20.1 and 0.201 (^Z(? . 30 1) 



'.f r> 
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Sxerclse Sez 9 



Read the following carefully. Show the relationships in eanh 
problem using a nu.7.ber-line diagrair:. Then answer the ques^^lon 
asked in the probler?,, 

1. Jack ran the 50 yara dash in 5 7 seconds. Brian ran 
the distance in 11,0 seconds. 'Who v;o:.7 By how many 
seconds'^ ! 0 7 - n ^ecl ^on 6^ ^,3 scconcis-^ 



2. During ■■:he first six nionths of a year, 1^,8 inches o^ 
rain was recorded. During the next si>: months^ 
inches fell. How riuch rain fell during the year'- 



5. The Empire State Building in New York City is 1?50 Hee'o 
high. The Statue of Liberty in New York harcor is 

305 O feet high. How nuch higher is the ^.pire Stare 
Building than the Statue of Liberty? (/zso- 3o5.:5"^i/ 
4. The average annual rainfall of Louisiana is 57.34 inches 
The average annual rainfall for Nevada is^ 8,6 inches. 
What is the differ-nce between the ann-^lr-c^lnfall averages 
cf these two states? (5'7, 3^ ^ >^ '^^'^ c/ rf/cr-c^ /s 

5- The normal body temperature is 98,6^, Bill's temperature 
•.vas 0.8° above normal, '^at was his temperature? 

6. Jeff's garden is 30f feet ' ong and 17^ feet wide. How 
many feet of wire will it take to put a fence around it? 



3elow are the lengths of four Italian snips: 

Leonardo da Vinci 761.2 ft. /-^ h^i^^d c da l/^^y 

Augustus oSO.- ft. I ^uJl.o ^tf-'c^A-c 

I ."^ 5 ^ 5 ; 

Crlstofcro CoI'^t/do 700. C ft. ^ ^ / 

Guillio Cesare 68o. c fi:. / 

List the ships in order, from longest ""o shortest. Then 
TiHl^e up three proble.T.s about t.he lengths t.ie shi^p^. 

Pk-o 0 /e b out// y : ^ Y 

The highest average ann\ial temperature for the world was 
38*^?. recorded in Africa. The nighest aver-^ge anr/ual 
temperature for the United States was 7^.6^F. recorded 
In Florida. Wh^t is i:he difierence be''ween these two 
temperatures? f-^'^~ 77- ^'^^ 



1 2 
pat rode his bicycle 19^ miles one day and 15^ miles 

the next day. How much farther did he ride his bicycle 

/ / ^ z V J J 

the f^rs*- day than the second?(/9T" ^^5 "'"^ '^^"^^ 

inches of rain fell on Monday, 3.0 inches on Tuesday, 



and 2.4 inches -on Wednesday, How many inches of rain 
fell on the tr„'-ee days? T^-Z ^^-^^ ^ 2.4 .-..J^s c / 

T^e British ship. Queen Elizabeth, is 1031 feet long. 
Thf^ Andes, another British ship, is 669.3 feet long. 
How much longer is the Queen Elizabeth? (^/03i.C - 669. 3 

The equatorial diameter of the world is 7,9^6.68 iriles. 
The polar diameter is 7,899-99 -niles. How much greater 
is the equatorial diameter than the pola-."' diame:er? 



1-C 
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PRODUCTS 0? ANY TWO RATIONAL NU!^3ERS (OVERVIEV/) 



Cve 



5ei 
the less 
outline 
standing 

are to b 
oon. ^ntal 
(^) rect 
n'omber 1 
objects . 
that sea 



rviev; of the Next Rev; Lessons, 
ore s^oggestl 



on of inm e d i a t e c 
briefly our plan 

of the nultiplic 
hree different ki 
e used in each cl 
lessons. These 
angular regions, 
ine, and (3 ) col 



aching proced'ores for 
cncern, let us first 
for developing an uncer- 
ation of rational .nuT:- 
nds of physical models 

three related devel- 
are models of 
(2) line segients on the 
lections r^f groups of 



le, v;e v;lll see hov 
2 3 



Tne developm.ental lessons 
uence , For examp 

associate the produce 

rectangular regions: 



2; 





■i-.-y.-i 


U'.'.'.V.*. 




m 

\ 1 
! 1 — 


1 ' 



X = Tp- is associated v:ith the 
shaded region. 

.'ith line segments on the number line ; 



3 
4"" 



2 3" 

T X ^ = ^ is associ?.ted v;ith the 
measure of line se.gm.ent Xc. 
(3) with a collectic: of obje ts: 



!0 


0 


0 ® 


|0 


0 


1 



— X 8 = 6 is assc:;iated wi".h the number 
of unshaded rings. Also, considering 



1^1 

i5 



tne sec as a 'j:r:iz, x = ^ is 

associated with the n'jrriber of rings • 
dots . 

Associatin;r Product v;ith a^ Rectangular 
Region . 



•The first r.odel used for de'-eloping the 
r;Ultiplication of rational numbers is the rec- 
tangular region. This ci.oice is made in part 
because of its similarity to zhe array v;hich was 
used to develop the concept of multiplication ol 
vrhole r/ambers. You v;ill recall that the product 



o X 
and 



was represented by an array of 
^ columns. 



ro'ws 



9^0 

• • e 

e o e 



^ X 



= 12. 



In a reci:angular region, the meas*ires of v;hose 
sides are whole numbers, v;e have -or a 3 by 
region ohis picture. 



Sepa 
scua 
That 
duct 

meas 
rxr^x 
side 
our 

unit 



rating 
re reg 
is, 
of tn 
We no 
ures o 
on sho 
s are 
study 
xamini 
sauar 



he rectangular region into unit 
ions, "we again have 3 x ^ = 12. 
he measure of the region is the pro- 
e measures of the sides, 
v; assume that the sa.me relation betwee.n 
f sides a-nd m.easure of a rectang\ilar 
uld be true v;hen the measures of the 
rational numbers. Therefore, we begin 
of m.ultiplication of rational numbers 
ng a rectangular region contained in a 
e region. 




shaded region is a 



by -^^ region. Vihat 



part: oi 
region? 



i:he unit square region is the shaded 



i-^^^u..: v;e separate the unit square region oy 
drav;ing lines thro'ogh zne 



f- division marks on 



1^2 



15 



ERIC 



zh-s separating tr.e 'or.il: scjjare region into 
X 2, or 3 congruent rectang^olar regions. 

Each of these is ^ of the 'L^nit sc;aare region. 

The shaded region covers 3 x 1, or 3 of these, 

so the shaded region is ^ of the anit: sc/jare 

region, and the r^eas^ure of the shaded region is 

After investigating a niLTiber of sir.iiar 

eicar.ples, v;e associate the r^eas'sire cf the region 
v.-ith the product of the n:eas*ures of the sides. 



|^::::;::x;x::;:;:::;;:;:? 
-4- /:^:-T^-r:-:*±*r7-:-7:-t- 
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Objective: 



To reviev; the orooerties of 



re ctar.^' '"^ ^ 



ar region. 



ccab^olar:: : Sinple closed carve, rectangle, square, interior, 
J J rectang-'olar region, right ar^le. 

i i 

i Since undf.'rsi;anding of zhe measure of a 

region, and sp'^cif ically , of a rectangular region 
v;hose sides have measures which are v;hole nuir.bers, 
is basj.c to the development of multiplication of 
rational numbers described in the preceding 
section, the purpose of this lesson is to assure 
that the pupils have these basic understandings. 

First recall v;hat is meant by (a) a simple 
closed curve, (b) a simple closed curve which is 
the ^jnion of line segments, (c) a simple closed 
carve which is the union of four line segments, 
and finally, ^d) a simple closed curve v/hich is 
the union of four line se:^ments and which has 
four righT: angles. Note that in the rectangle, 
opposite sides are ccngi*uent . Some rectangles 
have all four sides congruent, and are called 
scuares . 




rectan gl es 



squares 



A rectangular region is the union of the 
rectangle and its interior. 



; > 

ii 

M 




144 



Recall that to measure a segnent^ we use a 
unit segr.ent . If v;e choose the ^onit segment 

ShOV.Tl. 



unit 
seg mer 



zen 
Note 



Then the measure of segment A3 (v.r: 
) i3 since A3 is the union of' - 

ts, each congruent to the unit segment 
'cha*: the r.easure of A3 is a number . 

To measure a region, v;e use as a ^jnit square 
region. If the ^unit square region shov;n below is 
chOoen, 



i::::::::;: 

II 

sq u 0 re 
region 



L__l__L 



then the mieasure of the rectangular region CDEF 
is 6y since the region CDEF can be separated 
into 6 square regions, each congruent to the 
'LT^.it square region. 

Ln dealing with rectangular regions, we 
choose a unit square region whose side is a unit 
segment . 



unit segment 



square 
region 



When the sides of a rectangular region are 
measure! using the unit segment, and the region 
is m.easured using the related unit square region, 
we note tl;iat the product of the measures of the 
sides is the measure of the region. 

For example, if the sides are 3 inches 
and 5 inches in length, the measure of the 
region, in square inches, is 15- 

Care should be taken to distinguish the 
measure of the rectangular region, for which a 
unit square region is used, and the perimeter of 
the rectangle, which is the sum of the lengths 
of the sides, and is therefore found by using a 
unit segment. 



'-''156 



?65 



Do you recall what kind of region is usually used to 
measure a rectang^ular region? It is customary to use a square 
region with sides ^ unit long. 




Suppose Figure P is a rectangle, with sides 3 units 
and 2 units in length. How do you find the measure of the 
rectangular region? 2 x 3 " 




F F 

3y drawing lines, we can separate the rectangular region 
into 6 congruent square regions, each having sides 1 unit 
in length. These 6 square regions "cover" the rectangular 
region, so the measTore of regioi: ? is 6. 

You see there are 2 rows of square regions, with 3 ir) 
each row. Or there are 3 columns of square regions, with 2 
in each column. So there are 2x3 or 3x2 square regions. 

What is an easy way to find the measure of a rectangular 
region when the measures of its sides aj^e whole numbe;rs? jy 



1^7 
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Exercise Set 10 



Draw a re-r^tangle ^ in. by 3 in. 



'T^.is means 



in. long and 3 in. wice. } {J5fe hor'^^ or joay 



Shade its interior. 
3, Draw lines to sepc3j^ate the rectangular region into 
unit square regions. 

d. Find the measure of the rectangular region. (\Z ^yin 

e. >Ciat is the name of each unit square region? 5^ . 
Suppose the i^ectar^gles A, B, and C below have sides 
with t.he mear;:.res shov.n. Find the measures of the 
rectangular regions. 



7 



(3 5. 



B 



Si3>pose the measure of a rectang\ilar region Is 24. 
What pairs of whole numbers co\ild be the measures of its 
sides? (6x^)C3xB)(2xi2)((x2^) 

3" 




1^8 

iSS 



Rectangle D has sides whose measures are 
'^fnat is the measure of the rectangular regi 



and 3 , 



i 

3 



Figure E is the union of two rectangular regions. Find 
their measures. Find the sum of their measures. (^I Z -2 i'j 
Dc Exercises - and 5 show that 

= (3 X ^) 



J X 



{3 X 3) ^ (res 
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jective: To de'/elop an understanding 
rational numbers by usir^ -^.t 
re.^:icns . 



: r.lnaxnz proaucts oi 
^•^es 01' rectangular 



Xaterlais: Cards 



V 



reaching Procedure : 



I The pupils have reviev;ed the relation be- 

j ;:'A'e'in the measures of the sides of a rectr.n^:le 

' arid the r/.sasure of the rectangular region, ^iien 

j the measures of the sides v/ere counting numbers. 

! Nov/ propose study of a rectangle the measures 

i of vrhose sides are rational mjimbers. 

1 

! 

(a) Regions les." - than a unit square . 

You know hO'> to find the measure of a rectangular region 
v;hen the sides have measures which a^^e counting num.bers. Now 



suppose you have a rectangle whose sides have measures ^ and 
^. We cal - ' ■ ■ 
measures we mui= 



:ni3 a 7- 
s tart 



by ^ rectangle. To represent these 



segm.ent as the side o^ 

board) . 

unit s^girrant 



with a unit segment. Let us show this 
a unit square region. (Sketch A 'on the 



UNIT 
SQUARE 
REGION 



3 L 



A { I ^^STAG E ) 



B ( 2^^ stage) 



C (3^1^ STAGE) 



Now let us show the i by i region in the ^jnit square region. 
Ln 3, the i by ^ rectangialar region is shaded. Vihat part 
of the unit square region is shaded? To find out, draw lines 
thorough the i and ^ division marks (c). We have now 
separated the unit square region- into eight rectangular regions. 
Each is congruent to the shaded region. What rational number 
Indicates what part of the unit square, region is shaded? What 
is the measure of the shaded region? 
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Er.pr.asize rnai: (^-^ oy ^] ana 5- are 

associated v;lth the Sc--T.e region. 

Repeat this exploration usin^ 
of rational n^jTibers as i-neas^ores oi 
rectan,2'-LLar rer-ions. Here are some s^oggestions. 



It) otner pairs 
■^^ the sides of 




1 
9" 




^i.la ^ 



(b) Regions greater than a_ unit s quare . 

Then suggest rectangular regions whose 
sides have measures which are rational nuribers 
greater than one. However, naine the measures 
by fractions rather than by nijxed forms, 

?or example, suppose we have a rectangula 

region whose sides are 5- anc 



3 

2". Again, start 



v/it 



:he unit sauare. 



The diagram of this region vrill be slightly different from 
others v/e have made. How shall v;e separate the unit square 
region to m^e the diagram? (Separate one side into three con- 
gruent parts and another sic: into tv;o congruent oarts, ) 
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ERIC 



I ± L ! 

3rd Stage 

2 5 

The region v^e have drav^T. (2nd step) pictures 2. 2" 3 
region. What is the measure of each of the six small congruent 

regions? (^j We v;ish to represent a 4- by region. Vfnat 

c ' ^ c. 2 

should v;e do to make one side have measure ^ and the other ^ ? 

u'lake the region larger.) Tell me hcv;. (Extend the 4 side to 

^ 2 3 

make it 4- Extend the ^ side to make it ^. ) Now separate 

the v;hole region into congr'-ient regions. 

The region shov.Ti now (3rd stage) is ^ by VJhat is the 

measure of each of the small congruent regions in the diagram. 
(*^) Hov: m^.y of them, are there? (15) 

What is the measure of the ^ region? (^) 

riave the class s^ommarize their results on 
the board in a table: 

Keasures of Sides Meas^jre of Rectangular 

Region 







1 
B" 


by 








2 


by 












'sy 


5 


6 

15 


etc. 




etc 



'Jork through tr.^. Exploration v;ith the class, 
em.phasizing that (a.) the m.easures of rectangular 
regions have been found by using diagram^s 
(Ex. 1^6); (b) the operation used to answer 
3lm.ilar questions when the measures were 'whole 
numbers -was m.ultiplication (Ex. '^); (c) v;e 



IBS 



therefore call the r.eas'ores of the reglor.s in 

6 the product of the measures of the sides; 
(d) v;e can ncv; (2:<:. 8) vr-ite the nather.atical 

1 1 -! '•i ^5 - 

sentences ^ x = T >^ r = 7 V ^hov; 

the relation betvreen measirres of sides 
r.easv^-e of rectangular region. 
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PRODUCTS AS MEASURES CF RECTANGULAR REGIONS 

Exploration 

You :,nov; how to add and subtract rational numbers. Nov/ we 
shall ot^udy multiplication cf rational n'UTbers. 
1. Figure A shows a unit square region. Figure 3 chows 
the sarr.e ^^nit square region. It also shows a shaded 
recta:. -jlar legion ^^.ose sic-s are J unit and ^ unit in 



len^rtn. 




You ^an separate the unit squa-^ region into rectangular 
regions ^which are congruent the f by ^ region, as 
::.hown in Figure c. 



nov; rnany congruent region, are there? [o 
■Vhat frac.^on names the measure o: the shade! 



rectan^lar re,?rion? ( "g- 



l6o 



Figure D shows a -r- by ^ rectangular region shaded. 
Figure E shows the 'onit square region separated into 
congn'^ent rectang'«^ar regions. 

a. How many rectangular regions congruent to the i- ty 



^ region ar'^ there in the unit squar? region? ^ 



(s 



Whrt is the Treasure of the 



^- by ^ shaded region ^ 



1 

1 

1 




m. 








i 

! 

! 








I 

r i 
1 

r 

1 


A 




D 









Figure F show^ a shaded rectr.r.gular region 4 by 
Figure G "^hows the shades, rectangular I'egion and also 
tn^ unit square region separated into cor^gruent rectangular 
regions. 





a. 



Hov.' raany sr^all rectangular regions are there in the 



'Lnit square region? ^(2; 

He .lany are there in th'^' shaded region? {''c^ 
\\rL^t is the nieasure c:" the shaded region? 



h 3 

Figures H and I show a shaded by rectangula 



region. What is its measure? ( 30) 





r^are J shows a shaded rectangular region larger than 

bhe xmit square region. The \znit square is shown in dark 
3 ^ 

lines. J is a ^ by ^ region. Figuj?e K shows the 
sh3.deG rectangular region and the unit square region 
separated into congruent rectangular regions. 





A 



K 



Hew r^any sTiall rectangular regions are there in the 
unit square region? ( 

What is the nieas-ore o-f each small rectangular '^egion 
Hov; many are the:^e in the shaded region?(^] z') 
Wh^. : is the measure of the shaded region? (^Jji\ 



Complete this table about the shaded regions in Exercises 
1-5. 

Measures of Sides Meas^sire of Region 



1 T 



2y 2 AJ: 

by ^ 



3 



5 by i U3o^ 
3 - 



Now consider some rectangular regions the measures of 
whose sides are whole numbers. Complete this table. 

Measures of Sides Measure of Region Operation Used 



? by 3 



In Exercise you used multiplication to find the 
measures of rectar.gular regions^ the measure of whose 
sides are whole numbers. 

We will also call this operation multipll.caticn when the 
measures of the sides are rational numbers. We will say 
thac 

111 1 "! 1 

^ V = because . by ^ rer,ion has measure 

^ 1 1 ^ " . . 1 

-j^ X = because a f- oy ^ region nas measure ^ 



Write mathematical sentences to show the relation between 
the measures of the sides and the measure of the region fo 
the other regions in Exercise ^- [3 4 iZ 5 ^ 1^ ^ 3~q 

^ ^ G, / 

The measure of a rectangular region whose sides have 
measures that are rational numbers is the product of those 
rational numbers. 



Sxerclse Set 11 

The regions below are unit sq^oare regjons. Ihe ireasiire of 
each whole region is 1. 

For each shaded region^ ^rsTite 
a} the measure of each siae. 

b) the measiire of the region. 

c) a mathematical sentence which shows how the measures of 
the sides are related to the measure of the reeicn. 

Underline the meas'jpe of each shaded region* 

111 
The sentence for A is >- x ^ = 



i 



J 



/////////; 



-A 



— ^--H ! 



D 



,1 




1^ ' ' 

■-\ 


i M ! 1 ; 




i 1 1 






! 1 ! i 
1 ; : ' 

! i : 1 


Lj--,. ■■' j 

^ ■ 1 : 


-iiUi-l 

h i 1 1 1 


c F . H 


l'/' '.-'' V'^ 

1 i 


; ; 1 1 " 
' ' ! 1 


< 1 1 1 ! 1 1 


(^j^/ZA 



K L 




In each figure below, the uni""" / . lare is the region bounded 
by solid lines. For each shc.x rej^-""!, write 



a) 



c) 



the measxire of each sid«j- 
the iTieasure of the regie - 

the matheniatical senter-.-: which shows the relation 

of the measures of th - si '.es to the measure of the 

region. Underline ^■''^e ireazvre of ec.<i .haded region. 
M 



i 




/////V// // 
^/ / / /V / /// 



Draw a unit square region, S^:ci^' ^ of this region by 
drawing lines and shading' \r 



What mathematical f-ent^-- 
Exercise 3 ? 



■,r r^r-gion. 
.ascribes the snaced region of 



Draw a uni-: square rr;..on. Shov; ^ of this region by 
drawing liiies and shading the region. 

''lat matr-^matical sentence describes the shaded part of 
Exercise 5 ? 

Draw £ unit square region. Show ^ of this region by 
arawjng \i/_s and sh.;.j..'ng the region. 

What rnathematical sen'^ nee describes the shaded part of 
E;cercise 7 ? 



RATIONAL MTJT'SERS MTD V/HOLE iWSERS 



Objective: To consider the product of a pair of rational num- 
bers v;hich are also v;hole numbers, to find a clue 
v;hich might lead to a proced'-ore for computing the 
product of any two rational numbers. 



Su^g^oted Teaching Procedure: 

V;crk thro'jgh the Exploration with the c?ass. 
Use additional examples if necessary. 

If the pupils make the generalization that 
finding the product of the num.erators and the 
product of the denominators of fraction names for 
2 and 3 produces a fraction name for 6, raise 
this question: 

V;ill this relation be diiferent v;hen pairs 
of fractions are not names for whole numbers? 




HATIONAT. NU?©ERS AND WHOLE NUMBERS 



Er.'cloratior. 



You can use what you kncv; about rriultiplicaticr! oi' v;hcle 
niLTibers to study r.ultipiicatior. oT rational nur.b'^ro. Conside: 
the product 3 x 2 =• 5. 

1, Here are sone :'ractlor. names Tor the nav/cers ?, 3, and 



o 

IK 



6 

12 



20 



1 f; 



12 

2 



30 



Sine e 



a. 



, snouic — X -^j- oe anotner na-Tie : or o 



snoulc — X p- oe anotner narr:e lor 



I 



sn.ouia 



12. 



1 



SJ 

be another name for 6 ? 

{Yes) 



FiC'ure A Is a 3 by 2 rectangular region. 
Fi.'^'ure 3 is a ^ by rectangular region. Should 
A and B have the same measure? ("^(^^ 




1, ^ 

5 : 



b. Region A is separated into -unit sqviare regions to 
show that its measure is (3) X X£2_ or (^) . 

c. Region B is separated into (3 ^) congruent 
rectangular regions. 

d. The unit square is shown with dark lines. Each sma..! 
rectangular region is V (2> / of the unit square region, 

e. Prom c and d , you know that the measure of 
region 3 is \ a J . 

f. Does Region B show that ^ ^ ^ ^ ^ (^^^3 

g. Coinpare your answers for b and f , Are the measures 

(Yes) 

of regions A and B the same? Does 

6 ^ 
Consider 2 = -j and 3 = 

Since 2x3 = 6, should t x |- be another mine for 6 ? , 
Try some operations -ith the numerators and denominators 
to find a fraction name for 6, 

-35 — : — ?r =5 a true statement? 

6-6 

- 6 



Is 

Is ^ " = 6 a true statement? 
Is f J A = 6 a true statement? f-^^ 



Is = 6 a true statement? (l^^J 

Without using a drawing, try to find the product 2x3 by 
'. -Ing a different pair of fraction names for 2 and 3, 
you find any operation on the nur.eratorh' and 
\riinators which seemed to give a fraction name for 6 ? 



COMPUTING PRODUCTS OF RATIOX;^:. IfuT^SERS USING FRACTIONS 

Objective: Tc develop a rrA ;r;od for ccnputlr.-^ zhe product of 
any two rational r/^"::oer£ oy finding the products 
of co^onting nijinbers associated with th-^ fraction 
nanes . (numerators and denordnatcrs ) 



-vaggec':ea Teacnir 



Procedure : 



Reviev; the observations made about measures 
of sides and of rectangular regions, arid the 
observations made about the product of a pair of 
rational numbers whi..: are also v;hole numbers. 
Ask childre.i if these observations suggest a way 
cf f indir : the produc:: of any two rational n^-Lm- 
bers . T.'.e series of questions you ask should be 
for tr.e purpose of mot-^vating children to arrive 
at the generalization that the product of the 
numerators will indicate the nuirierator for a 
fraction, that the product of the denominators 
•will indicate a denominator for a fraction, and 
that this fraction indicates the unique rational 
number that is the product of the two rational 
numbers . 

Continue as needed. Hope that soon chil- 
"iren will say, ''We do not need to thir^k of 
diagrams. We can find the ./jmeraT:or of a frac- 
tion name for the product by multiplyirig the 
numerators of the fractions, and the denominator 
oy m.ultiplying the denom.l. .^tcrs of the iractions. 

Also, observe that using different nar.es 
for these rational num.bers still does not change 
zhe product. For example. 



3 2 _ X 2) 

^ ^ T - > X 5j ^ 12 



o ^ c ~ X o) ~ 4b 



and ^ name the same n-^^nber . 
Observe that '.ve use oroducts of co'onoincr 



numbers which we already know. 

Here are somie other oairs or 



cers. 
'A'ithou 
need d 



f 

Suggest that the pupils find 
: use of diagram.s if they can. 
Lacrrams, let them, use them.. 



ao-Lonaj. nuTi- 
le or ^du.'t 
If' oome 



; ( 
I i 
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t a 



(b) 
(c) 
a) 



3 , 2 3x2 

7 _3_ _ 

10 ^ 10 " " 

^ 5 



12" 



7 

6 2 



J 
11 



e) 5 X 5- 



4 7 
10X25 = '' 

3 2 

^ X ^ = n 



COKPUTIi;^ PRODUCTS OF RATIONAL I^^JMBEP.S USING PRACTICE'S 

Exploration 

If yoiir work for Exercise 1 in Exercise Set 11 v-^as 
correct, you wrote these matheiTiatical sentences: 



A. 


1 

? >^ 


1 

— 


1 

b 


K. 


4 


3 


12 


H. 


1 

^ X 

0 


1 

F = 








3 

^" ^ 


12 


I. 






4 
3 


0. 


P 

t ^ 


3 

5" = 


6 



Loo:-- at sentence A ag^ln. Does -g- = ^ ^ ^ l[fts) 

ii p Y c / , / ^ 1 ii o K 1 

6 2x3 , 



0: Does — = 



2. If a and b are any cou-iting numbers, what Is the 

1 1 -li— ~ ^- ' 
product 3; X ^ ? -^^^ - / 

3. If c:. and c r^e any whole numbers, and b and d are 

P ^ ,^ c 
amy oo-'inting numbers, what is — x ^ ? \~ 7 j 



1 £^ V ^ 


a >; c 




- b X d 



Exercise Set 13 

The t;a"ble .hews sonie measures of rectar^olar regions. 
Complete the table: 



i 
1 


Measure cf 


Measur 




of 


Measxire of 


I 


One Sice 


ether 


SI 


de 


Recta-Tigular Region ! 


a • 1 


2 










i 

b. i 










V ; h / 


C ! 


2 










,1 






t 

e . ' 


2 


t 


/ ^ ! \ 


1 
1 


3 


5 








6 * i 

( 


2 
5 


2 

-r 






^ AN 

\ 3 5-/' 


h. 1 

i 


b 


2.. 
d 






■ 


Renar.e 


each cf the fc 


llOWlTig 1 


.n 


mixed 


forrn or as a whole 


nuinb e r : 


I. ' 3 =• 


16 

0 
> 


7 






3 

b. ^ 


/ , ' 

.-^ 

\ ' 


2 / 

2 \ ■ 






1 T't) 



Rename each of the following by a fraction in simplest form 



NAMi::o ?RODu::s v;ith decimals 



Objectives: To illustrate the use of decimals to indicate 

Tieas-jres of the sides of a r-ec bangle and the n:eas- 
•ure of the rectang^ular region. 

To show that the r.easure of the region may be found 
by (a) using a diagraju of a 'unit square region, 
and "o) usln^ fraction names to ccmpu::e the product 
of cne measures of the sides. 



S'uggesT^ed Teachi.ng Proced-ure : 

I Ln addition to developing the ideas pre- 

: sented in the Pupil Text, you may also wish to 
consider the relation of the measure of zhe 0,7 
by 0.8 region found fromi the diagram in the 
j: zext to the ■'^iecfmal system, of notation. 3y 
|; rearra.^:^: n^ *ne 3m.all shaded squares it can be 

Shu,,:, th'^.t :ne 56 smiall squares ^i^'ill cover 5 
i; stripe ; tenths cf the unit square region) and 
1; 6 e:L':d:.ticnr 1 sr.^a:,;^ squares (hundredths of the 
i' 'l:.ij sqv-^e .'-^t:.:.), or (0.5 ^ 0,o6) of the unit 
ij squa=-r£ r^g-^on. 

r'c:r3i .-roc -cures for computing products of 
^c^lo-ial ne-mib"-."s ■;. -ing decimal najnes are devel- 
o':?.^ IcCe: '.r. ~:h_.^ :hap~er. 



EKLC 
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NAMING PRODUCTS WITH DECI>1;LS 

Exp lo racier. 



2. 



a, 
b. 

c . 
d. 

a. 



1 

10 



Draw a 'onit square, 

Draw dotted lines and show by shadir^ a 
region ^he ^jnit square. 

'/;h3.-: is tne rneasure of the cnaded ^eglon?f 7^/ 
Write a rnathematical sentence SwCgested by yjur 
diagra^T. . ^ ri ~ ~oc 

Draw a ^unit square, c^^ ..^.^^ ^ .<r,.,.^ /c. /■ 

Draw dottec lines and show by shading a ,.1 by C.l 
region of the un'' t square . 

What is the rr.easv^*c of th-s shaded r-egio::? C-Oi , 
Write a riatherriatical senterce suggested by yo^ur 
d.agran, , / / Q. ! . C- Ci ) 

How are the roathe^.atical sentences you wrote for Exercise 



1 and 



a ixe? ' ^ 



n / 



Finish these sentences without the use of diagrams. 



to"" To 



/CO'' 



1 ^ 1 

To ^ Too 



1 X To ='■- 



/_ \ 



b. 



0.1 X 0.1 =^C.C::d.. 0.1 X 0.01 ='v-'^'^'V> . 1 X G.l - 



i 



•l^ie products you ha^-^e Just found Important 

for 'ou to remember. You will use z .em often. 




:o ^/ - ^ '/,^ ^ ^ '/A,- . , 

































Tr.c: snac.ea rer^cn a J. 



region Is C.Cl. The shaded region rov:."s 



scuare regions, sc its 



J • — 



The product: of t^ho y^^jn: ^rd.zc.y^ oi 

,Tq ^-'^ -'''-^ ^' • "■-'''^ ^'-^ *^ 

:roduc:: j: v deror.inat " rs is ICC. A I'racoion wiuh n'ar.erator 

I:, and dep.cr: ■ nator IOC na-T.ec the sesr.e nurr.ber 0.5^- 

E:':ercise Set i*'* 



T^r-aw a -unit square r^ ion. Separate mo. ^0 x ^0. C'; 
IOC, con^gruent square regions. Use :his uni'c square region 
tc fir.:: pr ^ucts below. fSe^ - ^'p ^ ■ ^- sT. '0 

a. 0.2 X C.S /^./^j c. C.9 X 0.7 fiJ. fc^^ 



0 , 



).6 X 0.3 /^-' d. 0.5 X 0.-*^ (O, -^/^J 





o 
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r.3 on the r/jr/oer line as a r.odel foi 
n of rat^lonal r.ur/cers. 



' i'virr/c or* I. i r e s , o a e ^ c 



.cacnin^ r^roceuure : 

We r.ave developed z'r.e idea of the produce: 
! oC rv;o rational n^^/oers by use oi" rectangular 
regions, Iz v;o-s;1g be ^unfortunate if a child 
associated the product of tvro rational numbers 
v;i':n only this one kind of physical model. V;e 
t;;rn r.z\: to a second model, segments on the num.- 
cer line. This model is very important, because 
it Lz a useful model as an aid in problem solving 
ana because we have already associated the 
; r a 1 1 o na 1 n/umb e r s v; 1th d o in t s on the numb e r line. 



1 1 



y drav/ing a number line on the chalkboard. Write 
r.ber scale above and the scale in fourths below. 



C 



0 

4 



5_ 
4 



6 
4 



7 
4 



8_ 
4 



ser 



f) Drav.- 



Ask hov; v.'e can represent a 

:e endpoint should match 0 and 
(V/e must separate A3 into 

C and D to do this. AC*;, 



::uaro 



conrruent parts, Ju: 
many should we ma^ie ' 



Since AC has ooint 

k of 2. 
must separate the unit 
: as v: e separated un i t 

V/ou Id 11 ep ar a t ing each 
lent oarts do? 



lb 



Separa'.e each 3 se.^nent: on the nu.,cer l.ne into three 
congruent segr.ents. Zach sr^ll segnient is what part of the ur. 
Write the scale of twelfths. 
A C D B 

: ! ? i 



segr.ent? 



0 
4 



12 



12 



2_ 
4 



4 4 

SL 12 
12 12 



_5 
4 



6_ 
4 



J5 IB 21 
12 12 15 



8 
4 

24 

1^ 



What n'or^ber r^.t:ches C? 



(^} Then r..;C = ^J. 

Q 

What segment with encpoino A is of -A3? 
What number does D n:atch? 



VJhat is ^ 



of a 



5 = 



A- 



as 



Ccnrinue with the Exploration. ?ollo*wing 
E::. 1-5, zhe results are suTLT.arized. These are 
ccnipared (Z::. 4) vrith the products of the same 
oairs of n--jnbers found bv comoutation. Ex. 5 

" ? - 1 

interpreted with segmen^.^ on the n*_mber line 

4 2 

yielas the same result as 3 ^ ;j found by compu- 
tation and Ex. 6 and 7 reinforce tnis idea. 

In comm.on langua£:e, v;e often soeak about 
2 3 . ^ ^. . _ _ _ * 2 



emphasizes the observation that 



of 3 



of a tning. 



of a distance which is known to be 



For example, we w-alk 
I of a 

mile. Prom the Exploration v;e can note at 
such a situation may be properly associated with 
the operation of multiplication of : 'ti:nal num- 
bers . 



175 



PRODUCTS 0? RATION.^ .W3SRS USING THE NU>BSR lINZ 

2x::lora:;l^- 

We have used the relation bet-wee^; th^ measures of the sides 
and the measure of a rectang^ilar region tc ;f''ve a meaning "^c the 
product of an^^ two rationa.1 r/jr.:bers. 

- 2 

If W5 -/t'ish, we can alwayr picture x 3* "^^^ measure of 

a ^ by ^ '^^'^'^^^'^^^^ reg_on. I^.ere are, however, other 

a c a X c 

situations which lead to the same rvle: ^ ^ ^ = h x ' " 

V;e shall nov srudy some of these other meanings for the 

prodizct of rational numbers. 

First l^t us use the number line to thirik about what "e 

usually mean by of ^" or of |-\ 

1. Begin by representing ^ of ^. Look at the number line 



id A3. 

D 



^3 



2. ± L 1 

3 3 3 3 

A3 has measure 



To represent ^ of locate D to separate "Sb into 
congruent segr^ents AD and "5b. "SD is ^ aS. So 



hjJd should be i of 



JS7 



a, 3- of J shc^dld be a nuTicer which raatch'^s D. To 
find -this nur.ber, you need a scale with smaller 

1 5-// ^5 ; 



unit . 

© O — 



vna u s ' 
B 



-e o 



a 3 G C « C C 



2 

-o > 



You see "hat D nia^ches ~, so the diagrar. sr.o-A-s that 



177 

185 



o\ conslcer — c. i^. 
AC D 3 

e 9 O 9 'f> P 

0 : 2 

© 9 © ? O 0— 

5 3 5:331 



2 / — 

a. 'yq^hat segnier::: has .-neasTorr ^ " i A :^ 



b. How ^0 'you find a segment whi.ch^io of AB ? ' s 

c. '.•Taat segr.snt with endpoint A has r:eas^ire 4 of |- ? 

1. w>iat segment v/lth endpoint A has measure — of ^ 
To find of you must find a number on the 



0 

number line which matches point 



f. Yov need a scale marked with a smaller -.jinit. What 

uni::? Should ceparating each segr^ : into 5 

congruent segments do c b 

AC D B 

e — o — o — • — 0 — o 

0 ! 2 

< O • I f < u o j » C 9 > 

0_ J_ 2_ 3_ _4 _5 8_ 

3 Z 3 3 3 S 3 

t5 13 15 15 

X ^ 

g. What number matches D? . .< 

11 0^ T = '^at number is n? | ^ i 



>7S 
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3. Nov find -^- of ^ using trs r.-^-?.ber line. 



7 o 

2 

DEB 

-o o 0 



0 12 3 

< O • 9 » • 9 O- 

— J. 1 1 ± 5. 6^ 

- 2 2 2 2 2 2 



a. AB has measure i 



b. Tc represent jr of ^, ::irst separate AB into 
con^rnient segments. A3 is separated into congruent 
segments by points ( ^) , Cp) , and (g) . 

c. What segment with endpoint A hv^^ ine - siire ^ of |- ? 

7 /' -t\ V ^ 0 

d. To represent -jr of you nsed ( of these 

se^ents, P>B is not long enough to represent ^ 

o 

of ^. so draw three more segments ' B^- "^G- a^^d ^-wr 

ACDE^FoH 
© • © • e • 9 o 

C 1 2 3 

: O O G »■ O O » > 



i. ^ 2 i. A 

2 2 2 ? 2 



e. Segment v-'^ ..as -ucasure of 



To find of ^, find what number matches point ( . 
You need a scale .n smaller units. A scale of (^'<j ^'^^^) 
will do. 



ACDE5FGH 
» 'i — — e 0 c ♦ o o 

i . ? 3 



2. _2_ 3^ 4^ 5_ S 

2 ^ 2 2 2 2 2 

2 1 J. 2 5 20 24 

6 • 0 G 3 e 

h. K-:at nraber matches H ? ('T'y 

i. J- of ^ = n. n = ? f ~ 
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Incw look at your results for z:;:ercises 1^3. 

iTi Exercise 1 :-ou found that ^ of t = t*- 



Ln Exercise 2 you found that of 



In Exercise 3 you Tound chat of ^ = -f-. 
Use the rvle | x 5- = g ^ 9 to find 



7 3 ^2''^ 
C. X ^ \^ ' 

How do 3''our products compare :-;±zh your results for 

5. Are these reasonable s'caternents? 

^ 2 8 

5 °^ T = 13" 



8 4x2 4 

5 



r-y = •= ^ - ■-- X 

i5 5 X J 



4-242 
-3 - of ^ = X ^. 



0~ the nianber line below, the measure of P3 is h-. 



8DEFGH IJ KLM 
-0 c> o— — o o e o o o 0 o 



0 12 5 
-o • o o e o © d 9 © © © •— 

0 1 1 A l A £ 

2 a 2 2 2 2 z 

2. ± L ^ ± £«.l.o.li2.iii2 




Fine a segment v;ith er.c-oir.t A whose meas-ore 1?: 



2^1 

2 = —1 



T J f of 4 . ^ 



:; 



^- I o- t I or t = -i:!-i^ 

On the nv-ber line bej.ow, the r.eas^are of ab' is 
A B N P (J R S 

9 



» <^ « Q 6- 



I ± 1 3 . , I 

?ind a segment with endpoini: A -^.ose measi^e ia 



c. Find a seg-f.-nt with er.dpnint A v;hose meas-ore is 

c. Find a segrr^er.t with endpcint A whose T.easure is 
3 >• |.(A-P)3 X I . fi !i) . 

Your answer to Sxerci.s of should shov; rhat 

'io-xr answer ro Exercise 7c should show that 
- y i - 3 

.'^jre ^ and ^ r.^mes for the same nu.?.ber ?( ''^ ■=•-"' 
Is thi.; true^ | of | = 3 ^ J - f 



iSl 

i32 



Exercise Set 15 



Draw nur/oer lines and seginents to show 



1 



3 



a, J o: ^ d. f of 10 

b, I of I e. I of I 



or 



7 
0 



Find by ^asl.ng | x f = f-^ 

1 1 / I ^ - 3 ''30 

b ^ X a c"-^" - I X i T-i-^ 

^ \ 10/ 

From your results in Exercises 1 - 2, is it true that 

Look at the number lines and segments in Exercises 4 - 
In the dlagran below, find a segment whose measure is: 
a. I 

■0. Sxlffl?) 



D E F 

Q o o :^ 6 fl 




5. In the dlagra.m "below, find a segment whose meas^ore is: 
a. D \ G 



c. 



G J K 

> O -« O 




6. Find a segment whose measure is: 
a. ^ f/fSy 



c. 



A C 
© o- 



_0 
6 

_0 
24 



0 • « 


> * • a i 












2 


3 


4^ 






T 


6 


6 


S 


6 


6 






\Z 


j« 


20 


24 


24 


24 


24 


24 


24 


24 



7. Find a segment whose measiire Is: 
a. ^ (,<"l) 



K 

• — 














L 




W 
ft 




0 










1 




— • — 






2 


0 


1 


2 


3 


4 


S 


6 


7 


e 


9 


10 




9 




5 


9 


9 


0 






5 


s 


0 


3 






t2 






21 


24 


27 


30 


ts 


15 


ts 


ts 


ts 






rs 


15 


IS 


13 
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Nlake a number line diagran to represent each problem. Then 
•write a mathematical sentence to represent tr. , problem r.nd 
answer the cuesLior, in a comiplete sentence. 

8. The Scouts hiked from the school to a camp 3-^ miiles 
away. Tney stepped to rest when they had gone ^ of 
the way. How far had they walked vr.en they stepped to 
rest? 3 ^ - »^ 7^^^ n ^a^c ■ /cs ) 

3 

9, Jane had t- yard of ribbon for badges. She made 

badges of equal length. How Icn^ ^^-as each badge? ^ 
< ^ ~ r c ^<^n 6^c/^<L -^c?5 o ^ a y e^c/ /o^^ .J 

10. A 5 story building is -8 feet high. If the stories 
are of equal height, how far above ^.he ground is the 
ceilin.g of. the third story? ^ ? '^^^ c^^//y 

^^i^ TcrLr S.Lvu^ t^rounc/^) 

11. Bill put up shelves in his room, each 2=r feet long. 
How long a board did he use for 3 shelves? 

3 

12. Sue used r- of a piece of toweling to make a place mat. 

2 

If the piece was yard long, how long a pleje did she 
use for t^ne place mat? ('j- ' • *^ '^^^ ?>c^< c^asn y<^^ /-^^ 



18. 

1.95' 



QP 



C ^ ^ 



I 



) ; 

! 

5155 ''^t 



0 CD 



i O 



I 
I 

! 

Y 



ml o' 

II 13 

11 



«1- 



♦ 03 



> 
3 



m 

X 



09 
o 




USING :i'-THe:-i-,tic.-:l se:;t2::ces to DESCrUB^: problems 

Objectives: To assist pupils in '.vriting n:atheniatical sentences 
for probleris requiring riore than one operation for 
solution. 

To direct attention to certain parts of riathernatical 
sentences and consider their relation t" ' the problerr; 
situation. 



■Jo eriDnaslze 



se of the number line as an aid in 



Inz Tiathenatical sentences. 



jested Teacnin^ Proceaure : 

i! riave the pupils read the Erol oration. Then 

i; reread the second problem and raise questions 

about the sentences suggested, such as the fol- 
ij lov;ing: ^ 
'j In the second sentence, (7 - 3^) + 2i- = n, 

:he numeral (7 ~ 3^) represent? 

^irst costume is 



'.vnat 



loe:: 



:s le: 



:ne 



m^de. ) 

In the third sentence, 7 - (34 4- 2^) = n, 
2 1 o c 

what does (3^ 4- 2--) represent? (Nijmber of yards 

used for both cost'omes.) 

In the fifth sentence. 



(4 2^) = 7, 



v;hat does the Atiole left side of the equation 
represent? (Sum of number of yards left and 
number of yards used. ) 

Call attention to the use of the number line 
for representing the relation between the numbers 
in the problem. 

Discuss the third problem in a similar man- 
ner, and illustrate it by using the number line. 

Propose some mathematical sentences and 
ask the pupils to make up some problems they 
represent. 

Samples: 100 - (52 4- 26) = n. (Joe bought eggs 
costing 52 cents and bread costing 
26 cents. Hov; much change should he 
get from $1. 00?) 



80 



X 30) = 350. (Jane has 80 



cents. If she can save 30 cents a 
week, in how many weeks will she have 
$3.50? 



186 

197 



USING M^r>2LVATIC.iJL SEN'TEI^CSS ZZ DESCRZBZ ?RC5LZ:^3 

Sxploratior. 

1. Richard ne',^' foreign car travels 29 :r;iles on cr.e gallo 
of gas. How riany miles will it travel on gallons? 

29 X 7 = t 
2C3 = t 

Richard's car will go 203 r.iles on 7 gallons of gas. 
What relationship in the problem is expressed in the 
r^thematical sentence? ■ ^>-^y^A 



167 
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Consider the probler.: T^ary's mother bo'oght 7 yards of 

2 

material to make two costumes. She used 3-j yards for one 
costume and 2^ ya^^ds for the other. How many yards of 
m-aterial did she have left? 



To solve this problem^ what question should you ask first? 
Should you ask, "How ma.ny yards did she use Ir. all for the 
twc cost'omes?'' 

Suppose ycaz call this number k. Does 
What question could you answer next? 

Suppose n is the number of yards left. Does 7 - k = n ' 
Which of these mathematical sentences is a correct 
representation for the problem? 

7 - 3^ 2i- = n [^^o^cy 

(7 . 3|) ^ 2| = n ;^ 
7 - (31-+ 2^) = n (c^^r-ccryf 

What abouw ::hese sentences? Would any of them be correct 
also? 

(7 - 3|) - 2| = n ( (o^^^^r) 



n + (3f + 2^) = 7 Co^rcc-r. 
3| + 2^ ^ 7 - n (co^r^ct^) 



/] 



Can this problem be represented by segments on the number 
line like this?^^^^ 3- " 



0 12 3 4 5 6 7 

< • • • • • • • • y 
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3elow is a dlagrarr. of Steve's garden. He war^ts to put a 



wire fer.ce around it. The wire costs 
What will be the cost of the v;ij.^e? 

154 



134 cents a foot. 



Do ^'ou ha\'e to rznow how .TiUch wire is needed before you can 
answer the question, "vvhiat will he the cost of the wire?" 

Let r. represent the periineter of the garden in feet. 
Does (loi X 2) {15^ X 2) = m ? if/^^^^V 

Vrhat question could you answer next? 

Let n = the nunher of cents the wire costs. 

Does 13^ X m = n ? ( 

'^hich of the following mathematical sentences best expresses 
the relationshio in the oroblem? 



] 



15| X [(2 4- lo|) X (2 X 13^)] = n 6 

(15^ X 2) -f 10^ X (2 X 13|-} = n [u^c^^J 

; (15|-;< 2) + (10^- X 2)1 X isi = n [u,^ony 

N'otice s^rTnbols [] called brackets are used to group 
parentheses that name only one .number. 

'Ahat about thase sentences? Would any of them be correct 

also? ^3 11 ^ r J.^ 

[(15f ^ 15r) (lOj + 10|)j X 13| = n [Co^^<:^'f' J 



'(13^ - 13|) X isi] 4 [(IOt IC^) X 13^] = n /! 
(I5r + 15r -f 10^ ^ IC^) x 13^ = n (Ccr^^ctJ 

169 
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Sxercise Set l6 

Read the follovfln^ carefully^ write the relationship in eac: 
problem as a rriathen:atlcal sentence ; solve ^ and answer zhe 
Question asked in the problem: 



1. A recipe calls for ^ cup butter. If you make only i 
oi the recipe^ how much butter do you need? ( z T - f 

2. John lives j mile from school. Harry lives only half 
that distance from school. How far from the school does 
Harry live? \ ^ 3 / 



^tr Morgan bo^jght half a cake for her family of four. 
If she made all servings the same size, what part of a 
cake wac each person served? Y " ^ ^^^^ pz^^ot? 

Sxercise Set 17 

Peter bought i pound of cheese for schoo2 lunches. The 



first day he used i of the amount he bought. How much 
cheese did he use? i ^ ^s^</ 71 ^^^nj o-.- <i^cr:se 



2. Sara is supposed to practice the piano ^ hoLir each day. 
She practiced only ^ of that time on SatTirday. What 
part of an hour did she practice on Saturday? . . 

Ty/^!'?- ^ i f>^d C^-/'i'(Lt.</ hour- art •^tf </ ^</'J 

3. Terry ate ^ dozen cookies after lunch. He ate ^ dozen 
cookies after dinner. What part of a dozen cookies did he 
eat? Tir-T-^ T^^T' ^ ^^^^^ 
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T!ie distance fror: the library to the citv hall is ^ of 
a mile. V/hat part of a niile will you have gone if you 
'^Ik I of this distance?ff = ^' ^'^^"^ -^^/^c^ 

5. Ned needs^a piece of canvas 8^- feet long. He has one 

piece 2-^ feet >.jng and another piece 3^ feet long. How 

much does he still need?f?T "^^^3 --^)'-^^ '''^ ^^''^^ ""'^ 
i-y^r o -f c J as .) 

6. One -half the pupils k5f a school are going to a concert. 
T^ese children 'rill be taken in 5 buses. What part 



of the pupils of the school will ride in each bus? / 

A gallon of cream weighs 8.^ pounds, a gallon of milk 
weighs 8.6 pounds, and a gallon of water weighs 8.3 
pounds. How many pounds will a gallon of cream, a gallon 
of milk, and a gallon of water weigh together? . / 

Ciarol feeds her dog ^ po^^s of meat daily. She feeds 



him twice a day. VGiat part of a pound of meat does the 
dog get at each meal? I z ^ ^ - ^ ' / * / 

9. I^.e record speed for an airplane in i960 was 1,526 miles 
per hour. The record speed for an automobile was 39^.19 
mil^s per hour. How much greater was the speed recorded 
for an airplane? \ • ^ ^ n 

/^/^^^ /s //J'/. ^/ ^/4^ - c^<=rfAr-.J 

10. Mary weighs 62|- pounds. Her brother weighs |- as much 



as she weighs. What^does he weigh? ( "2: ^ 6 2 i = n /O^t-ys 



11. Borge liv3s 2.7 miles from school. He makes one round 

trip each day. How many miles does he walk to school each 
week? f'^* 7 ^ 5* = ^ ^^^^/-^ ^3//^ ^^-y^-^l^^ -^c^d^c/^ ^^c^ ^c<t/.J) 
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1 '5 
12. Krs. y^ks bought c po:::nd roast and ^ poiind of 



groiind meat. Kow much meat did she bt:ty altogether? ^ i 



13. Mr. Hayes drove 42.3 miles per hour for 3 hours. 
How many miles did he drive? C^^ ^ - / 

14. Mike«s garden is 1^ feet by 201- feet. What is the 
area of the garden? (^5^^ ZD r ^^/<^s^^^^^n /s 
s^jisc. ft 

15. Tlja-8 dog eats ^ poiind of food in the morning and ^ 
pound of food in the afternoon. How much food does Tim^s 
dog eat during one week? (z^ (-a: + ^^- "T^^s c/ ^a'^^ 
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Objectives: To review v;ays of pict'oring products of rational 
nurr.bers using regions and segr.ents. 

To review use of a rational n-uirib^*- to describe part 
of a set of objects. 

To give added meaning to multiplication of rational 
numbers by associating them v.-ith sets of objects. 

To show that finding such numfoers as rr of the 
ramber of objects in a set (|- of 2- of 12, 

^ of 16, etc. ) is an operation v;hich gives the 
same answer as multiplication. 

Materials: Collections cf objects which can be separated to 
sho/.- subsets: arrays suggested on page 89 number 
line. 



Vocabulary: Set, subset, array. 



Suggested Teaching Procedure 



Recall how rectangular regions and line seg- 
ments h^ve been used to give meaning to products 

2 ? * 

of rational num.bers such as t x ^; r- x ^; 



3 X etc. 



You m^y wish to have children illus- 



trate how these different physical sitioations 
give meaning to these products, as. 



mlB = 4 
mAC = 1 
mSD = 4 X 

mAF = f X 

rnlF = | 




unit region 



(-0) 


I X 1 = n 


TT X ^ = 


3 
F 


mAB = 








.V.'.'.^.'.J 




mJc = 








•>>;j:*;^Xi — 


--I 


mAD = 



unit region 



mAD = 



1 
i 

|xi 
3 



0 

-4- 



0 
T 

(c) 3 X 




8 



2 



0 

H ( I ! { 1 



BD 

71 



mAB 
niAC 

mAD 

mAD 



1 
3 

3 X 



3 



unit region 



Then recall how, in earlier grades, we gave 
meaning to rational numbers by such models as 
subsets of objects (shaded) con^Dared with the 
set of objects, as shown here: 



0 ^ 1 


© # c 


j 0 ^ ^ 


^ 0 1 


® @ 0 


c o 


3 


li 


3 


T 




5 



Then suggest that we think again of a set 
cf four objects, i^j^range on a number line. 

I Find ^ of the objects — as we did in (^>^ 

j 0 I 2 3 4 




We can 'write the mathematical sentence 
2 T ^ 2 " ^" 




Use some other similar exang^les, out be 
certain to include one like: 

What is of 7 objects? What 
mathematical sentence can be writter 
to represent this? 



2 
7 



I 1^ 

1 = "T 



4 



Of course, in application, if objects are ncc 
congruent and cannot be separated into congru- 
ent parts, rational numbers shoiald not oe used. 
Instead, the mathematica"". sentence 
p = (n X q) -f r is appropriate. 

^Continue with the exploration in the ::upil 

'Ihe followiig development is Included if 
teacher wishes tb exteri the discussion to 

t 3 

^ or f oi 

material and its use is optional. 

Take a collection of congruent objects 
(e.g. a set of 12 objects) such that each 
object can be separated into congruent parts. 
Arrange in a series of arrays such as suggested 
below. ?or each arrangement suggested questions 
and comments are given. 



finding ^ 



,2. It is enrichment 



(^) Usinp; a 2 b;^ 6 array : 
using a 2 by 6 array, 
(a) 



Tvr'o oroblems 





O CO 1 


© ® @ 


occ 



Find I of 
2 eauivaler." 
i X ii . n. 



12 objects. Separate into 
?ts. We can write: 



(b) Nc. 1 



© © © 






o oo 




Find of ^ of 12 objects. First 

find % of 12 objects (No. l). . 

^ 3 12 
can write; -j x -ip = n. Now using rnis 

sane set of obJec"::s flna ^ o^* tne set 

of 9 objects. (See No. 2). Nov; we 
can ^NTite the complete sentence: 

I X (I X i^) = n. 

(2) Usir-g a 3_ b^ ^ array : T^^'o suggested 
problems using a 3 by 4 array. 



m % 


o o 


% % 


o o 


% © 


o o 



Find 4 of 12 objects. T'le mathemati 

^ Tip 

cal sentence: ^ x ^ = n. 











o o 


c o 



Find ^ o^: -ir 12 objects. First 

find ^ of 12 objects, then find 4 

of 8 objects, [or x i^) objects]. 

1 2 2 

See that each of 8 is (7- -i- 

Then, f of 8 is (4 - 4-) or 5^. The 

^2 ^ 12 
natheniatica.1 sentence: x (-^ x ^r-) = 




(3) Using a 1 12 array . One siiggested 

problem using a 1 by 12 array also, 
with association with number line. 



ooooooooocoo 



(a) 



© © @ 



@ @ @ 



% % % 



c c 



Find ^ of |- of 12 o^jjects. ?lrs 



find 



^ of 12 objects. Then find ^ 



of this set. See that we "ust separate 
i object into 3 comoonent oarts. 




_ 1 10 _ 10 _ 



Also associate zcLs v;ith the number line. 

oooooooooooo 

C I 2 3 4 5 6 7 8 9 10 i I i2 



(v<'?) '(|x>) (|xf) 



We can 



ao"rea ilne snows (-g- x 
congruent line segments. 

12 ^ 



12 



) separated 



1 ^ 10 10 ^1 



PlOl 



RATIONAL >TJMBERS WITH SETS OP OBJECTS 

You have illustrated products of rational numbers by using 
rectangular regions and by using segments on the number line. 

Multiplication of rational numbers can also be used to 
sjis^er some kinds of questions about sets of objects. 

Exoloratlon 



Pict'jjre A represents a set of golf calls. In Dicture 3 
this set is separated into subsets, with the same nun>er of 
balls in each subset. 

1 



1. 



Q © 




A (,2) 3 

How many balls are in the set? What rational number 

(j) 

reoresents the cart of the set in each subset? How many 

(2) 1 
balls are in each subset?^ Does the sentence, 4- of 12 

D 



balls are 



ballSj describe this situation? 



Draw pictxires of the set of balls separated into fewer 
subsets, with the same number of balls in each subset. 

Can you do this in more than one way? (A^suJfirs uji// ^Sryy 



UJ 



Us.' ' 



?i02 



Pictures C, D, P, G show the balls arranged in arrays. 
The broken lines in each picture show the separation of the 
set into subsets, with the same number of balls ir. each 
subset. 




o 

0 



Q Q © 




©iQiQ 


© Q 0 




©!©1Q 


Q © © 




©1©1© 


©00 




©1©!© 



T77T" 



'©|©J© 

©i© T©, 



5. 



Write a sentence like the one in Exercise 1 v/nich 

describes each picture. ^ o . ^ l- ^ ^ 

P - . - ' Z -- 3 ^. ^ o^- iZ'-Z Q . ~ oi IZ ^ : ) 

Use the pictures to find 



a. I of 12 balls (j. 



T 01 



balls ; 



a. o 
2 



12 balls [ 



f of 12 balls (bj 



1? 



12 bal] 



6 ^ ' ' 

^ of 12 balls I *=, 



2 I : < 

o 

ERIC 



a. Is "I of 12 the same number of ball:^ as § ^ ^ ^f)^?) 

b. Is ^ of 12 the ?.aine number as ^ ^ ? (^^0 

c. Is ^ of 12 the same ntmiber as § x ^ ? (res) 

d. Can you use multiplication of rational ^^ombers to find 
the number of objects in a part of a set? 

Do your answers in Exercise 6 agree with what you found 
to be true when you used segments on the number line? 

a. Draw a picture to represent a set of 12 licorice 
sticks. T///''^///^-'^0 

b. You wish to divide the licorice sticks among 5 boys. 
Draw rings around subsets to show the whole sticks 
each boy will get. 

c. Show on yoiir dra'ifing how you will divide v:p the 
remaining sticks. ^ f^c^ ^oy a///^<i/ ^J) 

d. Write the rational number which represents - the nmber 
of sticks each boy ..all get. Is your result equa^ to 

Exercise Set l8 



Draw pictures of golf balls. Then write the mathematical 
sentences. 

a. \ Of isf'l'^f -".n--'2)d. 3 28(-^^¥--^-^'^) 

I Of 2i.r^f^.-K,■r.-^.) e. I of 20(-f 

c. ^ of 3ofl^^f-.^-^^^f. \ Of '.kii^^-^-A-'^) 
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Find n : 



a. 


5^1- 




d. 


|x 


28 

1 




b. 


7 24 

— = 




o 


i X 

5 


20 
1 




c. 


-2. X ^ 

10 ^ 1 








£i - 

i 





Compare your results in Exercises 1 and 2. 

Only two- thirds of the pupils in Bedford School can be 
seared in the auditorium, so only two-thirds of the classes 
may to the assemblj . There are 33 classes. How many 
classes may go? (- 



Jir. said that ^ of his -^0 tomato plants had tomatoes 
on them. How many plants had tomatoes? How many did not? 

The refreshment committee estimated that ^ of the pupils 

and parents would come to the class picnic. If there were 

8^ pupils and parents, how many people did the committee 

think would come? (4" ®^ ^'^^ • ■'^'^c^ coms^^^<=^ /i^y ^ 3 

A class had a supply of 1 gross of pencils (1-^) when 
school began, a month later they had 8'r left. What 
rational number tells what part of their supply they had 

lert:^ .-y 

Jane had 2- questions right on a test with questions. 
What rational nimber tells what part of the test "he 
answered correctlv? itrTrl 




PROPERTIES OP RATIONAL NUMBERS (OVERVIFv/) 



In these three sections we inquire vriiether 
the familiar properties of the operation of 
miiltiplication of vrtiole nmbers apply when the 
factors are rational numbers, and whether the 
rational nxombers have any new properties which 
the vriiole numbers do not have. 

In the first of the three sections' 
(Properties of Rational Numbers), the Commuta-.. 
tive and Associative, and the Properties of 
'j Zero and One are verified for multiplication of 
I rational nxombers. The Distributive Property is 
! also verified. 

I One purpose of the second section (Prob- 

I lems about Travel) is to call attention to a 
! property v^ich pupils often associate with 
ji multiplication, but which is actually true only 
\ when both factors are larger than 1. This has 
I to do with the relation of size of product to 
; size of factors. Pupils frequently generalize, 
I on the basis of experience with ^ole nxombers, 
I that "when you multiply you get a bigger num- 
ber." This tends to confuse them ^en they 

i multiply rational numbers and the generaliza- 
I tion does not necessarily hold. 

! In the third section (A New Property of 

Rational Numbers), the Reciprocal Property is 
I developed. If the product of two -jnnbers is 
! 1, each number is the reciprocal of the other. 

I While the fraction numeral provides an easy 

j clue as to what the reciprocal of a given num- 

ii ber must be, it is important to note that the 

II Reciprocal Property applies to the rational 

i; number, not to the fraction numeral . i?oru ex- 
;| ample, the number named by the fraction j 

ij has as reciprocal the number named by or 

i! 75 . 

li or 0.75^ etc. The Reciprocal Property 

|| is important in itself, because it will be 
ii used in the development of the operation of 
,'| division of rational number*^. It is also im- 
ii portant as an instance of a property possessed 
by the set of rational numbers which was not 
possessed by the set of whole numbers. For 
:i example, there is no whole number u such 
\\ that 8 X u = 1. 
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PROPERTIES 0? RATIONAL NUMBERS 



Objective: To verify the Commutative, Associative, Distributive 
Properties and the Properties of Zero and One for 
the rational numbers. 

Materials: Number line, rectangular j^ions. 

VocabizLary : Commutative, associative, distributive, closure, 
properties of zero and one, 

S"uggested Teaching Procedure: 

You know several properties of miJ.tiplication of whcle num-^ 
bers. can you give exauroles of some cf these properties? 
(Pupils should suggest such illustrations as 3x4=4x3, 
2- X (3 X 4) = (2 X 3) X 4, 2 X 3 is a whole number, 0x5 = 0, 
1x5 = 1. Also, 2 X (3 -f 4) = (2 X 3) + (2 X 4), -^tLich relates 
multiplication and addition, ) What are the names of these prop- 
erties? (Commutative, Associative, Closure, Zero, One, Distri- 
butive, ) 

Do you think that multiplication of rational numbers has 
the same properties? The exercises on these pages sioggest ways 
of finding out. 

Have the pupils do the exercises in the jj 
Exploration and tell how the results suggest \\ 
znat the properties do hold for rational num.bers, Ij 
Siammarize by developing a list (with !j 
illustrations) of the properties, j! 
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PROPERTIES OF RATIONAL NUMBERS 

Exploration 

You know several properties of the operation of 
multiplication with whole numbers: Commutative, Associative, 
Closure, Property of Zero, and Property of One. You also know 
'Che Distributive Property, which relates multiplication and 
addition of whole numbers. 

1. Illustrate each of these properties with whole niunbers. 
Make diagrams (using r€ctangiilar regions or segments on 



the number line) to illustrate the following products: 



2 5 



M 

X 3 ; 

3x2^ 
0 



Find the products in Exercise 2 and Exercise 3 using 

a. Is \ ^ \ = \ ^ \ ^ statement? (^ f^s) 

b. Is ^x3 = 3x|- a true statement? <r5 



What property for multiplication of rational numbers is 
suggested by Exercises 2^5? {Co^j^:j/a1^su<i) 



20^ 

^ <^ 



PlOc 



Plnd s and t: 



7. a. s = (J X |) X f 

'-TX{|><|) (is) 

8. a. s = (7 X |) X I 
b. t = 7 X (|x |) 



2^ 



9* a. What is true of the products s and t in 
Exercise 7? ( TT^r^ <?>'c y^a/y 
b. What is true of the products s and t in 
Exercise 3? f Tjtc^ ^/^i/J 

10. What property of nr^ltiplication of rational nunbers .is 
sxzggested by Exercises 7 _ 8? f4^:5o<:,3'//^c 



11. Find the numbers n and t by using drawings like the 

-L '7 )7 



ones on Page 70 for Exercise ^y, 



2 TI^F, --'^ 



2 3 4' ; r ; , _L ^ 2. . 2 2 



b. 



= (t X ^) - X f ) 



2 ^ r ' 



2^ 



7r = ,.t-^ 



12. Which of these sentences is true in E::ercise 11' 

n>t n=rt n<t 



13. State a propirty of rational numbers s^jggested by 
Exercises 11 - 12. v «^/^ /c./ ^cy^ 

Find r and s : 



1- a. § X I = r /jf = 



D. ^ X y ~ S , - 
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What property of rational numbers does E::ercise l4 
Find r and s. Express -your answer in simplest form. 



Compare each product in Exercise l6 with, the factors. 
What do you observe? (- PtoJucJ- ^<^ua^ ■^3c'^£>^,j 

State a property of rational numbers suggested by 
Exercise l6. f o /A^ A c'^Ac^ F^o^^^Ay cf^^^c,) 

You are used to working with rati^-nal numbers that are 

easy to picture. Here are some n'^.n .\3 for less commonly 

178 . 31 
2719 and ^ . 

Can you I magine a rectangular rer,ion whose sides have 
these measures? 

How would you find the measure of the recion'^/— ^ y 
^A^hat kind of number would your result ho? (j^^i'^o^ $,1) 
Make up two other strange rational num.bers. If they 
<ere meas^ares of the sides of a rectangiilar region, 

what kind of n-umber would the measure of the region 

/ / / ) 
be? ( // ^ f^o^s,/ / 

What -^roperty of multiplication of rational numbers 
does this sijggest? \ C /osu^ i ^ f^*'oJoc/' ^/".j-y '^^c 



2C6 

2i; 
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Exercise Set 19 

Copy ana cor.plete these multiplication charts. Express products 
in simolest fo:^. 



1 ^ 




' 2 

T 




li 




X 


0 


J ' 


2 

T 




1 






3 








0 


0 


0 


0 


0 


0 


2 
J 


1 

3 


"S 


1 

z 


I 5 




1 
2 


0 


I 

T 


3 


3 


I 




3 


I 

2 


Q 

'l& 


3 




2 
J 




t 


4 


2 


3 




_Z 


X 


J, 


16 








3. 








b 


5 




o 








* 


"a 


ICr 


4. 














0 




z 


J. 
















^ 


3 







X 


1 


£ 


3_ 






2 






'T 










z 














3 






5 






3^ 


4 





What property (or properties) do you find illustr3.ted in 
each chart f^^- ^^'^^ t^^c o'^ ^a^^^Xr ^. ^c^^^ ^7^^.^^^^ 
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SIZE 0? PRODUCTS 

* 

Objective: To call attention to the relation of size of product 
to size of factors. Some products rr^y "be less than 
either factor. 

y^terials: Nunber line. 

See also notes on Page 202 
Ij Children often recognize that finding the 

distance travelled in 3 minutes at a given 
rate per minute can be done by using the opera- 
ji tion of multipli'cation, but 'fail to see that the 
ii same operation (multiplication) applies in case 
the number of minutes is less than one. Hence 
the first line in the table has the last entry 
;i ^^irten "4 x 600 = 2400", rather than merely 
"2400". The same form should be continued for 
the other entries to emphasize that they are all 
instances of multiplication. 

The number line is used in the Exploration ! 
to serve as a geometric model for the generaliza- 
\' tions about size of products called for in 
Ex. 11. 

Ex. 10 reinforces the observations about 
properties of rational numbers and size of pro- j 
duct 3 of rational numbers. i 
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SIZE OF PRODUCTS^ 



^ Exoloratior. 



A hu^ named V/illie craivls along a crack in the iloc: 
travels 2 feet per minute. 

Suppose the crack represents a number line. 



\ 1 ' \ : \ [ > 

0 ! 2 5 4 5 5 

A 3 C D £ F G 

1. Hex far dees Willie crawl in 3 minutes'? If he starts 
at A, what coint does he reach in 1 minute*? in 2 
minutes? in 2"^ minutes? in 3 m.inutes? 

2. For each part. of Exercise 1, write a mathematical sentence 
v-tiich shows the relation between the time Willie crawls, 
his speed, and the distance he goes. (SxZ-h;^ /x2"2j 

3. Between which labeled points ifill Willie be when he has 
crawled 2-77 minutes? 1-^ minutes'?^ j minute? ^ minute? 

Write a mathematical sentence for each part of Exercise 3. 

5. What operation is indicated in each mathematical sentence 



in Exercises 2 and ^? u I ^' ^ca^^o- 



If Willie starts at A and crawls less than one 
minute, on which segment must he be? 

If Willie starts at A and crawls raore than one 
.T-Lnute, -^ere will he ^e-^ft^t/onJ j ''<»/ 
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cercise Set 20 



A Jet ;:lan8 travels 600 iniles an ho^vir. At that rate, 
how far does it tr.. *el in ^ honors? in 3 hours? in 

2^ hours? in 1^ hours? 1 hour'^ hour? ^ hour? 

■J . 1 

^ nour? ^o"^*? 

Record these facts in the table below. 

JET PLANE 



r 

Number of Hcjrs 


Number of Miles | 

per Hour 

i 


Total Number of 
Miles Traveled 


li. 


600 \ 


4 X 600 = 2400 


3 


60C 


^3 n i>00 = 1 200) 


i 4 


6 00 






60C 


^ 6 00 - 7So) 


1 ■ 1 

1 


600 


(i ^ 600 ^ bOO) 


1 3 


600 


X GOO 4?q) 


i 1 
? 


600 


(-^x feoo - 300) 


1 
T 


6oo 




1% 


600 





What operation did you use to answer each part of 
Exercise 11 ( /^^////'/^^^^^//^ 



Suppose the Scouts hike 3 miles an hour. At that rate, 
how fir do they walk in ^ hours? In 3 hours? Make a 



able like the one above. Use the same numbers qf .hours. 
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^. A fast, lively *::urtle walks ^ mile an hour. Make a table 
like the one above for the turtle. What operation do you 

use to find his distances { ^-'^^ ^y-*-- * -f-^y-z, r ' ^^t, 
:iKir-£ . lA--^. ^^i-i ■ -L - i,l.L.-L.i.J-.j 

Use your tables for [Exercises 1, 3, and ^ to answer these 
questions. 

5. Make these sentences tr^ue by putting <, cr = in the 
blar>. 

Plane Scours Turtle 

a. - X £0C r>' 600 ^ X 3 3 ^ x i (>) I 

b. 3 X 500 ■ >/ 6CC 3x3 '^^) 3 3 x i (^>) . ^ 

c. 2|x 500 i>L600 2|x3^3 2^ x I S>}_'^ 

d. li X 500 (^) 600 If X 3 (>) 3 ij x ^ jy) ^ 
X oCO v^/ OOO 1x3 J 3 - X §■ ^. ^) ^ 

: 600 I X 3 C^/ 3 I X I L<} J 

g. X 600 ^) 600 I X 3 3 I X I | 

h. I X 600 C<) 600 4x3 C<3 2 | x ^ ^ 
1. ^ X 600 C^) 600 X5 X 3 C<) 3 ^ x ^ ( <) I 

6. Look at the colunm in Exercise 5 about the Jet olane. 

a. What factor is 3hown in each product expression? (ioc) 

b. In which lines of the table is the prodi~.::t greater than 
this factor? equal to this factor? less than this 

r r r . ) 

factor? I ^ 

c. Hov; do you explain your observation in ''^ r) (crUr -fitL-y^-l^ 

or<r) 
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Look at the column in Exercise 5 about the Scouts. 

a. What factor Is shown in each product expression? fsj 
In which lines of the t:able is the product greater 
than this factor? equal "Co this factor? less than 
this factor?^-^^^. ' ) 

c. How do you explain your observaticr. in b ?{/<f*d ^^J 

Answer the questions in Exercise 6, using the t^urtle 
col'jnn. [S$i^t 

Examine your answers for Exercises 6, 7, and 8. 

Fill in >, «=, < to make these sentences true. Put the 

same symbol in both blanks of each sentence. 

a. When one factor in a product expression {>) 1, the 

product (>) the other factor, 
h. When one factor in a product expression 1, the 

product v~ ) the other factor, 
c. When one factor in a product expression (<1 ) 1, the 

product Cf^} the other factor. 
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A N'EV PROPERTY 0? R^hTIOXAL >rji<3ERS: RJSCIPROCAL PROPERTY' 

Objective: To develoo a new property cf rational nuLT/cerS; zhe 
Reciprocal Property, which was net possessed by the 
set of Ahole numbers. 



Vocab'jlar\' 



Suggested Teaching Procedure: 



Sec notes on page 2G2 . 

Have the pupils do the exercises in the 
Exploration tc discover a new property of the 
set of rational n'Jinbers, not possessed by the 
se z of whole nunbers . 
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A N'ZW PROPERTY OF RATIONAL NUMBERS: RECIPROCAL PROPERTY 

Ycu have seer, that some properties of whole numbers are 
also properties of rational numbers. Do you think that rational 
nur.bers r.ay have sone properties which ^»vhcle n''j::nbers do not have? 

Sxoloration 



Find r in each sentence. 

r = J X ^ (,; c. r = I X I ^/J e. r = 1^ x ^ 



(') 



^ • ^ - ^ ^ y V V ^ ' ^- 1 0 y ^ 7 ^ Too V 

2. /ihat do you notice about the product in each part of 
Exercise 1? (l^/:,! 



_ / 



3. Write the two factors in Exercise 1-a. What do you notice 
about them?^/:^^^ /^-^c^^/c^ juJ rl^ </cm.^>^'J.^ ;^-k^cJ;»^.f</.) 

^. Do you notice the same thir^g about the factors in 
Exercise 1-b through 1-f? (/^-O 

Find the rational nunber n ^rthich makes each sentence true. 
5. I X n = 1 (^n -l) 



6. 



8 , / /o^^ 
n X ^ = 1 ( n r 



7. I=ixn ^.X; 

8. nxf=lf..;|-J 



4 3 
■J is called the reciprocal of 73- 

7 8 
is the reciprocal of 
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>&iat is the product when a n--jnber is multiplied by its 

/ \ 

reciprocal? \, y 



Find n in each sentence: 

a. ■ n = C Y ^[dj c. n = ^ X o[o] e. ^ - ^ 

b. n = I X §(c^^ d. n = § X I (o) f. n = 0 x 

What property of multiplication of rational numbers does 
Exercise 10 illustrate ? f^; ..rL./>r^-/- -•^/^^^/ ^ 

If possible, find a rational number n which makes each 
sentence true : 

a. -jxn^O c. nxO = l / '// 

n X ^= 1 



b. nx7r=l d. Oxn=0 



Is there a rational number which does not have a reciprocal? 
Is there more than one such rational number? ( 

Can we state this property for rational numbers? For 

a 



ry rational nvxiber ^, if a is not 0, and b is 



eve 

not 0, I X I = 1. [^^^) 



Could the property in Exercise 1^ be stated this war'?(^>^^ 
Every rational number except 0 has a reciprocal. 

Think of the set of whole numbers. Can you find a whole 
number n such that 

a. 5xn=l? b. nx8=l? 

Does the set of whole numbers have the reciprocal property 
stated in Exercise 15? 
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18. Fln'i a rational niimber n such that the sentence in 

Exercise l6a is tmeij}Do the same for the sentence in 
acercise iob.v i?y 

19- Do you see an easy way to find the reciprocal of a rational 
number ? '!<< d c rf».mci*^.- ^ uJ c/z^* ^ > .J 

20. The measure of a rectangular region is 1. Find the 

measure of a side, if the measure of the other side is: 

a. I (f) =. e. 

If the product of two rational nvmbers is 1^^, 
each number is the reciprocal of the other . 

Exercise Set 21 

1- Mr. Brown bo;:ight 6.1 gallons of gas on Saturday and 7.5 
gallons on Sunday. How many gallons of gas did Mr. Brown 
buy on the two days together? ^g. ] ^ 7, = Afr. Jff^cu/^ 

2. One Jet averaged 659.^9 miles per hour on its test flight. 
Another Jet averaged 701.I miles per hour. How much 
greater was the average speed of the second plane? , . 

3. If the average rainfall in a state is 2.7 inches per 
month, what will be the total rainfall for the year? 

^. Vihat is t^*^ ZT'^w a ctcir '*ular "^ccir v.*^ c s 2 sidss a^'e 12-^ 
feet and 15 feet long? C'^'t" ^ ^^'^ /^e -oc^^ 

/S 1^1^ 3^. f-f.J 
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Jim is 5o|- Inches tall. Sally is ^Si inches tall. 
How niuch taller is Jim than Sallys (^<^T '^^T -'P ^'"^ '4 

A recipe called for Ij cups oatmeal, and l^- cups flour, 
and 1^ cups raisins. How many cups of dry ingredients 
were called for in the recipe? (^/T ^ 1 2 - i T^cz-t? 

Joel has planted |- of his garden in vegetables. |- of 
this section is planted in tomatoes. What part of the 
whole garden is planted in tomatoes? (^^-^^-yL Jpc/ 

If 1 day is ^ of a week, what part of the week is 12 
hours?fT^7V T^t^/^c ^---^ 77 ^ ^^^^-j 

Allen drinks l|- cups of milk three times a day. How 
many cups of milk does he drink in one week?p>^f 't^^/^'^ ^ 

3 

Eddie «s house i> mile from school. How far does he 
walk each day if he makes two round trips? Hew far does 
he walk each week?fi ^^'^ ' f^^''^ "^'^^^ ^k ^^/cs ^e-J Je^ 

For the summer. Rick and Sam cut lawns for the neighbors. 

Together they charged 3 dollars an hour. They worked 
3 

777 hours each day. How much did they earn one day? 

in one week (5 days)?('^x l\ ^^^^ f^i<x/c</ Z3^ Jd/^^s 

Bill is 2^ years older than Bob. Bob is 3|- years 
plder^ than Jack. How much older is Bill than Jack? / \ 

'Ihe measurements of rhe sides of a rectangular sheat cf 
metal are I7.2 inches and 9.8 inches. What is tne 
area of the sheet in square inches?(^/7.2 x- 9.? ^cc TAc - 

21 J 

2zir 



California had 3.6 inches of rain in January, 5.1 inches 
in February, 5.8 inches in March, and ^.^ inches in 
April. Ttie total- amount for the year was 23.0 inches. 
How much r^in fell during the other eight months? 

Mrs. Jac':son baked 2^ dozen cookies. For lunch Helen 

''IT 

ate — dozen, Janet ate ^ dozen. Dotty ate dozen, 
and Ellen ate ^ dozen. How many dozen cookies were 



left. f^^T^T"^,-^ -^I^ ^^i^<^^^ / % 
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co:<?UTixa 'produccg o? r.^tic::;jl n\33zr3 usin:- Dsciy^s 



Ocjective: To expend zhe declTTial syster. of nctation to r/urn'cers 
in c 1 ud ir. g r. '-indr e d - thou 3 ar; d th s . 

>:ai:erlals; ?ock:e~ chart and cardo on pa^e 

Vocabulary.': Expanded rotation. 



Suggested Teaching Prcoed'ore: 

•I Jr. Chapter 1, the iezlrr^l notation Tor n'-LT.- -i 

■! bers has been developed to thousandths. Ln this ;! 
section, the systeni is eKtended to h^ondred- ]\ 
thousandths. Since the pupils now can r,^jltiply !| 
rational numbers, review the decimal system c:' 
notation and let them discover what tne name of 
.1 the fourth and fifth plr.ces to the right of the ' 
'■' decimal point should be. com,e pupils may wish 
to go farther and name z:.e sixth and seventh 
places also. 

V/rioe a numeral such as 235. on zhe 

:'■ board. ;i 

How do you read ::hi£ n'um.eral-." Vtna:; n-jmber does the 2 
represent? the 5? etc. vrnat is the place-value name of zr.e 
place in which 2 is v/ritten'^ in v;hlch ? is v.'rlt*:en? etc. 

J v;rir'^ z:\e place-value name above eacn dig!;.. |; 

Hew does each place value ccm,pare v;i'jh the place value zz 
its left? 1 10 = — X IOC, 1 = ^ X 10. 0,1 = ~ x 1, etc. ■ 

Suppose ycu have this n-^m.eral- 235.-571. :an ycu fine 

wrx-it num,ber the 1 represents? x -=r^^] \'!'::^z sho'uld be i~ = 



place-value'^ {iz sncold be ^ x t-^t^Tq. I" shcuLLd be ''ten- 
thousandths. ; 

Could ycu continue ~c find the nam.es for nev, places l.i the 
same way? What sho'^-Lld be zhe place-value for a digit -.v-ritten 
ai-ter tr.e 1 ir. 236. -6ti, x = ^^^) . V.r.atis 

another rvum^eral fcr ICQ? for ICCC; for 10,000? for 100, COC: 

;i If pupils carjiot ansvrer, smuggest using ;! 

exponeniDS. .i 



2. 



Objective: To find products of rational nirr.bers named by 

decimals by using (a) computational procec'^e f 
multiplying v;hole numbers and (b) the lav; of ex 
ponents for multiplication. 

Material: Pocket cliarts and cards page c5 

S-oggested Teaching Procedure: 

' To this point, pupils have multiplied ra- j 

tional numbers named by decimals by thinkir-g 
I about the numerator and denominator of the rrac- | 
|i tion form for the decimal. In this section use 1 
i' is m^de of the properties of rational numbers to | 
jl show that such products can be found by | 
i; (a) using the computational procedure for multi- 
!i plying whole numbers, and (b) using the lav; of 
jl exponents for multiplying powers of the same 
\\ base to help determine the correct place value 
of the 'product.. 

I *Some pupils will probably discover the 

j relation which is often stated as i "rule" for 

I; placing the decim^al point in a proiuct. Hov;- 

I I ever, it is ijnporta:it that the suggested vertical 
i! form for m^ultirlication be followed so that t-hey 

S'3e that the relation the;y- have obi.*erved is an 
11 outcome of the system of decimal notation rather 
ii tr^an a mechanical "rule". 

Before teaching this section you may find 1 
Iz advisable tc review the laws of exponents | 
s :udied in Chap ter 1. I 



COMPUTING PHCDUCTS OF RATIONAL NUMBERS USING DECIMALS 

Exploration 
(Extending Decimal Notation; 

1. You know that 45.687 means 

(4 X 10) . (5 X 1) . (6 X . (8 X ^) . (7 X ^) 

Suppose you see the numeral 45.6872. What number does 
the digit 2 represent? Wnat should be the place- value 
name? In the decimal system of numeration, the value of 
^,each place is ^ the value of the place on iCL- l-^ft. For 



example, 



0- 

"'If 



J. 001 = X 



10 " 10 ~ 100 

1 1 



10 100 ~ 1,000* 

So the value of :he next place is x or 
The digit 2 in the numeral above represents 2 x ^ 



10,000' 
or 2 ten- thousandths » 



S-uppose the numeral is 45.68723. What number does the 3 
represent? What should be the place-value name? 
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Does the chairt below agree with your answer? (/^rs^ 
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Exercise Set 22 

Express the meaning of the niarieral 97.0^682 in 'expanded 
notation. - (7. l) - fo. - T^^vO-fG' 7V'>('?'<442 ''TB')] 

Jack wrote his answer this way: 

(9 X 10) -:- (7 X 1) + (0 X ^) + [h X ^) - (6 X ^) + 
Bill wrote this: 

(9 X 10) + (7 X 1) + (0 X 3^) + (4 X ^) 4 (6 X ^) + 



10 10 

(8 X -^) + (2 X 

10 10^ 

Whose answer was correct? 

Show that 0.2761 - by first writing O.2761 in 

expanded notation. [fox ic>')-^(^'Jo)*(^''il^'^i'o''J^^+() xj^^J 
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Write T:he decimal name for 

a. 23^ thousandths (^7, 

b. 17 ten-thousandths (O^OOu) 

c. 3^6 hundred-thousandths (fa. 00 34 6) 



Write tr.r fraction fortii for 



b, 0. 01682 f-^ 



6?2. 



\ioc^ 000 



c. 32.5678 

V -0.0 00/ 



6. Suppose you wanted to separate a unit square region into 

sqxiare regions to show ten-thousandths. How many congruent 
segments should you make on each side of the square? (ioo) 

^Exploration 

You know that you can multiply rational numbers with 
decimal names by thinking about their fraction names. Is there 
another way? 

Consider the product -^.53 x 0.007 
a. -.53 = ^ = 1:33 X ^ = 1153 X 

0.C07 = 7 X 3;^= 7 X -i^ 

c. So, ^.53 X 0.007 = (^53 X X (7 X 

10 10"^ 

d. = ^53 X (-^ X 7) X -ir 

10 10 



e. 



= ^53 X (7 X -\) X ^ 
10 10"^ 

= (-53 X 7) X (-^ X -i^) 
10 10"^ 



22o 
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g. = (^53 X 7) X I ^ S 

h. = 3171 X -TT 

icr 

i. = 3171 X - 



100,000 



'^■^'^■^ = 0.03171 



" 100,000 
Explain ime a and line d. i ico 

" .5 r'^^c/c^ r^.^^A^ 0.007) 



/toe 

What property of rational nur.bers is used in line d ? in 



Com fif uT^J f ^ ^ 



line e ? In line f ? [a. B^^ozfS^T, ^. ccm ^uTiT/^c 

t . dssoc 



^^.at is done in line g '(77^x7^3 ho-s ^<=^ ^zhsm^J) 

What law of exponents is^ used in line h l(^7^o mt/Z^^^^y '^^^ 
poc4^tt-j of iiif s^Mc ossc^ aJc/ i^c erponc^A") 

How Is the 100,000 obtained in line 1 l^vt io< :o k iOk io-i^^joc^ 

Lines f and g show that you can find the product of two 

rational nun:bers named by decimals by a) multiplying as 

though they were whole numbers and b) placing a decimal 

point to Indicate the correct place value. 

The first step is familiar. How can you tell where the 

decimal point should be? Look at line k oelow. 

^,53 X 0.007 = (-53 X ^) X (7 X ^) 

10^ \T 

= (^53 X 7) X (-i^) 
= 0.03171^ 

Do you see an easy way to tell what each exponent should be? 
Zz there an easy way to decide how many digits in the 
oroduct there should be to the right of the decimal point? 
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6. Write these products as shown in line k. 

a. 2^/6x3.1 xc. 1.68 x 0.005 

b. 0.513 X 9.2 d. 6.2 x 1.0^9 

Since you find the product by first multiplying as with 
whole numbers, it is convenient to arrange your work in 
vertical frrm and record your thinking like this: 

1.0 4 9 10^9 X -ir 

10^ 

6.2 62 x^ 



2 0 9 8 
6 2 9 4 

6.5 0 3 8 65038 x ^ 

10 ' 

Exercise Set 23 
Use the vertical form as shown to find r. 

1. r = 3.25 X O.O^iC-ioOc; 6. r = O.96 x 7.7(7.3q2j 

2. r = 6.17 X i ■ • ^ " -^j 7. r = O.18 x 0.056(0-0/00?; 

3. r = 0.048 X 1.46f0-0r^DCg) 3. ^ = 3^53 x lA2[o\ZZ5b) 

4. r = 3.1 X 0.307(0.^^1"^) 9. r = 19.03 x 8.5 .^.'5! . 75 5^ 

5. r = 53 X 7.L3 (^iS.3V) 
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RATIONAL NUMBERS WITH DECIMAL NAMES 



Objectives: To direct attention to the fact that some, but not 
all, I'ational numbers can be named by decimals. 

To note that this fact can be explained by con- 
sidering the prime factorization of 10 and powers 
of 10. 



S^jggested Teaching Procedure: 

1 1 Every ratic^ial number can be named by some 

ji fraction whose numerator and denominator are 
!| whole numbers — in fact, by many such fractions. 
1 1 At this stage we have decimal names for some, but 
; 1 25 

not all, rational numbers. For example, -jr = YOO' 

li an.d therefore 0,25 is a decimal name for -g-. 
\\ So are 0,250 and 0,2500, 

!i But consider the rational number whose sim- 

1 

name, then the decimal v."ill have fraction fom 
v;ith denominator 10, cr 100, or 1000, or some 
hl^^.BZ" power of 10. But is there any. whole num- 
ber n for ATiich the sentence 



olest name is 



If it s to have a decimal 



or the sentence 



o 



or 



1 
1 



You 



100 • 3 " 1000 

know that there is no such whole number n. The 
reason can be found by considering two familiar 
facts: 

(a) Since is the sinrolest name for the 

number, ot.hsr fraction names for the number can 
be found only by multiplying the numerator and 

denominator of ^ by some counting ntLmber, 

(b) The orime factorizations for powers of 
10 go like this: 

10 = 2 X 5 

100 = 2x2x5x5 

ICOO = 2x2x2x5x5x5 

10000 = 2x2x2x2x5x5x5x5 

We can note the relation between the 
factorization of the denominator of a given 
fraction and the place value of its sin^lest 

decimal name, Ln i, since -=2x2, the power 

of 10 in the denominator of the fraction form 



2?6 



23? 



of its decimal name must have a factorization 
with two factors of 2, which requires that it 

be 10^. In 16 = 2x2x2x2, so the 

11 

decimal must have a olace value of — r. In 



10 ^' 

12 = 2 X 2 X 3, and no power of 10 has the 
factor 3, so ^ has no decimal name. 
You may see the expression 

The num.eral .33^ is not a decimal num.eral, how- 
o 

ever. It is a mixed form which is an aborevia- 

.1 1 ^ 



ratic.;al nu>!Bers voth decimal names 



You know that the decimal name for a numiber can be written 

2 3 

easily if the fraction name has denominator 10, 10 , 10 , etc 
What about n\:anbers whose fraction names have other denominators? 
Cari you name the number ^ by a fraction with denominator 10, 
or 100, or 1000? Since i= \ and 0.25 name the same 

number. 

Exercise Set 24 

1. If possible, for these numbers find fraction ^names with 
whole number numerators BrA with denominator 10, 100, 
1000, or 10,000. 

°- ell cccj . S- J \ too 



I -l/r) 



8" \ loool 



1 



.;//e) 



L"oj sriOiJ.d have foxnd fraction names with whole number 
■.:j:ra^.rh.tcv3 for all but three of the numbers in Exercise ] . 
•^xpl^.L^. -^'-j ycu could not find fraction names with whole 
r.wLnber numerators for these three numbers. (Hint: Find th 
crime f3Ctorizat:lon of 10, 100, 1000, and 10,000, Find 
tl^.e crime f act^orizaticn of the denominators of the fraction 
for the "CiU'es numbers. ) ( <f . i/j-z^^T" / ritrc/' '^^y /ooo^ or-zi^ooo) 



t2: 



22. 
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3. VTrlte decimal names for the other seven nimbers. 

• C?. 75 ^b: 0 . 62 5* d : 0^6^ e : 0. 0 62 5-^ f : Q. ^ ^ \ C ^ l \ 0 , 37 

In your answers for Exercise 1, which fractions have the 

same denominator? (a c^Ji J f ^ ^\ 



EKLC 



USING THE DISTRIBUTIVE PROPERTY 



"Db^Jective: To siaggest another way to find the product of some 
rational nximbers by applying the distributive prop^ 
erty. 

Materials: Rectangular regions. 
Suggested Teaching Procedure : 

For computing the product of two rational 
numbers, both greater than 1 and one of the 
numbers a whole number, an easier procedure foi^ 
computation is us-ually found by applying the i 
distributive property than by finding fraction i 
names for both numbers. This pa^e is included ^ 
to suggest this possibility to the pupils. 

Use the upper half of page 231 of pupil 
material for class discussion. Children^ may 
then do exercises 1, 2, and 3 on pupil page i 
232 independently. ,1 



230 
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USING THE DISTRIBUTIVE PROPERTY 

You have foiind products of rational numbers by using their 
fraction names. 



First way 



^ ^ =1 6 ^ 11 66 



Since ^ = 5 -r you could also use. the distributive property 
Second way 6 x = 6 x (5 + ^) 

= (6 X 5) ^ (6 X |) 

.304 

= 30+3 
6 X 5| = 33 

You can illustrate the second way by 'using rectarigular 
regions. 




231 
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Exercise Set 25 

1. ?ind n by usir-g the distributive property. Write each 
pr9duct in simplest form. 

a. n = 8 X. 2I (Z Z) d. n = 12^ x 2^ (^^ ') 



b. n = 5| X 7 (37j) e. n = 4 >^ ^0 (^02^) 

c. n X l6| (66) f. ^ X ( ^32^ 

2. Draw a rectar^alar region and separate it to illustrate one 
of the products in Exercise 1. (^A^j^^:^^ ^'^^ (^e^y) 

3. Find the products in Exercise 1 by using 5- x ^ = ^ ^ j . 

D a b X d 

Write the sljnpl3st name for each product. Which way is 
easier? : 2 2 i:37j c: 68 0^:29/ ^: Z02y f: 13?) 
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ESTII^IATING PRODUCTS 

Objective: To encourage children to look critically at the 
size of the rational nimbers on which they are 
operating and estimate the resialt. 

Material: Nunber line. 

Vocabulary: . Esti^T^ate . 



Sug:gested Teaching Procedure 



Wl-ien pupils are confuting w^th rational nuTi- 
bers they frequently fail to detect gross errors 
in their own work because they do not thiric 
critically about the size of the numbers involved. 
The purpose of this discussion and Exercise Set 
is to direct their attention to the, facts tha.t 

(a) any rational number lies between two 
consecutive whole n"umbers, and 

(b) the product (or sum) of two rational 
n'umbers lies between the product (or sum) of the 
two lower whole numbers and the product (or sum) 
of the two higher whole numbers. 

You may want to us a a number line to show 

3 1 

the interval in which 27^- x 8^ m:^i-t lie. 



^ 0 I ^ , r ? , , r , , , . , ? . t - . . , - , ^ , , , , y ^ 

2x8 



3X9 



2| X 3-^ 



23j 
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ESTIMATING PRODUCTS 

fceri you are T!niltip lying rational nximbers, it is a good 
icsa to estimate the product first. 
Consider the product 
3 1 

^TT ^ %• large should the product be? 

4 > 2 8| > 8 



so X 8j) > (2 X 8). The product must be greater than l6. 




region are In dark lines. 

Name the 2 by 8 region, (ALFGt'^ 
Nanie the 3 by 9 region, (aHJK) 



2 if" 
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Exercise Set 26 
Which of the answers below may be right? Which c.xs must 



be 


wrong? 


:\nswer by : 


the 


product must be. 


1. 


si X 




2. 


12-1- 




3. 


57r + 


2^ - 32| 



^. 2| X 5280 = 15.840 



5. J X 5?.- 



6. .2^.26^.693^ 



Between v^rtiat two w^iole numbers must each sum or product be? 
7- 2|. 3i [5-1) 12. 83 ^ 32 (2.-36) 

8. r^^tl^ 13. oJ^x ll^(sq-l^c) 

9. lo|+ 123^^(22-6-) 14. 6^xS^(4?-B3) 
10. 1283^+ 2i^5g^(373-375) 15. 15| x 1(§ (; 50 - 1 76 



11. 56.7 + 38.54 16. 7.28x0.34(0-?"! 



17- Which can you estimate more closely by the method. 

described: the z\m of two numbers or the product of the 
same two nimbers? [^c^^i 
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Exercise Set 27 



Ba^ow are toree iir 
smaller congruent 



lit sq-uares. Each is ^parated ir.to 
squares, and the "ocrder squares are 



p 


p 

y/////. 


//// / 


y//y 

v////. 




li 


X///// 




/////A 



'//// 
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//// 


If 
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ft 













































a» What is the -easure of a side of the unshaded square 



region of each? 



— - 



b» What is the measure of the unshaded square region of 

each? ^r,:^^ B : C ft) 
c. Vihat is the measure of the shaded region of each*? 

Ihe sides of the _iit squares in Exercise 1 .are ceparated 
into 3 congroient parts, 4 congruent parts, and 5 
congru?:nt parts. Draw another vnlt square: separate its 
sides into 6 congruent parts. Separate the "unit sqiiare 
region into smaller sqioare regions, and shade the border 
region. 



Answer questions a, and c, from Exercise 1 ?:out 
your unit square. V'^ & °" 3 



20 5 
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a. What is the measiire of the parr of tr.e floor covered 
with srr-all :ile? i — c ^ - 

b. What is the measure of the part of the floor covered 
with the large :;11'^ ^ [ ^/ 

c. What is the measiire of the floor? ('^^i 

Trie sq^siare pattern to the 



right was made by fitting 



together black ana white 



square tile. The pattern 
has been used by art:^sts 



for niany year:^. 



a. If the measure of the 
whole region is 1, what 
is the measi're of each 
tile? 1^4 q! 

b. Vfliat is the measure of the white outer bc^ ar? 

c. What is the meas'^e of the white inner border? /"-^A 
Q. What is the measure of the black outer border*? \ ISA 
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Below are two arrangements of 15 squares. On the left, 
they are arranged in a rectar.gle; on the right, they are 
arranged in four squares. 



R F G H 

a. If the measure of the rectangiilar region is 1, what 
is the measure of each square region?(f -'tj^ ^-"rj^^'V^^ 

b. If the measiire of the square region H is 1, v^at 
is the measure of the rectangiilar region?! ^ 3J 

c. If the measure of square region G is 1, what is 
the measure of the rectangular region?^-^ ^3 "f^ 

Write each of the following in its simplest form: 
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Exercise Set 28 



Supply the niisslng numerators: 



a. 


^4- - 

~ 3 


d. 


16 fi5o) 
~ io6o 


b. 




e. 










2 (?) 



I? 



Complete the chart below: 



Rectangle 


Measurement of 
Adjacent Sides 


Perineter 


Area 
of 
Re?;lons 


I 

A 


4 ft. by 6|- ft. 






3 

' 


12.75 ft. by l8.l8 ft. 


(B3I6H) 






S ft. by 3 ft. 


(2i H) 





a. Hovr rrach greater Is the measure of rectangular region 



A than C ? [ 1'^^ 

b. How much greater is the measure of rectangular region 
3 than C ? I 2 ■ 7 

c. How much less Is the measure of the perimeter of A 

^Saan C ? (Z'2 

d. How much less is the measure of the perimeter of C 
than 3 ? (39 . 10^^ 



Arrange from least to greatest: 

f; |; ^; 0.5; ^5 U ^ ^'^ 3>T^X^ ^ ^/ 
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An-ange froin least to greatest: 

0.5; 0.49; 1.3; 7.09; 0.001; ^ 

((J. 60/; f - o.^q; !.?-7oq) 



Subtract 



a. 



>^ c. 



2% 90| 



1^ c. 



6. Find the siiirolest fraction name for: 

a. |xi (f) d. I|x2| (4) 

D ^1 



b. 7 X 5| (3Sf-) e. f X 10 

c. fx i (-1) f. 4|x % (iB 



Add: 

a. li- c. 9|- e. 101^ 



21- 



b. 



7| d. 34 f. 69| 

15| 82^ 



0 ^; 
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Bxerclse Set 2£ 

Nane the following nitmbers by fractions: 

a- 0.7 {tc} c. 2.57(7137 e. 0.072:7^,) 

b. 0.04 (^J d. 3.6 (if) f. 1.25 (j^) 

Name the fcllowlng numbers by decimals: 



b. ,^(a.,) a. (...) 5^(0.4,7 



Find n. 

a. 7.25 + 0.7 = nfnrT.^^) c. 0.37 + 0.8973 = nfn = i.I673) 

b. 31 + 2.59 = n(n^33.S°,) d. 5.235 + 4 + 6.25 = n 
Find n. 

a. 0.90 - 0.4 = n(n--o.5o) c. 4.205 - 1.74l6 = n , 

D. 6.7 - 4.25 = n(n= 2.45) d. 47 - 0.478 = n v 

Cn--46.S2 2) 

a. 0.3 X OA = r.(n= o,iZ) d. 48.8 x 0. 56 = nfrt^ 27.3 ZJ?) 

b. 7.03 X 0.9 = n(i^rg.3zi) e. 0.94 x 6.8 = n(n=B.3'^t) 

c. 0.78 X 0.5 = n(n = 0.39o) f. 3.42 x 8.6 = nCh--^'^■^12.) 




SMercise Set 30 



1. When the S-nitn fscnlly left on their vacation, the odometer 
read 19,628^6 riiiles. When they returned. It read 22,4o5.3. 
Hovf irary r-.iles had the Smiths traveled? (<'^ez?' 

2. Mrs, Wiliians bovi^t four pieces of steak weighing ^.7 
pounds, 5.2 povjids, 5-3 poi:inds, and 3.8 po\:inds. At 
99;2 per pound, how much -.^11 the four pieces cost? , \ 

3. Jack ^ 3 r,other bought his fall clothes on sale. Shoes 
crlginall;]^ priced $7.89 were aarked ^ off. A suit 
crig:jiaily priced $15-96 was ma A.-d ^ off. A coat 
originally priced $19.90 v^as rnarkec: ^ off. How much 
r.oney did Jack's morher save^ ' /5. ^ 



VCien Mark pulled his lobster traps, he had 9 lobsters 
each weighing 1^ pounds, lo lobsters each '«vei£;hing 1^ 
po'onds, and 8 lobsters each ' sighing 1^ pounds. How 
inany pounds of lobster did he pullv 9x ,^'^;-^;'^>'ty"^[^^ ^'^>'' ^ 

The Ward's house i? 42.8 feet bj- 68.5 reet. 1!-ieir land 
is 105-5 feet by 236.2 feet. How T^any square feet of 
land do they have surroianding their house? ^ ^ ^ r 

One day, Helen and Rosemary were each given a ^uiner. pig- 
Helenas giiinea pig weighed O.60 poiinds and gained O.O7 
pounds each dayc Rosemary's guinea pig weighed C»48 
pounds, but ate more , and gained C.09 pour is each day* 
Whose guinea pig was the heavier a wee'" la^er ? Hov; mur^ 



heavier'" 
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7. In a swimming test. Dan stayed under water 2,3 times as 

long as C2iarlie» Charlie stayed imder water 19.8 seconds. 



9' Paul weigiis pounds, Jerry weighs 1^ times as much 

3 

as Paxil. Mike weighs 1^ times as much as Jerry. How 
much do Jerry and rJLke each weigh? f/? ^"^^ " - • /^''T' '^^7'^^' 

10, Sthel likes to collect colored rocks for her rock garden, 
but ahii can carry cr2y 18 poxjnds of rock in her basket. 
If she puts in more, the basket will break. She puts six 
colored rocks In her basket. 'Hie first weighs 3.4 pounds, 
the next three weigh 3.1 pounds apiece, and the last two 
rocks weigh 2.6 pounds ^lece. Will she break her 



8. 
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SIZE AND ANGLE RELATIONSHIPS 0? ':'"-.T.-..\GLES 

URPCSE C? UNIT 

1. To provide the pupil wltn the opportunity to cecor.e 
aware of different kinds of triangles. 

2. To provide tna pupil with the cppcr*:uni*:v ":o compare 
sides and ar.gles of triangle^: first by tracing, then 
by using s :raightedge and cor.pass. 

3. To provide the pupil with opportunity to explore 
the properties of different Kinds of triangles. 

To develop the following understandings and skills: 

. An isosceles ::ria::!gle has a : least two angles which 
are congruent to each other. These tv.'0 congruent 
angles are opposite the sices .■■'■.\cr. are congruent 
to each other. 

b. Equilateral triangles have three angles congruent 
to each other. Equilateral triangles are a subset 
of isosceles triangles; since they have three 
congruent angles they necessarily have two congruent 
angles. 

c. In scalene triangles the longest side lies opposite 
the largest angle and the shortest side lies 
opposite the small ist angle. 



rerials Needed: 

Teacher: Chalkboard and chalk, strips and fas'ceners, 

cnalkboard compass or string compacrS, scissors 
Pupil: Tracing paper, paper and pencil, strips and 

fasteners, compass and straightedge, scissors 

cabular-y: Relations (in the title of this section), and 
scalene 

In these activities, children v;ill be comparing ' 
sides, angles, and triangles by using tracings. The 
construction '..'crk will need to be dene carefully so 
that the models v;ill be as nearly congruent as is 
I possible . 

j You mav v:ant to introduce this v;ork by recalling 

I v;ith the children that they have just learned about 
I r.any things in geometry* such as congruent segments, 
I angles and triangles, how to compare the size of 
; angles, and hov; to use the compass and straightedge. 

The children will now be working with special 
1 kinds of triangles. The isosceles and equilateral 
1 triangles have been previously introduced. 
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.ike the two geometry ^^.its prececlr.^, it in 
Grade V, Congruence of Consnon Geometric Figures anl Measurement 
of ATijles, Is designed to provide the pupil with the opportunity 
to study different kinds of triangles and zhe interreli.tions cf 
their sides and angles. The pupil first makes comparisons by the 
use cf tracings. ?Ie then proceeds to make these comparlsorii by 
carefully constr^acting geometric figures using straightedge and 
compass. Since he has learned about congruent segments, congruent 
angles and congruent trlcjigles and how to compare the sizes of 
ar.gles, he Is ready to explore . ropertles of different kinds of 
triangles. ?Ie learns the following facts: 

1. In an isosceles triangle at least two angles are 
congruent to each other. 

2. In an equilateral triangle aill three angles are 
congruent to each other. 

5. In a scalene triangle, no two a.\gles are congruent 
to each other. 

The facts listed £S 1, 2, and 5 may be s*ammarlzed In 
the following chsirt. 

Triangles 



I ! 

Scalene Isosceles 
(No two angles (at least two angles congruent) 
congruent) ^ ! ^ 

(Exactly two Equilateral 
angl e s c ongruen t ) ( all three angl e s 

are congruent to 
each other) 

^. T^ie largest angle of a scalene triangle lies opposite 
the longest side and t..3 Eriallest angle lies opposite the 
shortest side. 



2-7 
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5. This chart may be helpful, if triangles are classified 
as to relative lengths of sides this classification shows the 
relationship. 

Triangles 

, 1 

Scalene Isosceles 
(No two sides (At leaSv two congruent sides) 
congruent) | 

/ ^ 1 

(Exactly two Equilateral 

congruent sides) (all three sides 

are congruent to 

each other) 

On basis of lengths of sides, triangles are either scalene 
or isosceles, if they are isosceles they may be equilateral also 

The pupil next explores the sxim of the measures of two 
angles which have a common vertex, a common ray and interiors 
which do not intersect:. f 




A B 



He proceeds rapidly to extend the sitiaation to more than two 
singles and further, to the case where one ray of the first 
angle and one ray of the last angle lie on a line. 




MR and MT lie on RT and ir^TMQ + mj/Q>!P + m^PMR = l8o, 
in degrees . 

This understanding is the basis of activities involving folding 
and tearing models of triangles and their interiors. It leads 
to the observation that the sum of the measures (in degrees) of 

physical models are, at best, approximaicions, limited by the 
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precision of the scale of the measuring instniment, by the 
thicicness cf the pencil point, by zhe eyesight of the observ^er, 
etc. In view of these facts we do not expect the pupil to find 
that the sa-n of zhe measures of the three angles of the pa.r- 
ticular model of the triangle he ip^ using is exactly l8o. The 
variation in sums found does not change the mathematical fact. 
Ti.is is just another illustration of the difference between a 
provable mathematical fact ?-nd observations made on representa- 
tions of mathematical figures. 

Some opportunity for deductive thinking (argument based on 
agreements ajid pre-established facts) is provided for the mere 
astute pupil. Brain tvi'ister ezercises may lead the pupil to 
recognize that we can find the sum of the measures of the angles 
of a polygon knowing the sum of the measures of the three angles 
of a triangle, we may draw selected lines connecting the 
vertices of a polygon, thus creating triangles. Exercises set 
up in the children's book then lead to the statement that the 
sum of the measures (in degrees) of the angles of a polygon is 
(n - 2) iSc Vc'here 

n is the number of sides of the polygon 
n - 2 is the number of triangles we formed 

iSO is the sum of the measures (in degrees) of 
the angles of each triarigle formed. 

It is net expected that this formula will be presented to the 
pupil but some may perceive this intuitively. 

Triangles of special interest are characterised by the 
sizes of their singles. These include the eq^allaoeral triangle, 
each of whose angles has a size ;f 60° ] tne 45°, 45° and 90° 
triangle; and the 50°, 60°, 90^ triangle- While it is zi\ie 
that two triangles are congruent if they have congruent corre- 
sponding sides, it is not necessarily true that two triangles a"^e 
congruent if they have congruent corresponding angles. Such 
triangles have the same shape but not necessarily the same size; 
they are said to be similsir. 



2^9 



The exploration on page 137 i^'-'/s tne deflni- ^! 
tion of zhe isosceles triangle ^'hlla the explora^i-n, \\ 
page Angles of an Isosceles Trlan^^e, '.eveloi^.: j 

zhe property that there are at least two congruent 
an^l^'- in an isosceles triangle. Exercises 5-7 
in this exploration help the children locate the 
ccnsraent angles in relation to the congruent sides. 

The exploration. Equilateral Triangles, page 1'^-^, 
gives a revie:-' of equilateral tria.ngle3. The 
exploration, .Vigles cf an Equil.a^eral Triangle, 
page 1^^, iG concerned v;it!*. the idea tha*: ec/^ilatero- 
triangles have three congr^aent anf2;les . 

Z>:ercise Set 5^ page 152 serves ?s 
introduction to scalene triangl^ s and the relation- 
ship cf sides and angles in ::riangles. Pupils r.ay 
need hel.v in ^onpleting these exercises but it is j| 
expected ^:hey v:ill v.'ork independently. The j 
X xploratlon of Scalene Triangles, page Iz"^ , le-^dL 
zo the understanding that the largest angle of 3 
r.riangle lies opposite the longest side and the 
snallest angle lies opposite the shortest si'"''. | 

All the explorations referred to in this j 
section are in sufficient :':*tail in the pupil text ! 
to provide a suitable development for the teacher to \ 
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Chapter 3 

SIDE AND ANGLE R^^XATIONSHIPS 0? l.ilANGLES 
ISOSCELES TRI.^NGLES 

Exploration 

What do we call a triangle whiv^r: has at least tw congruent 
sides? You have seen m^nj of these triangles and no doubt are 
able to give them their correct r.:--ne — isc3ce"'.es triangles. 

1, Make a nodel of a t langle using the s+rips and faoteners. 
For tv;c sides, choos^ two strips cf the same length, the 
longest ones you have. For the third side, jhoose a 
strip accut half as long as the others you used. 

Recall that a triangle with at least two cong^aent sides is 
called ^n isosceles triangle. 



:>av; an Isosceles triangle in which the congruent sides 
are -^^h two inches ] ong and the th' ^d side is three 
i.r.cr.es long. Do yc need tc use your conipasT? ("^^J 
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Use ycjT compass and straightedge to copy this figure. 
Tn the figure, place 
z:.-"- letters B and C 
at -he intersection of 
the arc ana rays . vVhai: 
segnients are congruent? 
(^6^ Tc) Does this 
figure suggest a method 
for making an isosceles 
triangle? 




Exercise Set 1 



uae the m.ethod of Explor;^ticn 
£xercise - to draw an isosceles 
or ^ angle, srartin,^ v;ith a 
fig^ure like this. How many 
su'h triangles could you draw"' 
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Draw a line segment congruent to Name your line 

segment, CE. How many isosceles triangles can you make 

or. CD if It is net one of the congruent sides? (22d. /^j^^^ Ai. 

r>/^^^ Draw several of them. Must all these 

triar.^Ies lie on the came side of TO ? 

Car. ycu see any examples of isosceles triangles in our 

roox? Could you, by drawing one line on the door, show an 

isosceles triangle? Do you see any orher v;ays of making 

isosceles triangles in our room by drav:ing Just one line? 
/A 3 \ 



Make 3A = EC, 



you gc r 
see if ycu 
Ycu may fir 
^he dinner 
some j:ccd 



:om.e ronignt i.oc>: c^.^se^y at; tnings arcunc ycu to 
can find any examiCles of isosceles triangles, 
id scm.s good exam.ples in your neighborhood, a~ 
table, or even in your car. Most m.agazines have 
:ic tures c:' iscscel^=^s triangles in them., zoo . 




Pl^tC 



BRArNTWISTERS 

5- Draw two line segments of different lengths. Name one of 
them E? and the other one GH. Now' draw an isosceles 
triangle with two sides congruent to and the third 

side congruent to Is it easier if you draw the 



problem 5 after you have marked EF and gH for her. 
5e sure to choose lengths so that she cannot draw the 
isosceles triangle. Kow did you do this? (Mcu6l 





See if you can s'jump your teacher. Ask her zo work 




^ 0 ^ 



Pl^l 



ANCE^ES OF AN ISOSCELES TRIANGLE 

Exploration 

You have done many things with isosceles triangles. 
Let's look at them even more closely. 

1. Draw an isosceles triangle with the congruent sides 
6 inches long. Maice the third side any length you 
choose. Z' . \ Do you have to be careful 

of the length you choose? 
(i^juJ) Could you choose 12 
inches for the length of the third side? Why? 

Could you choose a length greater than 12 inches 
for the length of the third side? (/Pio) Why? (^g/z^c^icut 

C^at out your isosceles triangle with its interior. 
Label the vertices so that A3 = BC. Now fold it 
through point B so that side 3"(J fits on side BA. 




3. These ske'x'^.es sncw what you did 

.Fc:j Here 





Folded 



V^Ti'ire die vertex C fall? (a?^ yv^Jc^ A) Is [Z 
con7ruent to ^A? (^^) I^ made the isosceles 

triangle carefully, should fit exactly over 

so that /C ^ /A. 



9 c . 



Construct a triangle DEF with = I^^. Trace 

^ DEF on a sheet of thin paper and label the vertlc 

Turn the sheet over and place 

vertex D F, 

vertex £ on E, 

vertex F on D. 
Is ^ ISF =^ FED? (^^y If ^o, which angles are 
congruent? ^^/p ^Zf_ J 

We call /p the angle opposite FE since FE join 
points on the sides of /p. In a simi:. ^ " .T,anner, 
we call the angle o_,, osi^? 'W, anc the 

angle opposite s!C. 

In isosceles ^ DEF, which z.r ^ruent sides? 

fl)S a,-^^ Fs) Are the congru : . . ^. 7" opposite the 
congruent sides? 

Can you finish this sentence 

It seems to be tn^e that if sides of a triangle 
are congruent^ the. the angles ,4ui.t:£c^ 

Sujnmary 

each isosceles triangle with which you worked you 

leas' two congruent angles. Every isosceles triangl 
c-.. -t tvo congruent sides and at least two congru.ent 
and th- congruent angles are opposite the congi uent 
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Exercise Set 2 

In this drawing, aS 
and Ai5 CE. What kind 
of triangles are A ABC 



and A ADC? 



Which angle ha» the great':jr 
me asu re , >. C or ^DAC ? 

Is ^DAC = ^DCA? 



/ 

// 




^. How niany triangles can / 
find in this drawing? 



If A3 - CE, A"5 = CT3, 
ard AE = what kind of 



triangles are the 



1^ 




If ^^CE ^^'AE and j:.:a ^ /CAL, 
are all four angles cor. .^^ent? ^^^^fcj^ ^f^^^^r^c^ ^ cU^ 
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Bob's 



House 




This drav;ing shov;s the location 
of Tom's house, Bob's house and 
their school. Bob and Tor. 
live the sane distance froni 
school. V:hy is the angle at 

Tom's house congruent to the j g 

one at Bob's ^ncuse?C^-^''7f^ '^^^^^Lp ^ 

Suggestion: If Bob's house is directly north of the 
school and Tom's house is directly west of the school, 
what do you know about ^TSB. (^/"^iS 



In ^^A3C^ AB = C3. Choose any v;ay you v;ant to show 

that ^3AC = /;3CA. 

A 




EQUILATERAL TRIANGLES 

Exploration 

A triangle which has three sides congruent to each other 
is called an equilateral triangle. 

K^ake an equilateral triangle by using strips. Choose any 
strips you want, but you must be careful about one thing. 
V/hat is it? (jZJ^ jt^^ /c^^^u^^^ ^?9f.<^^^ 



Exeroise Set 3 

1. V.?:ich of these are pictures of equilateral triangles? 





2. Dra\< an eq^uilateral triangle using yc ^r compass and 

straightedge. Use the length of a5 as the length cf a 
side. ^ 



5. Draw three eq^ailateral triangles. Make the first one with 
sides 1^ inches in length, the second with sides 2^ 
inches in length, and the third with sides ^ inches in 



Figure ABCD is a square. 
What do you know about the 
sides of a square? 



Name the congraer:'!" segments . 

( A8, 8Cr 'Sa) 



Trace figure ABCD on your D 
paper. 




B 



Draw an equilateral triangle, using AB as one side. 
Draw the triangle so that i^g interior lies in the 
exterior of ABCD. 



Draw equilateral trietngles on BC, C5, and Al? so 
that the interior of each triangle lies in the exterior 
of ABCD. 




A 


B 


1 

1 

D 


C 




I6 the triajigle with side a5 congruent to any of the 
other triangles you have just marked? ((/^^^ jsa^A,^ ^ ^i^f!^ 
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ANGLES OF i\N EQUILATERAL TRIANGLE 

Exploration 

You toow that an equilateral triangle h.^s three congruent 
sides. Is there anything else that you think might be true 
about it? ^r?^ .^.o^tx.^^^/-^ . ^=:^^c>tt/i^. j 

1, Draw an e railatera^ triangle v;hich has a side ^ 
inches long. Naiiie it A ABC, putting the letters on 
the interior like this : \^ 
What must be true about aS- 

5C, and aC^? (AB'^3t,SC^Ai,AC^Al^ 

_ _ \^ 

2. Since AB = 3C, what can you say about and 

Since 3C = A^, v^hat can -ou say about ^A and ^B? 
No;s- v.-ha:: can you say about ^A, ^3, and ^C? 

5. C^^t Cut triangle ABC with its interior. Fold it 
through point B so that BC f'alls c. . 5a. Does 
/C fit exactly on ^A? i^^^J Now open up the 
fig^are and fold it "hrough point C so that ^ falls 
on aC. Does ^B fit exactly on /j^'^- {-y^J Open the 
figc^re and fold it through A, so aC falls on A^. 
Does /O fit exactly on l^'^- (>^^J 
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Exercise Set ^ 

!• Use your strips to .T»ake an equilateral triangle. Make 

another eq^jllateral triangle that is congr-uent to the first 
one. Label the first triangle QKI and the second JKL. 
Can you place /C^JKL exactly on^GHl so that vertex J 
falls on vertex K falls on H, and L falls on Zl(^ 

Are there other v;ays in v;hj.ch ^JKL v;ill fit 
exactly on, that is, be ccngr";erit to ^n, gHI? 



2^- Drav; an equilateral triangle wl"c/. a side v:hose length is 

1- p inches. Are all three angles congruent? (:^^J 

3. Drav; an eq^ailateral triargle v;ith a side whose length is 

2- |. inches . Are the three angles congruent? k:^f^^ 

V.'hen you folcv- i your equilateral triangle, in the 
Exploratlcn^ rnr- folds made lines on Iz as in the drawing. 
Notice that v.-^ have naned the folcs A?, 3D. and C^. 
yajr;e all of the different 
triangles you can find in the 
figure. Nar.e each trLtngle 
only once. Can ycu find 16 
triangles? 





BRAINT^'/ISTER 

5. DrsLVJ an equilateral triangle .ClBC with a side of • . 
length 5 inches. Draw another ecfailateral trlcUigle 
DE? with a side 4 inches long ^nd another 
equila'jeral triangle witn a side 5 inches long. Are 
these three triangles congruent?- jC^^ Are the angles 
in all three equilateral triangles congruent?/^^^^^;/ 



6, IS you drew an equilateral triangle with sides & 

inches long^ would the angles be congruent to thosa of 
an equilateral triangle with sides h inche?: long?|^ 
Wcild you expect this?^^;^^^^ 



3R.AINTWISTER 

7. Can you draw an equilateral triangle with its angles 
oor^r-Lient to these three angles? 
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Sxercise Se^. 



divide z'r.e ::rlangl8S below inrc four sers: 

zez A - Triangles wirh exactly two cor.gr^en.: sides 

Set 5 - Triangles with three ccngr^jent sides 

Scz C - All triangles ncz in Set A or Set B 

{a /KUU, a /-in p. ^ QVk^} 
Set T - All triangles with at least tv;c cons;r^-:rnt sic 

(SU 0- :ct AC/ Set 3) 

R G, ,\ 



.es 




All tne trf.angles in Set 
triangles . 



All the T-iangles in Set 5 are (jj^^^cuAi^^) triangles 
Ai: Ine triangles -,n Set A are C ^c^^ ' ^^^/^j^sSj tr^^ngl 



es , 



3. What can you say about the iriangles .n Set C? 



^05 



Divide th.- triangles above into four new sets. 

Set E - ?r:.angies with exactly two congruent angles .(Ji^f^^Ji^^^) 

(If you need to^ trace the angles on 

paper to help you decide.) 
Set ? - Triangles with three congruent angles .^&c/^= S^:^^ 
Set G - Triangles with no two anglec congruent .(^A^tf '-4*^^^ 
Set K - Triangles with at least two angles congruent. 

Look at the eight sets you hr.ve list 3d. "Which sets have 

exactly the sanie members? -^^^'Z^u^'^^ 

Which sets in Exercise 1 are subsets of other sets? 

What is the xnUersectic. of Sets A ana /(Sd B^r^{^(^i,^dKL}) 
What is the Intersection of Sets G and 3'^(7M t^^;tp:^ ^i££ ) 

wTp.at is the union of Sets H and C? i6khu,awra,G^1,A<JXl^AMN8 
^QVW, AXYZ) 



266 

2?u 




[n criangie M?K 



)se a oair oi sides \:hlch ar^ 



^ 




chose 



:cr.pa^^e ohe sizes or tne z\\o angxes , 



'.rrange yc ansv.'ers for Exercises 6^ 7, 8 like 
:his : 

Lc:,ger sic^: / J^cn^ pW j Shorter side: f ) 

ide: ^ lf< ^ j 



Ang__e opposite longer s 
/ngle opposite shorter side: 
Larger ang 



ngle : ( /j< ^ Smaller angle : (l£.J 



C- Is the larrar angle opposite the ^onger side or the 
sr.:r^;er side? (ji^^ a^^^A^^^^f-^^^^^z^J^ 
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3 




Sr.? 1 1 e 3 1 -.igi e : / 



. vrn2.t do ycu notice about your ansv.ers to -j-ierciseo 

12 and 13? 

f r^U^ .£^a^^x^ a>^^^^^£^ ''^f<^A3<^*(ii5^ -^^^ j^^^^^cJ^'^.-^rS^, 
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E:.^ ^clse Fez 6 



■:r:.a.:gj.e . 



:c s: 



f-c snail es r . 



:'. s ^ :i€ ^ s cppc J 1 3 *3h9 J s.r'.^'^s t sr^ p:1 6 

opoo "i*- ■.. ^h*- 3-allest angle? 



s^iCi'? v"".ose j.en,^:.:: 



^ CI ^ r ' 1 a r. ~ 1 e oar. / o u .t: a k our :" ' ^ ' i e e sticks 

r. z lr.cr.es, c Inches, anc 6 inches? .':x--a---c2^^<32^y 

"^^c ce zr-^e about. ::he 3*'-es of ^he- angl. j o: tne 
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ObJectJ.ve: Tc develop the follcv;ing understandings and skills. 



(a) the V point of the protractor iriust be placed 
on the '-ertex c:' the angle 

(c; the zero ray of the protractor r:ay be placed on 
either ray of the angle 

(c) the sides of the triangle on v;hich the rays cf 
the antle lie nay have to be e::tended 



:':aterials Needed: 

Teacher - Straightedge, chalkboard protractor 
Pup:! 1 - Straightedge, protractor 

Vocabulary: ho nev; v:ord3 in this section 



zero ray cf the protractor on a5". At this time it 
is v;ell to stress the point that V inust be on the 
! vertex^ of the angle being rneasured as above, so 
I tnat tne error pictured belov; does not occur. 




A C 



To check the measure of 



^A, the pupil places the 




(The V of 
the protractor 
is not on the 
vertex of 
angle A, the 
angle being 
measured. ) 



A 
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Ycu have learr.ec hov; zc r.easure an angle with ycur 

: rc z rac zoy . c v: w e v; 1 ,1 1 ne a. s ur ^ angl ^ s v; h:*. 3 h are de t ermi ne d 

:y trlar. -les, cdz^'pose v:e v;lsh tc r.easure the angles oi 

Q 



2. 




If you place the point V of your protractor on ?y 
e.long which ray of may the zero ray of your 

protractor be placed? (7^ ^ '-^ /inA^r&kKiC^ y/r./ijL 
If you place the zero r?y along JB., which side of 
I? should you extend, if necessaT^? ) 
A picture of the protractor place tc .-neasure ^? 
v;ould Icok ll_-e this: 



90 



80 



^ <v • 













What is the measure (in degrees) of /P? (ynf-/p=4<i) 
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Measure by placing the zero ray of the protractor 

aion^: one of zhe rays of zhe an^le. Repeat by using the 
orher ray of the angle. Are ohe t o measures zhe sarr.e? 

S^arjr.ar"y 

To measure an angle of a triangle, the point V of the 

protractor must be placed on the vertex of the angle. The 

zero ray m.ay be placed along either ^ay of the angle. T::e 

si^-3-3 of the triangle on which the rays of the angles lie ma 
have to be extended. 



27^ 



S'LJi-: OF MEASURZ3 C? A>:GLES C? A TRIAIJGLE 



Ccj'ec^lve: Tc develop the rollov;ing unders'ar.dir.^s and skills 

1. The sun cf che Treasures . in decrees, of z'r.e three 
angles of a ::rian5le is l3o. 

2. The z-iTTi of the r^.easures, in cegr'ees, of the angles 
of a uadrllateral is 2 x iSc. 

3- The of the Treasures, in degrees, of zhe angles :f 
c polygon of n sides is (n - 2) x I~0. 

'a 'ce'^ials "^leededt 

Teacher - Straightedge, chalkocard protractor^ 2 

der.ons oration niodels of triangles and their 
inter! rs , f lanjiel board 

Pupil - Straj ghtedge, conpass, ruler^ scissors 

Vocabulary: No new words in this section 

Octons — introduced in the fifth grade chapter. 
Measurement of Angles . 

This exploratic. ler^do itself well to teacher 
demonstration. The two exp "iments which lead to the 
cjnclusion that the num of ^ne measures (in degrees) 
of the angles of ^ trinjigle is l8o^ both depend upon 
the up.de rs* tan ding devf Loped in the section Sum of the 
Measures of A ngles . Ihe experiment involving tearing 
the trlangul^Ar region a: ^ placing tne angles so that 
their interiors (If all points in their interiors en-a 
considered) fill the half plane ic efficiently done 
using a flannel board* 

Exercise Sez 8 pu*::? r.o use the conclusion 
reach-d in the Exploration and provides arithmetic 
o-pplication in the first exercise. Exercises 2-5 are 
developmental. and intended to give the pupil an 
opportunity to do some very simple deduction in 
-establishing that the suir. f the measures of the 
four ar.gles of a quadrilateral is twice that of a 
trismgle, 560. The answers to exercises 6-9 are 
intended to be reached by deduction (because the 
pupil Icnows zhe 3um of the measures '"f the angles of 
a triaingle) aind not oy actual ir^easure. There should 
be ciasa discussions following the completion of the 
exercis e? . 
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O'J^z cu^ any triangle v;lth Its Interlcr. Lacel each angle 
01 the triangle. Tear the r.cael like this. (Keep all the 
parts) 



D 




Place the r.olels of and /p so that and 

have a ~Tj:icn vertex, .^nd a conrton side. 




P 

What do you cbser^/e? 



Conplete the sentence 



EKLC 




What is the measure (in 

degrees) of ^DAC? {Vjj 

Whac is m/CAB? (^Sj 

What is m/DAB?(9c'J 

Is ni^DAC -r rCj/CAB = ^Jj)K^^. O-f^) 

What is the measure of ^BCA?(^^? 

What is ni^ACD? (-^5) 

What is iTi^BCD? (f^o,' 

Is ni/3CA + m/ACD ^ ..s/3CD?(<^^ 



What is m/D? What is nij/B? 

Complete the senterxe; 

m^DAB -r nij/B + it/BCD + m^D = (seo) 




What is the su\i of the 
measures of the three angles 
■of A ABC?(/8oJ What is the sum 
of the measures of the three 
armies of LKi^">C/QO) 



Complete the sentence: 

mj/DA3 + m^B 4- m^BCD -r m^/D = (sso) 
What is the sum of the measures of the ^ angles of the 
quadrilateral ABCD? (sso) 



283 



v;hat Lz zhe c ^ of zhe 
rr.easures c:" *:he ar.gles of 
.JN, JO??.{y ^^'V.'r.at is ::he s^om c: 
*:'.ie r.easures of the angles c;f 
\ DZF?{/<f'^,\?:ar is zhe s^o^t. cf 

ohe r.easures of zhe angles of 
quadrilateral DEFO? (^3<^^J 

.How GO you know? 

RAINT'v-'ISTERS 

Complete the mathematical sentence: 

Hint: Mow manj' triangles,,.- 
^ have been r.ade to fit in ^:ne 

interior of the fig^are A3CDE?(3l 



What is the sun of the measures 
of the angles of the figure 



2PA 



£. Whar is zhe sirr. c: zhe measures of the angles of a polygon 
of 7 sices? fc-c^ JZL/i-^^J^^-^'^^^^ 

9. 'fihsiZ is the surn of ohe measures of the angles of a polygon 
of 202 sides? /f?6,^^^. 7/^^^^-^ y4a^ ^^^^^ >^ (^<P2-2jr/a^ 

10. Nan:e some n^uT/oers '.s'hich are the sum of the measures (in 
degrees) of the angles of a polygon.^^^^<7ui^^yc^.^d;^ 
Name the six smallest such n^i^mbers .^S456^.5<i;i?^^4Pt^^^ 

1] . Drav a polygon with more .han - sides. Mark a point in 
Lzs interior. Name the point, C. Draw line segments 
from. C to each verzex cf the polygon. In the Interior 
of the polygon draw a sm^I 1 circle using 3 ac a center. 
From your drawing tell why :he sum of the measures (in 
degrees) of the angles of a polygon is (n - 2) x 180 
or n X l3c - 36G . (7M ^<i^^^ <^y^^^^s^u^^^^ 

^js^z.cujy^ -^fzAjL zt^u^ 6uu ^ C ^ 360 . C ^.cuM. 

12. Could the S">am of the measures (in degrees) of the angles 
of a polygon be 250? Why? j^^^ 

13. Cou:>d the s^jm of the measures (in degrees) of the angles 
of a polygon be 160? \ihj^. (A^^, .cz/r^ jy^jz ^^1^^ 
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1. The Pleasure (in degrees) of each angle of an equila":;erai 
triangle is 6o. 

2. Tc make an angle whose measure (in degrees) is 6c. 
you iTiay draw an equilateral triangle. 

Ta'C ::rlar..3lec cf special interest have angles v;r.cse 

- -..-^ '^■'^^ r^,^^ CP^ OT'^ 

7.:c ::rla.'..7les v:hlcr. have 5 pairs of ccrrespondinc 
ar.[:le3 v;l*:r. the sar.e r,easures are not necessarily 



.ea3:-.er - oUra--r.:.oace, protr-aCoOr 

?upl.-. - Z'lrc.Lz-'^-'-'Z^ 3 protrac tor^ cnalk 



This Ei-cplcration is also one v;hich the ^eacher r.i£ht 
allcv; a group of students to dc independently. 
Several of the understandings of this section are 
developed in the Exercise, Set 9- Therefore ir is 
essential "^hat v:hen the pupils complete this exercise 
they check their results v;ith the teacher. If 
tin:e is short this section night he included only 
for ouoils v;ith interest and acilitv for indenendent 
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E>:?lcra-:lon 

-rlangles. 

1. Use yc-.,r co.T.pass drav; an isosceles trlar.-^le, v.-l'ch 
's^-^e leng'ch of each of the con^r^aent sides the sar:e 
as rhe ler.g::h of A3. Hcv; .Tiany such *:riar.,2les car. 
'z J ra'. .'r.? ^^z^ -7>c-<sc''n^ <x^^^^^>*-^ ,-c<>»-c-<t^y 

A c ©B 

yeasure the ar.gles. V.'hat seems to be true abou^ the 
an^le-s of an isosceles ::riangle? 




Did each one cT your classinates find 1;hat the ccngruenl 
an^leLi of his isosceles triangle had the sane measure? 
If the ansv;er is "no/' -can you thirJc of the reasons 
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V.Tnat did yo*: learn about the angles of an equilateral 
triangle? Hcv; sMould their measures coT.pare? Use 
your conipass to drav; an equilateral triangle. Cr.oose 
any convenient length as the lengt'h cf a side. 
Measure the angles. How do the reasures cor:pare? 



Hov; .T^any different equilateral triangles vjere made in 
ansv/er to question 5*? H^o'^'^* did the measures of the 
angles of your triangle compare v;ith the measures of 
the ar^gles of the triangles of your classmates? 
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\ 



V/hat --jr.ber is the r.easure, ir. degreeer" 



\ 



s traighrec-^e, drav; an angle v;r:cse rieasure in degrees 
^ s 'So Di d ''C ' dnav' 2.n sclI il a t snai "cniangT 6 
Did vcur drav;ing look like this? 




A ' 3 

//as it necessary to drav; CE to complete the triangle 
in order tc drav; an angle vjhose. measure is 6o? 
Check your construction- v;ith your protractor. 



Summary 

Angles opposite congruent sides of an isosceles triangle 
have the same measure. 

Sijcty Is the measure (in degrees) of each angle of any 
equilateral triangle. 
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2. A triangle whose angles have meaavres (j.n degrees) of 45, 
^5. and 90 Is of special interest because thore are so 
many examples of it in your surroundings. What examples of 
right angles can you see in your classroom? Be ready to 
show how to complete a , ^5^ , 9^^ triangle by :'::awing 
one segment. 




290 

tj ij 'j 




A MKL is an isosceles 
triangle. = Find 



Hov; do these measures conipare v.-ith those of Exercise 3? 
AreZ\ CDE and^^. i-aL congruent? [7^'>>cc^^.^t^^'cyi-^ ^ 

Have j/X»u seen other exar.ples of triangles which v;ere not 
congruent^ and v;hose angles ha^/e the same Pleasure 



rell v;hether this stater.ent is tr^je c: 



:alse : 



Tv;o 



"langles niay have three pairs of corresponding angles 
Lth the same measures and still not be congruent . ^ 

Hcv; many triangles are 



there in this figure?/3j 
One of them, is an' 
equilateral triangle . 
'.*niich OTi^*>{^^Bo) Name 3 
ar.-:les v;hose m.sasure is 
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7 y\ FGH is an equilateral triangle, 
ana ^ is drav;n so that /HEF 
is a rigrit angle. Look at^FEr.. 
For v;hicn angles do you knov; the 



rieasures? 




\. LcC'K .,::^EGH. List the measures of the 5 angles oi 



Are all criangles whose anglec have rr.easu^ es 
and 90, congr^aent? i^;;--^) 



oO, 



le v.'hose angles have r:easures 



;les. 5e reacy tc sncv; ncv; zo crav: a 
-le cv dravring one segr.ent. 



Ccr.plete z'r.e fcllcv;ing sca::e:r.ent : 

(a) The measure (in degrees) of any angle of an equilateral 
triangle is (so) . 

(b) Two triangles of special interest have angle Pleasures 
(in degrees) of ^ , ^ J2^^ ^ ' ^ ' 
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Suggested Test Items 

write A, 3, or C in the space provided to show the 
triangle, or triangles, for which the sentence is tr^d^ 



A B 




Isosceles Eq^^iilateral (and Isosceles) 



-3 




:.he triangle 


has au least two 


sices w hi c h are 






ccngr-jen. zo 










The rria:-£le 


has no congr. ^TlZ 


angles . 


3 




The ^ri angle 


has three congr^u 


ent angles . 


5 




The rriangle 


has at least two 


angles v:hich are 






congr'jent; zo 


each other. 






(e) 


The triangle 


has three sides 


which are 






congr'aenu ::c 


each other. 






/■ £^ ^ 


The triangle 


has no ccngr-jent 


sides . 




/ ^ ^ 


The triangle 


has exactly two 


sides which are 






congruent to 


each ether. 






r > 


The triangle 


has exactly two 


angles which are 






congr'^ent zo 


each ether. 





3u3 



A ABC is an equilateral 
triangle . If [k and are 
both the same size, how do you 
expect to compare in size 

with ljy> Tell what facts you 
learned to make you think your 
answer is correct • ^ /-D 
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Practice Exercises 



Find the number thar y represents. Express all answers J 
sir.plest forr. . 

2 1 \ 



c) 5t^6|=y (lit) T-l^^ * 



-) 



b) 3.-5- I.-tC - y (6.9-) 993 ^ 36- r- o-ro = y ^2205) 

c) 269 ^ 2c7 - y (55=) s) S-SS ^ -r.C7 = y (13.05) 

d) 651 -r-r82+ 666= y (22-9) ' n) 696 r 559 = y (1257) 

a) S.3 X C_ = y (.09) e; -2 x 7.309 = y (672. -.26) 

b) .1.1 X 2 = y (2.2) f) 5 X 0.9 = y (-^0) ^ 

c) 6-r.l X 9 = y (576.9) £) 10 X 3.6 = y (36) . 

d) 6.3 X 6 = y (30.-) r.) 10 x 6.5- = y (65.-) 

a) ^ - y = :i (f) e) y - 3f =^ (%) 



r) £) r - ^ - y (t) 



(f ) :--) y - 4 - % (6^) 



0 s) ^ X i = y (^) e) 4- X = ^^3^ 



^^ ^ — - -"^ 2— X 6 --- V .''15) 



30 
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30 X 478 = y (14,340) 

256 X 100 X 2 = y (51,200) 

(40 X 98O + (6 X 984) = y (45,26^) 

(7,000 X 875) + (200 x 875) + (5 x 875} = y (6,304,375) 
106 X 470 = y (49,'820) 

(300 X 9,150) + (80 X 9,150) = y (3,^77,000) 
400 X (600 + 52) = y (26c, SCO) 
209 X 639 = y (133,551) 



7 . 


a } 


(2,200 + 99) ^ 


11 = y (209) 










69,3£c y = 1 


7 (SO80) 












3,332 -f- -3 = y 


(68) 












-t,98^ 56 = y 


(89) 










^ ) 


331,705 y = 


407 (815) 












(217,200 + 33,304) — 724 = 


y 


(346) 








5C,5-2 4-683 = 
5^6, 934 ^ 042 


y (74 ) 
= y (852 ) 








S. 


a } 




(21) 


e) 


•^4 0 


(14) 








(15) 




* = f 


(6) 








(12) 


s) 


^ y 


(48) 








(8) 


h) 


2I - X 

5 ' iO 


(22) 


9- 


a ) 


3^ X y = 72 


(8) 


e) 


4" X y - 


512 (8) 






y + - Oc: 


(13) 




43 = y -i- 


2^ (27) 




Q J 


81 ^ 3^ = y 


(9) 


s) 


. .2 
y -r D = 


- (100) 




-) 


-2 

dO = y + D 4- 


42 (8) 


n) 


X xX 

10^ 


= (10) 
10" 



296 
30 S 



P179 



10 


a) 








c ; 




e) 




f) 




tS J 




■ '■) 

i J 


11 


a) 




b) 




c) 




d) 




e) 




f) 

1 




& 1 
h) 








J. ; 






1 ^ 


W na 




w — 


'd , 


Car: 







(9) 



y (38^) 



10 10 



10 X 7.936 = y (79.36) 



3^ ^ 9| -- y (i6r) 



9 = y ( 



„2 

J or 



6.28 -r 787.5- 

,2 ^ y (292) 



',2 - = 



3 X o X 2,875 = y (25,875) 
595,151 ^ y = 603 (987) 



^ X 2 - y 



(612.96) 



4- 



our consecutive odd r.uT:bers, wher; adcec togetner, 
1 CO? (17, 19, 21, 2j) 



is ar. odd r/ur/cer? (2 and 3 are the 



pair. ) 
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Review 
SET I 

Part A 

1. Express in exponent form. 

a) 5" X 5^ - 5° e) l6 - 8 = 2^-^ 2^= 2^ 

b) 16 X 2 = 2^ x2-^= 2^ f) 100 X 1,000 = 10^ x 10*^= 10^ 

c) 7^- 7^ = 7^ S) ^ X 32 = 2^x 2^ = 2^ 

d) 125 5^ = 5^-^ 5^ = 3^ h) 81 - 3 = 3^^ 3^ = 3^ 

2. ?ind the number that n represents. The first one is 
done for you. 



a) 1" = 


n 


n =. iO 


d) 


n 

^ " 








■0) 1 = 


n 

3o 


n = 12 


e) 


12 

10 ■ 








c) 


30 
oO 


n - 6 


f) 


3 _ 
5 




= 30 




Arrange 


according to value. 


putting 


the smiallest first. 




Example 


a is 


done for you 












•> 

a) f . 


1 1 

3 ' -r 


,1 1 1- 


d) 


10 


' 9 ' C5 








1 1 
5 ' D 


' t ' 7^ 


e) 




2 1 
' 15 ' 10 


UO ' 15 




c) ^, 


2 2 
5 ' T 


.2 2 2x 
^5 ' ~ ' 


f) 


3 

10 


1 7 
' 3 ' 30 


f 7 ^ 
^3o ' 10 
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What exponent does n stand for in 3'' - 9? You know that 

2 

5x3^9. Then 3^9 and n = 2. Copy tne problems 
and fine n for each. 

a) 2" - 5 , n - f) 5^ - 625 , n - 



b) o' - 216 , n = 3 g) 3^ ol 



:} 3'""* ^ 2^3 , n ^ 5 j^O - 6^ , n ^ _3_ 



e) 3^3 , .1 = ^ J) IC' = 100,000 , n -- 5 

Place parentheses in the following to make tne sentences 
true. Example: 3 + 13 - ^ ^ (3 -r 13} ^ t ^ ^ 

a) ^ - 1 X ^ - 9 e) 6 - 2| + li - 4 
(3 ^ 1) X o = 9 2^ ^ 2 

b) 1- - 2 . 5 W D t >^ 3| - 2i= 2^ 



I-' - (2 . 5) = 



x5-2 = 2S s}3-r3-5-- lyp- = i-.S 



X (5 . 2) ^ 26 



'2 -iO 



d) 17 + o X -T ^ 50 r.) iJ - St ~ 1^ 

(17 - 3) X - = oC 3 ^ - 

13 - (9^ + 2^) = ^ 

Estimate the two wr.c_i; r.'ar.bers the s'li.t. or product r.ust be 
between. .-.r. exa-ple is done for you. 
ELxa.T.ple: 2|- -;- 3-^ , 5 a^d 7 

a) 54 -r 15 and 17 e) 6.9 x 7.5C 5o 

b) 0.25 X 2.- 6 ana 12 f) 12^ r 15^ 27 and 29 

c) ^ X -r^ C and 5 i) 23^ x ^ C and 2t 

d) 12 ana 1. h) 6^1 ^ .^2| 17V and 179 




In eacn polygon below the sizes of sone of the angles are 
shown. Write the Pleasure of each angle whose vertex is 
r.ar.ed by a letter. Tell wh^t each polygon would be called. 
Sides r.arkeG |i are congruent. Example a is done for- you. 

■ H A 



90" 



~ /3 - 9C 
Rectangle 



e) 




Triangle (Scalene ) 



90^ 



Square 



90^ 



m/C . 90 
Rectangle 




m ^ ^ 90 
Saadrilateral 




m /G = 110 
Quadrilateral 



1 Na::::e of Star 


Approximate distance 
in miles, using 
exponent form 


Approxim^ate distance 

in miles, without 
using exponent form 


■ Procycn 


65 


X 


io2 


65,000,000,000,000 




IS 


X 


10^-^ 


1,800,000,000,000,000 


1 Regulus 


^1 


X 




^10,000,000,000,000 


i Aloair 


11 


X 


10^3 


110,000,000,000,000 


Vega 


16 


X 


lo" 


160,000,000,000,000 


A-^cna Centi^auri 




X 


j-^ X lC-° 


1,080,000,000,000 


1 

; Rigel 


32 


X 


10^ * 


3,200,000,000,000,000 



?l6j 



Parr 3 

Write a Tiathen^atical sentence (or two sentences if necessary) 
and solve. Write an answer senT:ence. 

1. If >:rs . Jones cut ^ c: a pie into t.nree equal pieces^ 

^ 1 

each piece is what part of t.ne whole pie? ^^'J-^-'^^'^' 
£ach piece of pie is of the whole pie. 

2. Ji.Ti has a triangle design on his garage door. The triangle 

has c.ne side 8 inches long and the other two sides each 

6 _ncnes long. Tne a.ngle opposite the c inch side is 

oC^ . W.nat is the su-T^ of the .Pleasures of the ether two 

angles? 6c -r n - l8c or iSC ■ 60 - n , n =^ IOC 
The s'un of the Pleasures of tne other angles is 100. 

o. Rut.n lives 2- r:ile frcr. the librarv. Linda lives twice as 
c 

far fro.T. the library as Ruth does. How far does Linda live 

from the library? "I x 2 - d , d = ^ or or li 

Linda lives 1-=- rr.iles fro™ the library, 
-r. The lengtn of the playground at the Pine Grove School is 

150 ft. The width of this playgrcund is 60 ft. The 

playground at the Recreation Center has zr,- sar.e area as the 

playground at t.ne school. The width of the Center ^s 

playground is 90 ft. What .^lust be the length of the 

playground at tne Center? oO x I50 - n ^ n -r 90 = y 

y - 100 , 6C X 15c ^ y X 90 The playgro'und .T.ust have the 

length of ICO ft. 

5. Xrs . Brown bo'ught 1^ yards of cloth to .Tiake curtains. She 

used ^ of the riaterial for the kitchen and bedrooms. How 

rr.uch .T^terial is left? x 1- ^ r , r - 10^ , 1^ - 10^ r 

n ^ 3-|-. Mrs. 5rown has 3-^ yards of r:iaterial left. 




5. .; recipe for ciessert for six persons calls for — cup 

of sugar. How nuch sugar will be needed to .T:ake the 

dessert for three persons? — --r^r^ — 

^ cue of sugar will be neeaed. 

7. In 1950 the^ population of India was estiir.ated to be 

^ X 2^^ X ic'^. Express this as a base ten n'u.T:eral. 

- X 5 X 10,000,000 - p , p - ^00,000,000 Tne population 

would be -rOC,000,000 people. 

c. plane:, r.oves around the sun. Wnen is closest, it is 

;C r.lllion r.lles froT. r.ne sun. When it is fartnest, it 

Is r.illion r.lles frorr. t:.e sun. v;nat is its average 

distance fro.r. tne sun? V,"rite tr.e average in exponent form. 
,;'C, 000,000 - :?0,CCO,000) 2 - 60,000,000 Its average 
cistance Is cC rr.illion r.iles or c x 10' . 

Jack^s sister in nigh scrxol has an average of 2~ hours of 

nor.e w:rr: eacn school nignt . How rr.a.ny nours will s.he spend 

2 

on nor:.-e wcr-: each schocl.^we^" 5x2^- n n - 11^ 

Jack's sister scends 11— ,.jurs e^ch TJeek or. ho.r.a w8rk, 

o 

3ralntv;isters 

^':ioc^ ,;ritn-etic^' 

Is 10-6 always equal to Ic? (h'c) 

If it is 10 a.r:. now, wnat tir^e will it be 5 hours 
later- ^--.CC 

In co'^.nting hours what nap pens on an ordinary clock after 
zr.e no^r r^nd ge^s to 12 ? (it £:oec tc !■ 

Tne answers to problen-.s in Exar.ple A. are correct only 
for "clock aritnn.£-tic" , 
a(l) ^ ^ ^ J (2) /•v9=- - (3) 5*6-2 (^) llrr-6 

Use ''cl.Cr: aritrjr.etic" to write the S'u^t. "for these, 
b (1) 9r5 • (2) 10*7-5 llfll-10 (4) 5r^-9 

Can you find products in ''clock aritrjr:etic'' ? (Yes) 
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Review 
SET II 

Part A 

1, Tell' which propen:y is illustrated by each of these 

mathematical sentences. Write the first letter of each 
word that names the property. For example, write A ? M 
for associative property of multiplication. 

a) (a + b} + c - a + (b r c) 

b) c + d d -t- c 

c} a X (d X c) -f (a X d) X c 

^\ a^ c_£ a 
b d " d b 



A 


P 


A 


C 


? 


A 






M 


c 


? 


N 


D 


P 


K 



e) (a + b) X c - (a x c) + (b x c) 

f) axb-axb No n^a 

5} (b c) H- a ^ (b - a) + (c - a) ? ? D 

h) axc-cxa 0 P M 

1) 2,^_a c No.^e, 

\JL ^ 

J) (| >^ X f = I X (| X f) A P m" . 

Write the repeated factor form and the ivomeral for each of 

tine following. Example a is done for you. 



a) 2^-2x2x2x 



0) - - X ^ X ^ ^ 6^ e) xO^ = 10x10x10x10x10x10 ^ 

1,000,000 

c) 0^ - 6 X o - JO r) 5^ - 6 X 8 X 8 = 512 

d) - -rx-rxnx-rx-t ^102^. g) 5^ = 5x5x5x5 = 625 
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Answer yes or no to each of the following questions. 

a) Does 0.-15 - 2 o ^ V - ^ t| + T§ • Yes 

b) Loez 4.2 X 3.5 ■= ^^'^^ ? Yes 

10 

c) Does ^ 0.56 ? No 

ic'-* 

-i) Does O.Zyi = l^QQQ ? Ye^ 

e) Does ^ . , | , 2^ , ii] Yes 

!•) Does - b ? No 

:;) Does ^x|xi-7xfxt- No 
1) Does 3-1 X - 20^ ^ t| ? ^o 
J Does ^ X ^ - ^ X 1 ? Yes 

Write the follcwins as decimals j fractions, and fractions 
with deromlnator in expop.erit form. Example a is done 
for you. * 
a) T-A-o and four tenths 1,2.4 , Yo ' — 1' 

2n^^ 24 \ 

b; T^A-enty-four hundredths (0.2-t , . — 

^ 60S 3o6 

c) Three and six hundredths (3.06 , , — ) 

3 0 ^ ^ 4 3 0 

d) Four and tnirty hundredths ( 4.30, — ^ ) 

e) Five and sixteen thousandtns (5.OI6. iqqq ^ '^T^ ^ 

-24*^^ 324\ 

f) Tnree hundred twenty-four hundredths (3.24, , — ^} 

16^ ^64 

One hundred sixty- four tenths (16. -r, ^r^^p . =r ) 

"10 

3970 39'' 

h) Thirty-nine and seventy hundredths (39-70 , • loo"' - 

2C041 200'' 

i) Two thousand four and one tenth (200^.1, — — 
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In eacrvtriangle below zhe sizes of sor.e c: zhe angles are 

sncwn. Write the measure of eacn angle whose vertex is 

named by a letter. Tell what eacn t^riangle wculc be callec. 

Sides mar.-:ed || are congruenc. Example a is done for yoi 

C 





,3 /6C^ 60^\ 



S c 1 c r. 







Some countries use the me::ric system to mieasure length 
is a decimal system^ as shown below, 

10 m.lllim.eters (mm) - _ centimeter (cmO 

10 centimeters 



It 



10 decim.eters 
1000 meters 
Fill in tne blanks, 

a) 1 mjm - . 1 cri 

b ) 1 mjr. ^ .01 dm 

c ) 1 mJTi - .001 m 



1 decim.eter (dm.) 
1 meter (m) 
1 kilom^eter (km.) 



d) 1 m 

e) 1 m. 



1000 mm 



100 cm 



50p 



ascrcnc-er was trying zo Tir^c now many -lies it is iro:n 
-ne center cT tne eartn to tne cente: c: tne -ocn. This 
was n.s r.atner.atical sentence, (6 x IC) x i- x IC") - n. 
Hew -any -lies is if? (2-C,CCC miles) 

Tne mass (not we-gnt) of tne eartn is 6,00C million million 
m.illion tons. Usin^ exponent iorm. tnis coulc: oe written 
as c X IC^\ Wnat n'om/oer ooes n represent? (n - 21) 



com.e ^cien 



:i3ts say tne eartn is about five billion years old. 



■.Vri-:e tne a>;e o: tne ear ^ ^ 

(-,GGC,OGC,CCC - h X 1,CCC, 000,00c; _ 5 x 10 x x .0 x .0 x 
IC X IC X 10 X 10 X 10 - X ^.7^ ; 



Part B 



sentences if necessary) 



v;rlre a ma tne::.a tlca^ sentence '^or 
ana solve. V.rite an answer sentence. 

1. ^'-jorge oen^ a piece of wire to form a triangle. He found 
zr.e size of one angle to be 90^ and the size of another 



--g:^ zo be ^0^. W.nat will be the size of the tn.lrd angle? 
loC - (^0 + ^0) - n , n ^ 6. , 90 ^ 30 - 120, loO - 120 - n 

■ oC The size of the tnird angle will ce oO" . 
James can run one-fourtn mile in 2f- minutes. At this speed 

how long will it take to run one mile? ^ x 2-i- - n , n -- 9 
James can run one mile in 9 minutes. 

Eddie rode nis bicycle 3.f miles in fifteen minutes. At 

tnis -speed how far does Eddie travel in one hour? t x 3.7= r 
r - It'.o Eddie travels l^.S miles in one hour. 

An airplar.2 is traveling at 2'' x 5 rr.lles an hour. Sxpre. ^ 

'ris as a case ten n'onieral. l6 x 23 = s s = -OC 
Tne plane is traveling at '.OC miles an hour. 
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Review 

-rrange Ir. the order of size fror. least tc greatest. 



, Co , C.C'7 , O.IC (C.C7, C.IC, 0.55, 0.6} 



Ari^e tr.e pair cf ecual Tractions in eac.n of the following. 
Tne first one is worked for you. 

'''' r ^ 7 ' c '^2 ^ 9 ' JO ' JO ^9 ' 3o^ 



y 7 ^ i^ 10 ^5 ^ lo" ~ ^ ' 12 W ^ 12^ 



7 ^ r ^ o ^7^7^ . I? ^ if ' 12^ 

Find me n'jjr.cer ^nar- the letter represents. Express answers 
in si.T.olest foriT:. 

a) - -t i - n n - ^ e) 2.6l x 0. T - p p - 1.96? 

-I - -] 

c) f p ? ^ ^ ^"^^^ if - - ^ ^ 

c) 0.5 X 0.6 - r r - 2.16 s) l6.3 x 0.09 - b b = 1.467 

2 \ ^ - 1 

- ^- 2 . Z _ d d - — h J 6 X ^ - 0 c ^ Jig- 

^ ' J o o ' ^ 

Pi.nd the .nuir/oer tnat n rec resents. fell whether it is a 
prir.e or a cor.posite n'^T.ber. 

Ej^a.T.ples: 2^-r 1- n , n - 9 cor^poslte; 2^- 1 n , n - 7 prime 

a) c"^ - 1 - n n - bC coniposite e) o"^ -r 1 ^ n n ^ 37 prime 

_2 



2-^ - 1 ^ n n ^ 31 crime f) 5 - 1= n n - 2^ composite 

.- 1 = n n - 17 prime h) 1^ n n-lC23 composite 



30S 



5. Express eac- of zhese :v_--.bers as a prcciuc^ cT crlr.es. 
Exar.cle: l£ - 2x2x2x2 



^5 - 


5 


X 


5 


X 










X 


2 X 














3 


X 


3 


X 


3 X c 


^ \ 


or - 


3 


X 














27 ^ 


3 


X 


3 


X 


3 




32 ^ 




X 


2 X 


2 


X 


2 


X 


2 


21 - 




X 


I 






- ; 


c — 


2 


X 


2 X 


2 


X 


2 


X 


3 


12 ^ 


2 


X 


2 


X 




J) 


2 J - 


3 


X 


3 X 


J; 


X 




X 





A'r.icn rr.e above n'^T/cers could be wri-c^er. in exponent; 

forr; as a cower of zwo? £>:a.T:ole: l5 - 2 \ Arlt:e :;ne.T:- 

' ' (o2 - 2^} 

Whlcn could be writter In exponent forn: as a power of rnree? 

v;rite tne-. (61 - 3^^, 2-3 - 3^, 2? ^ 3^) 

6. A ten Toot: ladder Is leaning against a wall. The top of the 

ladder is c fee^ frcr, zhe ground. The botton: of the ladder 

is 5 feet fror. z'r.e wall. What kind of triangle does this 

suggest? (Scaler.e) Where will tne largest angle of th^t 

triangle be located: v:nere the ladder :;^-^ches the wall or 

ground, or where the ground and v;all toucn? (Where the ground 
and wall touch) 

Part 5 

Write a r-athe.T.atical sentence (or two sentences if necessar^/'} 
and solve. Write an answer sentence. 

1. Jill is cutting out a pattern. One piece has the shape of 

an equilateral triangle. One side of the triangle is 3^ 

inches long. How rnany incnes will Jill cut when she cuts 

out the triangle? 3^ x 3 - n , 3^ -r 3^ -r 3^ n, n - 102 
Jill will cut 102 inches. 
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There were 36 cr.lldren in Miss Heyler^s class in Januar:?^. 

Tr.ree-f our^.'.^ of zhe class had perfect attendance. Hew 

3 

riany cnlldren r^d perfect attendance? — x 3o ^ a , a = 27 
27 children had perfect attendance. 

A snail crawls - of an inch in one ninute and of an 

inch the r.exz riinute. Hew far does he crawl in the two 

9 ^ 
In two Tiir^utes. 

Dan caughr a lake trout tnat weighs 2^ pounds. How manj 

1 ^5 
o'^^nces does the treut weigh? Id x 2^ - w , Id x = 

w — or w - 40 The trout weighs 40 ounces. 

2 3 

1 astronaut is traveling around the earth at 5 x 10 



rr,i es? . f - | - n , + ^ n , n ^ ^ or 2^ The snail 
crawls 2Tr^ inches 



rr.iles an hour. He travels 7^^,0C: miles each orbit. How 
long will it take him to make one orbit? 

25 X 1,000 X y - 75,000 or 75,000 (25 x 1,000) = y y = 3 
One orbit will ^ take 3 hours. 

David.^s father weighs 196.5 pounds. David ^s weight is -j 

ef his father^s weight. What is David^s weight? w = 65-5 
196.5 X i = w David^s weight is 65.5 po'unds. 

A dress pattern calls for 3-| yards of material. Mother 

v;ishes to r:ake dresses for Mary, Jan, and Denise. Hov: 

3 1 
much m^aterial does she need? 3 x 3-^ m m = II7- , 

3 X 4^ - m m ^ -^2. Mother needs ll-i- yards of material. 



The following statements are true. What num^ber base other 
than ten is used in each? 

a) I am 13 years old. In three years I will be a 

teen ager. (Base seven) 

t) Tnere are 100^ inches in one yard. (Base six) 

c) My birthday is' in October, the 12^ month of the .year. 

— (Base eight) 

3lo 
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INTP.CIL'CING THE INTEGERS 



PUHPOSZ 0? U?CIT 

The purpose of rhis "vinlt is *:o extend the concept of r/jr/oer. 
The concept which the children now have :.s cased on experiences 
v;ith thjree kinds of n'or/cer: co'onting n^OiT/cers, whole numbers, and 
fractional n/onbers. In this ^^.it a fourth useful kind of number, 
the integers, are introduced. 

The specific p'orposes are: 

1. - To introduce zhe meaning of integers 

2. To introduce a Sj^nbolisiT; for integers 

3. To introduce the operations of addition and subtraction 
•with integers by use of diagrams 

To guide children in the use of integers and the 
realizaricn of their importance 

This ^unit is intended to provide ar. introduction to integers . 
The p^arpose is one of meaning and awareness rather tha:i the 
developmient of skill. It is recoinraended that the teacher not drill 
for mastery of addition and subtracvicn of integers. This skill 
will be developed in later units. 
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z nu:nl;erG arose hls-oricallv out of a 
zor.-jrs arose frcrr. situations v;here co^onting 
r.i::s v;ao \;lzh respect: to a fixed reference 
rocticn of counting or r.easuring v;as impor- 
n:::uations ai-e neasuring te:r:perat^jre in 



a sour a ::e: 



)eraoure of 30 



belcv; 2:ero, an altitude of 300 
belcv; 



:e aenoteu oy 



•.^ O — '-^ — - 



::i-.-e rv;o/' "negative one,'' ''zero,'' "positive one," 
. . . The superscriots ~ and " ' 
i--zi^c.zion of t 'n e i n t e r e r zo the reference n um b e r 0 . 
*:ten v:i*:houT: a suoerscrin*: . In zhe P^upils^ 3co"k no dis- 
:::ion v;ill ce n:ade oetv;een integer as a n-ur.ber and integer as a 



_n"ce'"ero 
:pozite3 . 
:e of *2 



^1 and "1, or "^2 and "2 are 
Thus ~2 is the opposite of '2, and '2 
Zero is co::sidered to be its ov;n opposite. 



Using integers, one could speak of a tenpera'^ure of '32 



12) 



zero or an a-L t i tu ae 



which we agree to niean 52 degrees above 
"500 (negative 500 ) feet, which we agree 



means 50C feet below sea level. 



3 

^ ^ ^-w 

O 
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o C >^ '-J -> 



. CL t:: ^ t::^ V 



^ r; ^ V ^ a ' 
r» ,^ ^ - : -r» 



-O— ► 



r'l,T-:re is a aiarrarr: o: reia:;:! 
equally spaced, labeled lots are the 



a. V w*.-. 



line. This is "chcught cf net only as a rrjjnber line, but also as 
a guide to the eye in rr.oving fror: dot to dot. The equal spacing 
of the dots is iriportant in this and similar diagrams later in the 
unit, because "che addition and subtraction of integers will be 
presented graphically. 



2 r:a^:es 1:: aocareni 



oositive 



::nougnt o: as e:ct:enainc inae:inite-.y to tne 

to "che left ; 



n *" o — o ^ 



opposite Integers such as ana 



are recresentec 



acts soac 



2:/rme «.ricaj.j.y zo zr^e rlc;n:: ana leit ci 



■^'ne oraer ot tne 



ne ir.:-er:er; 



:airs 01 



ore- 



rher-.selves to the eye in a nat^^iral order 



\<e say: 5 is r;reater than '2, because we must add '3 to ^2 
to get '*'5, This is the same explanation v:e used with whole n'ombers 
to determine if one is larger than rhe other. That is, a > b if 
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scr;e nur.ber 2, greater ::har. ziro can be alced tc 0 sc ^nat 
a = b - c. *"2 is greater zhan because 5 rrjst be 

added zo get *2. "3 is greater z'r,c,.. '10, because 

*? rrusr be added tc 'IC to ^ez "3.- ir. :r.atheratlcal 

s:.-nbols, ^5 > *2 > '3 > "iO. v;e r.ay also say "2 is 

less Chan ~- is less ::han *'2, -.-'ritlng "2 < "5, 

< ^2. No-e rhat in *5 > "^2, *2 > and ^3 > "IC, a 

positive in-eger was added ro the ST.aller n-a.Tcer to indicate that 
the orher n-jr.ber was z'r,e larger of the ::*ao nu.T.bers . v;e have 
agreed chat positive integers will be shown to the right of zero 
on the n^omber line and negative integers to the left of zero, and 
that going fro.T. left tc right is going In a positive direction, 
while going frc.T. right to left is going in a negative direction. 
'^e can say, then, that any integer represented by a dot on the 
r\\:-bev line is greater than any integer represented by a dot 
on the n'unber line if this second dot lies to the left of the 
first dot. 



Starting v:ith any integer, for exa.T.. 



cle 2, v;e can CQ-^nt forv;arc by ones, '2. '3, 5, ... or 

backward by ones, "^2, "l, C, "1, *2, ... as far as we please. We 
can alsc 'j^unt fcrv;ard or backv;ard by other r/jr.bers, e.g., by 
thro 53: 2- 7, ^ ^ 3 ... or c ^ 1, ■■, ., ... 

Addition of whole n'LLT;bers can be described as repeated 
counting. Addition cf integers may be similarly described. The 
only difference is that we may have to count bacicward (to the 
left; as well as forward (to the right). For example, the 
addition "^5 - "2 = *3 may be thought of as "Count forward five 
from 0 and then count backward two from positive five to posi- 
tive three"; the addition "5 - "^2 = "3 ^-ay be thought of as 
"Coujit bacicward five from 0 and then count forward two from 
negative five to negative three." "5 "2 would mean, "Count 
backward 5 from zero and then count backward two from negative 
5 to negative '^." This metiiod of approacrJ.ng the operation of 
addition has seme advantages, but it is not emphasized in this 
unit because it has the disadvantage that little know"^: r- -^.ce of 
■^he nature of the '"deration of addition is Impart'^: by it. 
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Recresenwatlon of integers by arrows . Ps. integer such as 
^5 r.ay be represented by drawing an arrow five spaces long 
parallel to the n-Limber line. In Pig^are 5, three such arrows are 
shown. We agree that arrows for positive nur.bers shall p 
the right and arrows for negative nur.bers shall point to the le 
The arrows all point to the right because ^5 -^^ positive. Each 
arrow is placei so that it begins at one dot and ends at another 
dot on the nur.ber line. It T.ay be started at any point that is 



o to 



c. arrow is identified oy writing tne na.T.e o. 



convenient . 

integer which : represents dlrecT:ly above it as 

* 5 



:ne 



Figure - Illustrates the arrows used in graphical repres ^-n- 
taticn cf integers and the nances used to describe the arrows. 



Heac 




Integer representee 
by r-j'^rov;. 

Head 



The nu^Tiber of spaces between the head amd the tail of the 
arrow is called the measure of the arrow. In this unit it is a 
whole number. This conforms with what children already know 
about measurement; that is, that a m.easure is a whole n'om'. r. 
The measure of the ai*rows in Figures 3 and - is 5 (a whole 
number) . 
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In Pig^are 5^ arrows rep_ '-sending "5 and *2 are shown. 
Note rhat they all point to the left. The r.easure of the "5 
arrow is 5. The measure of the "2 arrow is 2. 

In all graphical representations, positive is thought of as 
"to the right" ana negative as '*to the left." 



<- 



12 -2 

^ 



— P — ^— ^ p C — 0— p © — 1>-> 

~S ~5 "4 ~5 "2 "i 0 ^2 ^3 ^4 ^5 ^5 

Fi£-^e 5 

Henarning. Considerable use has been made previously of 
renaming a n'orr.ber. For exaniple, the whole n'lanber three i.'^-y be 
rena-Tied 2 -f 1 or - - 1 and the fraction i may be renamed 

1 -f or ^ - i. In these names the S'/rabols -f " and " - " 
denote the operations of addition and subtraction. Observe that 

2 -f 1 and ^ - 1 do not denote the performance of these opera- 
tions on 2 and 1 or ^ and 1, but the result of performing 
the operations; "2 -i- 1" and " ^ - 1" are sim^ply other names 
for the" whole num.ber J. This fact As expressed by the mathe- 
matical sentences 2+1=5 and 4-1=5. 

In this unit, the symbols " -f " and " - have other uses 

beside denoting operations on integers. *^nen " -r " is used as a 

superscript^ as in " ^2," it is a part of the name of the number 

"positive two.^^ It does not denote a.'i addition. As a superscript, 

it ser^/es to distinguish the integer positive two, "^2, from the 

2 

whole number 2 and the fraction It also distinguishes posi- 

tive two from its opposite, "negative two," Similar remarks apply 
to the symbol " - " when used as a superscript. 

The operations of addition and subtra^-tion of Integers are 
denoted by the same S3rmbols " + " and - " as the like-named 
operations on whole numbers or fractions. The operations have 
very much the same properties. For example, addition of whole 
numbers and addition of fractions are both associative and commu- 
tative operations. Addition of integers is also an associative 
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and cornnrL: rarlve operation. 

The associative property for addition of integers will not 
be developed in this unit, but extenoive use will be rr.. ie cS the 
coirniutative property. 

RenaixLng integers is conveniently done by using the arrow 
representation on the n^umber line ar.d rena.TJLng eirher from the 
figure or by counting. This is illustrated on pages 551, 35^, ana 



255 of the Teachers^ CoTjr.entary . 

The r.ather^tical sentences used to descrj^be a renaming are 
similar to those used to describe renaming whole n^Jimbers or frac- 
tions. For example^ the integer **5 may be renamed "^^ 4- "^1 or 
"^7 ^ "2 or '^7 - '^2. We, shall see thxat "^5 also renames 
^7 - '^2, ^7 4- "2 ajid -f "^1 . Observe that the expression 
" "2 denotes the result of operating with addition on. the 
integers "^7 and "2. It does not denote the performance of the 
operation. 

To per*f orm the addition or to add '7 and "2 is to rename 
tne integer '7 "2 in as simple a way as possible. To indicate 
the perform.ance of the operation, one wrrltes ^7 "2 = s.- Here s 
1-^ called the s^^m of and 2. It represents the sim.ples;: name 

for ^7 - "2. .'.'hen it fo^-md that the sum is ^5, the addition 
has been perfomed. If the s^om. is unknov.r., it 'is called an unknov^n 
sum.. The addition has b^en indicated, but not performied. 

It is immaterial io-* the s'ur: s is fo^ond,. s m.ay be fo'und 
informally by counting ba:>: two from "^7 or s may be found 
gra:.hically by the m:ethod presented in the following section, s 
cou- i also be fo'Lind by a .uitable comoutation 'with the whole n*um- 
ber ^ and 2 'which zhe. pupils wi: 1 learn in later miathem.atics 
cours "S . 

.■h:.tever method Is e/rployed^ ^'.-^ T-^">ult is the same: the 
integei denoted by s in the r .^hematical sentence below is 
rename'-" ^5. 

*7 -r "2 = s 
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orocedure of -zrsLOhloSil 



'ji^ZTcLZZ'^or. using arrows anc t:ne. nu.Ticer .Line aiagran: 
r.ic *ur.it as best fitted tc teacr. zhe rieanin^ of the 



,i'c.y):\Lz^l addiuicr. is ejcplained cy the follOv\'in 



i-.-.ustrate a variety of slr^ole 



^ ( second^ addend ) 



*5_Jrirst addend) 



<-6 — — — ^ ^ ^ — f — <jp ^ ^ ^ 9 — > 

~7 ""S "5 "5 ""2 "i C * 1 *J *3 *5 *6 *7 



o — 



r irpure o 

<- ^ tsi^O 

^ ( addend) 

^ ~5 (ad dend ; 

<— ^ ^ ^ — ^ — ^ — d — ^ 

"7 "6 "5 ~4 ~3 "2 "! 0 ! 

"3 "2 = s; 

Figure 7 

(a ddend) *6 ^ 




7i_ (addend) 



^-i — i — ^) — ^ — ^ — ^ — \ — ^ ^ ^ — ^ — ^ ^ 0 — 
"7 "c "5 '"4 -3 "2 -! 0*1 *2 *3 *4 *5 *6 *7 



rlgure 8 
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(suml s ^ 

addend) 

"7 ~6 ~5 ^4 '^Z "2 ^\ 0 *2 *3 *5 *6 *7 

"^5 ~ "1 = s; s = "^5 

Figure 9 

Certain general features of the process of graphical addition 
presented here should be noted. 

(1) In an aaciitlon b + c = s where b and c denote 
integers and s the uniaiown sum, the arrow for the 
first addend b is always dra,vn first. Its tail 
is directly above zerc It is drawn Just above the 
number line. It is drawn to the right if b is a 
positive integer and to the left if b is a negative 
integer. 

(2) The arrow for the second aadend c is dra;;rx next, 
Just above the arrow that represents the first 
addend. Its tail starts directly above the head of 
the arrow for b arid i-cs direction depends on 
whether the integer c is positive or negative. If 
c is a positive integer, its direction is to the 
right. If c is a negative integer, its direction 
is to the left. 

(5) The dotted arrow giving the unknown 3um s is then 
drawn .just above the arrow which represents the 
second addend. Its tail i3 always directly above 
the 0 dot. Its head is directly above the head 
of the second arrow. The sum s is the integer 
directly below its head. 



Ad'iip.r; oooc3ites. 



. act: 



: is aiv:ay3 zero :r.ay oe :nov 
11 Indicate the pro: 
:hece cases. 



that the s'uT. of tv;o opposite inte- 
cy graphical addition. Figures IC 
Jo arrov; x"o"^ the s^t. can be dra*A^i 



"5 "2 



f adden d) 
Tadq ^nd ) 

-6 — ^ — — ^— ^ 
"2 *5 *4 *5 ^6 ^7 



* 4 (addend ) 
i — ^ 

fa ddend ) 











<--6 — o — © — $ — 6 — i — 0 — ^ — 0—6 — ^ — c — < 









D ~5 *4 "5 "2 "1 0 *2 *3 *5 ^6*7 

- - S: 3 = C 



lang^;a5e 



:je:orc zr.e operation ci suctraction 
'.he r.eaning and vocabulary of 
.z:: 01* adiltlcn and subtraction of vrhole nurfoers should 

See Chapters 5 and 6 of Grade ?c^:r. No special lan- 
;ubtracticn of integers is needed. It is the same as the 
r the subtraction of v;hole numbers as suinmajpized in the 



fOj.icv;lng paragrapns. 



.■nov^n 



^ kJ J 
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graphical subtraction . Figure 12 Is another Graphical repre- 
sentation of an addition sentience. Flc'ore 13 Illustrates the 
naTilnc of the urj<nov.T. addend n In the sentences ~7 = ' 2 -r r: or 
^-^ . ^2 = Fl-are 12 Is Included here icr p^^pose of comparison 
v;lth Flcure 12. s (unknovrn sut>) ^ 

-^ 4 (knov.-n a dzer.d) 
*3 ( knov^T. addend) 

<^ — ^ — ^ — ^ — 0 — ^ — ^— i — t — ^-^9 — ^ — 0 — 0 — 
*r ~6 "5 "4 *3 "2 "i 0*1 *Z *5 *4 *5 *6 *7 

""2 - = 3; s = ■ 7 

?li:ure 12 

::cte zhe similarity oT the loca::lon of "he arrov; for the s^un, 
and "he arrovrs for "he fire:; and cecond addends. ::ote also "hat in 
?l:'ure 12 the url-:r.ovrn s'um Is s>e"^-:hcd" as a ''dotted" arrov; ar.d in 
Figure 12 ::he un^r^cv/n aC^dona Is shetched as a ''do"ted'' arrov:. A 
dotted arrow will always ^ 7 (-<nown sum) ^ 

represent the unlcncwn n (-unknown addend) 



■^5^^- *5_^kncwn azder:z) 



<— 0— O— 0 0 — O — O — 0 — ^ 0 — o- 



"4 ^5 *2 ~I 0 "2 *5 *4 *5 "6 "7 

= -3 - - 



The procedure for drawing the arrow diagram of th£ jntence 
= ^ m of Fig-Lire 13 is: 

(1} Draw Che "^3 arrow for zhe known addend Just above 
zhe n'umber line with irs tail directly above 0. 

(2) Draw the ^7 arrow for zhe s^um. at the ::op as In 
arrow diagram.s for addioicn. This arrow has its 
oall direccly above C and is drawr. zc zhe right 
because "^^ Is a positive integer. 



(5) Draw a dotted arrow from a point directly above 
the head of the "^5 arrow to a point directly 
below the head of the "^7 arrow. The "dotted" 
arrow represents the unknown addend. Thus m = ^« 

Figures 1^ and 15 also illustrate the subtraction of integers. 
In each case the construction proced^ure follows the pattern used 
for the construction of Figure 15 . Other arrow diagrams appear 
with their explanations on pages 373-376 of this Teachers^ Cormen- 
-ary. -5 (su n:) 

^ m (ad dend) 

*5 (ad(^e nd) 

"7 "o "5 "4 "3 ~2 "1 0 ""l ""2*3 ""5 ""S ''7 

"3 = '5 rr,: -3 - "^5 = n = "8 

- — ^ — ' 

_rn__( addend) 
^ 7 ( addend ) ^ 

— ^ — i — ^ — if — i — ^ — — e — ^ — ^ — — ^ ^ 

"7 ""6 "5 "4 -3 ~2 "1 0 ''I ''2 *5 ""S *6 * 7 



Lgure 15 



Subtraction of integers can be easily illustrated with arrow 
diagrar^s as was done above. Pupils are already familiar with the 
language of subtraction using whole numbers; that is, "In a sub- 
traction problem, I am trjrlng to find the unknown addend." 
Children should identify the addends and the sums in many mathe- 
matical sentences involving integers before drawing arrow pictures 
of them, iz might be most helpful t: h^ve children rewrite sub- 
traction sentences as addition sentences; e.g. "5 - "^6 = m or 
"3 - m - "^6 cr m - "^6 = "3 . This need not be done, of course. 
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especially If children are very adept at recognizing the addends 
and the sum in a subtraction sentence which contains integers. 

Belations between addition and subtraction . Subtraction of 
an integer is used as undoing the addition of that integer. Just 
as subtraction of a whole number undoes the addition of that whole 
number. This is important because it shows that the operation of 
subtraction may be dispensed with in working with integers; every 
subtraction may be replaced by finding an unknown addend in an 
addition sentence. For example, the subtraction sentence 
T5 - "^7 = m is replaced by "5 = m 4- "^7 in which "5 Is the 
sum, ^1 the known addend, and m the unknown addend. 

Other symbols for positive integers . In later work in mathe- 
.Tiatics, when meaning has been developed, the S3rmbols "^1, "^2, "^5, 
... which denote positive Integers are usually written without 
superscripts thus: 1, 2, 5, ... . This substitution of the symbol 
" 1 " for " " 2 " for ^' "^2,^' etc. does not mean that the 

whole n-umber three and the positive integer are the same 

number. Later in his study of mathematics the pupil may find that 
the counting numbers and positive numbers are used Interchangeably 
although they are different numbers. The following three para- 
graphs show why this may be done but it is not intended that this 
be presented to the pupils at this time. 

Let us establish a one-to-one correspondence between the 
counting numbers and the positive integers. This is done by 
simply saying that 1 and *1 correspond to each other, 2 and 
^2 correspond to each other, etc. If the sets of counting num.- 
bers and positive integers are sets A and B respectively, the 
one-to-one correspondence may be indicated thJLs way: 

A = [ 1> 2, 5, 4, . . . , a, } 

t t t 

3=[1, '2, 5, ^, 3-^ ...-j. 

Now we consider sums and produc::s of two num.bers in set A 
and the corresponding numbers in set B. The s^um of any two num- 
bers in set A is a number in set A and the sum of any two 
numbers in set B is a n*jmber in set 3. If we find the stum of 



any two nu-'nbers of set A and the sum of the two corresponding 
numbers of set 3 then the sums will be corresponding numbers in 

sets A and 3. For example ^< 5"^ ^ -r 5 = 9^ 

"^4 ^ ~5 = ^9 and 9 and "^9 are corresponding numbers in sets 
A and 3 respectively. Similarly if we find zhe product of any 
two mambers of set A and the product of the two corresponding 
numbers of set 3, then the products will be corresponding num- 
bers in sets A and 5. For exam.ple ^ x 9 = 5^ and 
■^i; X "^9 = "^56 and 36 and "^36 are corresponding numbers in 
sets A and 5 respectively. 

Tne preceding paragraph may be summarized by saying the sets 
.A and 3 are isomorphic, or they are abstractly identical^ and 
the n'Lii-iibers in the two sets may be used interchangeably. Con- 
sequently the positive integers may be used for all purposes for 
which the counting numbers are used. As numbers, they are 
different from the counting numbers, but they are operated on and 
ordered in precisely the same v;ay. 

If the pupils are to realize fully that the integers are 
new numbe" (i.e.^ new in the sense that they are introduced afte 
the couL'.ring numbers} it is necessary that the superscript " + " 
in the ^^jinco'^ for a positive Integer be retained. If it is not 
retained j numbers 2 and "^2 will likely be identified with 
each orher without any Justification. Consequently it is recom- 
m.ended the ^^-.parscript be used throughout thjLs unit. 



II^ODUCTION TO irriEGZRS 

Objective: To Introduce the meaning of and zyrr.collsn for 
integers , a nev: kind of n'OTiCer 

To Introduce the arrov; " or ^" as 

a means of diagraming an integer on a ni;miber line 

Materials: Iriir/oer lines made on paper with dots labeled with 
integers for teachers to fold to show oppositeness 
of pairs of integers 

Dittoed copies of numcer lines for children 
(See suggestion on page 555) 

r/omber lines r.ade on cardboard to use on the chalk 
tray or biilletin board as a time-saver. These 
may be made in secticns and fastened together with 
masking tape for ease in folding for storage 

Vocabulary: integer; " ~5 " read "positive five 3'^ " "2 
read ''negative tv;o"; arrov; diagram; measure of 
arrov:; direction of arrov;; pair of opposites; 
head of arrov;; tail of rrovr; reference dot 



The r:ethod suggested for teaching is that of 



discovery. 



Presert a line on which dots are located at 
equal lnte:'vals as shown in Figure l6. Arrows 
are used it the end of the line to shcv that it 
extends m both directions without ending. 



^ 9 f » C 9 ? # ^ 

?\jure 16 

The dots or. the ].ine should then be n^jr/cered 
as the teacher says, ''V^e are going to put sor,e 
c^-^/ools for nev;' n'ur/oers on this line.'' The zero 
should he located first, then pairs of dots so the 
children will understand zhe relationship of the 
numbers of a pair. Locate the pair "^1 and "l 
next, then ^2 and "2, etc. After zero and 
several pairs are located, call them integers and 
read " "^2 " as "positive two," " "2 " as 
"negative two," etc. See Figure 17- 



— ^ — ^ — ^ — 6 — ^ — o — if — o — ^ f 

"5 ~4 -5 "2 "1 0 *2 *5 *4 *5 

Finure 1'" 



The sir:ilarlty of this rjur/oer line to other 
scales should he discussed. These scales and 
others should he aravm a>id the nethod of indica- 
ting direction fron a reference dot nade clear: 

(a) Thenncmeter:^ Scale drav:n v.d.th language 
"belor zero'" and "above zero" indicate:: 



(b) Scores: Some games result in scores 
that are "in the hole" or "out of the 
hole." Scores "in the hole" are repre- 
sented with negative integers while 
scores "out of the hole" are represented 
with positive integers. 
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(c) Altitude above and beiov/ sea level. 
Altitudes accve sea level are repre- 
sented with positive integers arid belov; 
sea level with negative integers. 

Iz .^houlc be broug:-;:. ou:. by quesrlonc ti'.ar al^ 
of these lines have dots indicated at equal inter- 
vals, have a definite reference dot, have dots 
niarked in pairs on each side of the reference dot, 
and have pairs of dots narked to indicate opposit e- 
ness. It should also be clear that: by agreenent 
either direction rr^ay be positive if the opposite 
1 direction is negative. 

:• Connect the pairs of n'o-T/oer s™/ocls as shov-Ti 

ii in Figure l3. Discuss the fac;: tha^ integers 
\\ appear in pairs and that the members of the pair 
number dots the same distance from zero. "1 is 
paired with ^1, *3 with "^3, and zero with 
! itself. 




3'igure iS 

j! Er.phasize the cppositeness of zhe r.er.cers oi 

i; each pair of integers. Show this oppcsiteness by 
;; folding a n^unber line at zero so tha^ 1 falls 
11 on "1, etc. Discuss s;>^jrietry of dots to the 
i| right and left of zero, that *3 is zhe opposite 
^1 of "^3, that '"3 is z'-e opposite of "3, etc. 
11 Aj^.d, that zero is its ow-n opposite. 
*| Discuss with the pupils the order relations cf 

the integers. You wi_^ i^ecognize that it is not 
;| possible to define ''greater than'^ and ''less than" 



|| in rerms of addition at this time since the pupils 
li have not yet studied addition of integers. After 

i i 

:j addition has been studied you can show a > b if 

I there is some positive integer c so that; i 

j a = b + c. For example "^2 > ^5 since ] 

ij "^2 = "5 4- "^5; "6 > "IC since "6 = "iC 4- "^^^ | 

ii 0 > "5 since 0 = "5 -r *3 • 3'-:t for zhe present, j 
;j the meaning of "greater than^' and "less than" for | 
ij integers will need to be made clear intuitively 1 
]! by use of zhe num.ber line for integers. Tlie dis- | 
li cussion with the pupils might go somewhat as 

Ij suggested in the next paragraphs. In the pre- 

j sensation use the n\::m.ber line which shows the 

; integers. *' 

Is the whole number 5 grea'Cer ohan the whole number 2? 
(Yes. The pupils may say this is true because they must add to 
2 in order to get 5 or they m^y say it is true because 5 
is to the right of 2 on the nujuber line.) 

Does the greater one of any two v^hole num.bers always label 
a point farther to .ne right than the other one of the whole 
numbers? (Yes . ) 

Are all the other whole num.bers greater than the whole 
number C? (Yes. 1 > Zf 2 > C, etc.) 

>/e want to be able to tell when one inte^^er is greater than 
another integer, '//hat would be an easy way to do this? (The 
integer that is farther to the right on the num/Der line is greater 
than the orher.) 

;;8 can write *2 > "^1. "^^ > "^5 > "^5, and so on. Also 

we can write *1 < *2, *5 < ^5 < 

Now think of two of the negative integers, for exam.ple "3 
and "5. >?iich one is farther to the right? (^3) Then we will 
say that "3 is the greater and write ^3 > 

/frAch of the two integers and ^1 is the greater? C^l 

is greater than "-^ since "1 is to the right of We can 

write "1 > or < *1. 
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The order relations between two negative 
integers may be harder for the pupils to accept 
than the order relations between the pos-'.tive 
integers. It may be helpful to lead to i:nis 
by first talking to then: about the order relations 
between the positive Integers and negative 
integers. The thermometer scale and games 
which score "in the hole'' and "out of the hole" 
may help. Try such questions as: (1) Is it 
warmer when the temperature is 2 degrees 
above zero than when it is o degrees below 
zero?, and (2) Is a score of "10 out of rhe 
hole" better than a score of "10 in the hole"?, 
i Then from these order relations proceed to those 
I betwee-: two negative integers. 

Try such questions as: (1) Is it warmer 
i when the temperature is 5 degrees below zero 
I rhan when it is 9 degrees below zero?., 
I (2) Is a score of "10 in the hole" better 
i than a score of "20 in the hole"?, 
I The correct ar.swers to these questions 

; should help the pup-ls recognize that the 
} greater of two r.egative numbers is represented 
by a dot farther to the right (or farther up 
on the thermometer scale if v-his is represented 
on a vertical line). 

Pupils ma3' use ''count forward" or "count 
i to the right" interchangeably. Also, '^count 
i backward" and "count zo the left" will have the 
; same meaning. The following discussion ques- 
I tions should assist in clarifying order rela- 
i tions of the integers. 
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Suggestions to sciinulate discussion: 

(1) Vfny is the " ~ " symbol needed as a parr of "5 

r (To distinguish " "5 " from ^5 " and to locate a 

particuli^r dot on our nup.ber line) 

(2) Are the integers to the right of zero greater cr less 
-Chan zero? (Greater) Why? 

(3) Are the integers to the right of " "^7 greater cr 'ess 
than " "^7 ''? (Greater) 

(^) Are the integers ::o the left of zero greater or less than 
zero? (Less) To the left of " "3 "? (Less) 

(5) -'''vre the integers to the righ:; of any integer n greater 
than or less than n? (Greater) 

(6) Are the Integers to the- left of any integer n grea^-er 
or less then n? (Less) 

{';') How niar.y integers are to the right of zero? to the left 
of zero? (Kore than you can count) 

(3 • How many integers are to the left of positive four? to 
the right of positive five? (l^'Ore than you can co^unt) 

(9) Co^anb forwa-1 five spaces from " "^3 froin "2 
fror. " 0 etc. Count backward ten spaces from 
"5 ^ from "^2 etc. 

(10) Count forvrard from zero. Count backward from zero» 

(11) Write the integers in set notation. 

r "'^ "2 *" "^1 ^2 1 
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Chapter n 
INTBOIXJCING THE I2^TKGERG 



A NSW KIND OF NUMBER 

4i a • c < » e « ^ • tt o » » 

"•7 "6 "5 "4 ""3 "2 "I 0 ^2 '3 ^4 "^5 ^6 ^7 

This is a niunber line. It has a point labeled 0 Just 
like the number line you saw in Chapter 2. But the other 
points on this one have new labels. These labels are the 
na^nes of some new numbers we aj*e going tc study. 

Find the dot numbered 0. As your eye moves to the right, 
the dots are labeled "'"l, ^2, .... As your eye r.-oves to 

the left from zero, the dots are niombered "l, "2, "5, ... . 
The dots on the line represent numbers that are called integers . 
The set of integers is 

[..., "3, "2, "1, 0, "'1, ^2, ^5, ...J . 

15ie integer " "''2 " is read "positive two." The int-iger 

" "7 ^ is read "negative seven." r^-^e 0 is -^ead "zero." It 

is neither positive nor negative. 

Integers on the line can be thought of in pairs. '^6 Is 
paired with "6; "l is paired with *1; "^10 paired with 
"lO; and zero is paired with itself. 

These pairs a^re called opposites . "^12 is the opposite of 
*12; is the opposite of" "l is the opposite of "^1; 

and zero is its own opposite. 



INTEGERS AXI) A NUMBER LINE 




A part of a number line is shown abo'-e. It may be extenued 
and nLunbered with integers as far as you -..ish. Try to imagine how 
many integers there are . 

Look at the dot labeled "^5. ?osiT;ive five is ^eater tlian 
or Or or "5, or "8. In fact, po:;.itive five is greater 
than any integer which labels any dot to the left of the dot 
labeled by "^"5. The mathematical sentences ... "^"5 > ^5 > ^^3; 

•.•'5>0; 5> ; — b > ^; ... are ways of writing thij- 

Look, again at the dot labeled "'"5. Positive five is to the 
left of and less than or "'"7. or "^"127. In fact, positive 

five is less than any integer to its right. The -mathematical 
sentences "^5 < "^6: "^5 < "^7; . . . "^5 < "^19; ... < ^1?'?*; . . 
are ways of writing this fact. 

An integer represented by a dot on the number line is great er 
than any integer represented by a dot to its left ; an int^ ger 
represented by a_ dot is less than any integer repre evented by a do^ 
to its right on the number line . 
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Exercise 3er 1 

Dra'A- a n-a,-cer line like the one bel'v-' and beneath it write the 
integers that are n^iss'.ns. 



0 ^1 



-4 ^5 



Cn a number line like the one below, locate a'^.d tvrite each of 

these integers: "l, 5, "^2, "6 below the dot which it 

labels . 

° (4) hi) 0 (-^"^^ 

Match each set with its best description: 

a. E = {1, 2, 2. ^, ...} (cO \-ihole numbers 

c. ? = {... "3, "2, "1, 0. "^1, ...} (c; Fractional numbers 

c. ::=[... |, ... I ... |, ...} (-^) Integers 

'I. T = [0, 1, 2, 3, ...•} (^cl) Counting numbers 

Copy and complete the fo? lowing sentences by writing the 
correct symbol in the blank space^ " " or " 

12 '-'^ g. 

"8 (<) "6 h. 

19 i- 



^89 (O. ^95 
"2- f-) "26 
"5 



■3 f>) 



(^) -7 



NajTie the integer that is 

a. 3 greater than 12. 

b. 7 less than C, 



^eater 



1 ^ss than 2. (f 7) 
greater than 0.^^^-^ 



2 less than 



c /) 
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Arrange zhe r.er.bers of zhe following sets in zhe order 
would appear on a n'wLT.ber line frorr. leao*: :o greates":: 



:r.ev 



= (-26, '9, ■12, -2] (l ^ ^ 



R = ['13, -11, 



Conpare the n'^-LT/oers a , , b , 0 c , e ^ "3 ^ and d 
which are pictured on the niiinber line below. Copy and fill in 
the niathematical sentences. Use the symbcls " " or ^* = .* 



a (c) 



b C 



e 



a . 
e . 



9 (7) 



o 

(^) b 
{^) a 



0 i^) 



M. C [2±_ 

i. ^3(;^) 



3. Name the integers which are 

a. greater than ~2 and less than * . 

less than ~5 and greater than ~1C. 

greater than 12 and lesc than o7. L ^ ' 

less than ' and greater than ~1 . ( 



greater ::har: 



and less than ' 10. 



Describe these sets of integers as v;as done in exercise 3 a-e. 

, -a] 



r ~ 7 , ■ 



1 P 



:1 



flO] 



vj 



£x::ressions like ''five decrees celcw zerz/' :->-:ic;rec: feet 

a^cv- sea level/' "two ccin^s In rhe hole/* : '':hr-e yarcs loss'' 

are "ery ccrmor. -ur lar^ruare. v;e :'::::y U3e :n-:e.-'-- ~z express 
::hese Ideas: 

Five ce purees "selov; iie^'C lerr-r'-cs 

rive hurdre:: Ceoz above sea level ' 50C feet 

Two poir.ts In rhe hole 2 points 

yard ^osr. "3 yards 




■ , ■/ ./ / / o \ 

< — • ■'. « 1 • : e ; C T o *^ i o- 



-T 9 h- 



*4 



Look at the dlar:rar. above. Each integer is one of a pair. 
• ar.d forr a pair. Their dots are the same distance rrom 

the zero dot. "^^ is the opposite of is the opposite of 

Zero is its own opposite. 



Every integer has an opposite 
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Exercise Set 2 



nur::.er ^alrs ;:e-3v; are o::pe3:.::es: 



a. 



C: 0 



:"rcr: eac:. pair cT 



/rl^e Ir. wo re 3 trr: ppcslte n^eaning of: 



a, ce-^ow zerc 

: , ^'^ 1:. *:ho hole'^ 
$10 profl:: 



G. 27C feet above sea level 
0 . 15° no:;;*th of the equator 



6' 



1 1 



C" east of ?rlr:e :''eridian 



^he opposite for each Integer below. 



a. '3^. C 



''se an Integer to help describe each of the following. 



a. ZV^enty degrees above zero 

:. , T>.'0 hundred feer below sea level 

c. T-^o oolnts in ohe hole 

'J. Por^.y degrees south of the ecr-iatcr 



.J20y cegrees 
i' g^co) feet 
) points 
) den-r-eec 



:e ar: expression similar vo those given in exercise 5 -or 



r . 21 



34 , 



Write nLjr.e rals for : 



a. negative two thousanc twenty-"cwo. .^^^-^^y 

positive five h'ondred fifty. '^'^ZOOj 
c , negative sixT^y-one . ^ ij 

d. positive eighty-nine. 

e. negative one thousand one. '^/. 

f. positive ten thousand four hundred ninety, -^^^/o,^?^) 



/rite words for: ^ 



■ 91C . 



'-•hat Integers are represented by the points labeled by 
letters on these number lines? 

(a) ^ , e . « . «^ * • 

"20 0 b 0 c "^10 ■ Id d 

(-/r) tio) (-5) 



10 



0 




0 



"8 



z l-^io) 



338 

34o 



P20C 



10. Write theae sezB of integers. 

a, greezey zYiazi "1 and less than "^1 

c. l3ss thar ~ c^id greater than "6 
great;3r thar. "^5 less than "5 

d. leso than 0 and greater than 0 



11, 



Writ 8 these numerals. 

negative tliree h\indred fifty-four ("3 5^) 
negative sjjc thousand eight ' 
ocsiT^lve twenty three thousand v 
positive -crty seven thousand two h\indred (j^^7, ^^^^ 
negative eight hxmdred foiir 
negative five thousand nine (^''5y<^^^3 
positive two thousand twent-: ^ ^ 
negative twenty-five '^"^^ 



Wri 



te words for- 



"8 

■^606 

"570 
■^8,001 



■2,300 C'^^^f-^^'^^ 
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A?.?.CW DIAGRAMS 



S'jiSZ^szez TeaDhins Procedure: 

;i "rav: a nu:::ber line v;lth dots laoeled wl^h 

i Integers on zhe chalkboard or place one previously 
} prepared of tas'soard on the chalktray so that 

v.-rlting r.ay be done above i::. The lat;-.er si^gges- 

rion ic a real tlrr^e- saver, 

;■ Have a child be:-;ln at "^2 on t:he n'-mber line, 

count 5 spaces to the right, and tell zhe number 
thar. labels the dot where he stops. Repeat, begin- 
! ning at c::her labeled dots and counting to the 
I right and to the left, e.g., ''At what dot will 
1 you be if you start at "2 and co'unt to the left 
■ i 1 spaces?*' 

:\ The children should nake arrov.'S above the 

"i n'UT/oer line to record these counts. The arrovjs 

begin at the first dot counted and stop at the 
\\ last dot counted. The heads of the arrows show 
ij the direction of the count. See Fig^jre 19^ Arrow 
\\ a in Fig^ure 19 shows the result of beginning at 
:; ^2 and co^unting 3 spaces to the right on the 
n^T.ber line. Arrow b shov;s the result of bep:in- 
nir^ at ^7 and counting 6 spaces to the left. 



2 ► 

<^ if 4 if M ^ 

-4 ^3 "2 0 *l *2"3 *5 *6 *7 



After nany number lines and arrov;s have been 
drawn, discuss the need for a way of nar;ino the 
arrows so the children can speak of ther. and a 
listener can 'understand the proper'3ies of the 
arrows without actually seeing ther,. The ques- 
tion, '^Hov; can arrov; a be deEc_'^lbed?'' should 
be answered, ''It can be described by the direc- 
tion of co^onting and thu nunber of spacer counted." 

Tell the class that counting fror. left to 
right is considered a positive direction and is 
indicated by a " "; counting from right to left 
is considered a negative direction and is indica- 
ted by a 

Have the children inolicate both the direction 
of cour.ting and the number of spaces counted on 
the arrows they have just drawn cn the board. See 
Figure 20. 

""6 - 5 
> < 



— '1^—4 — ^ ^ ^ — t — — ^ — ^ — f^^f*" 

""5 '^-^ "5 "2 "1 0 *! *2 *3 *4 *5 *6 *7 

Figure 20 

The number of spaces counted is the measure 
of the arrow. In Figure 20, the arrow repre- 
senting "^6 has a measure of 6 (a whole number), 
and the arrow representing "5 has a measure of 
5. Rememiber that the' measure is a whole nximber. 
The concept of measure is developed further in 
the next unit. 

Pupil pages 201 and 202 are a summary of the 
material above. Exercise Sets 5 and 4 can now 
be done independently by the pupils. 
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ARROW diagra:^ 

Diagra-ms may be used to show the result of counting You can 
count foirward or bacicwaLrd. An arro^.»f can shov: many things about 
counting. The arrow in the diagrar. below shows: 

(1) Wiiere you begin to count 

(2) The nu^nber of spaces 2^ou coimt 

(3) In what direction you co\int 

(4) Where you stop, 




In the diagrajn above, we began at the zero dot and comted 4 
In a positive direction to the "^4 dot. ^ is called the measure 
of the arrow. The arrow Is named to show the direction of 

count and the measure. The shows direction, ^ shows the 
measu2?e. The tall of the arrow is at zero; the head of the arrow 
is at 



342 
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The dlagrar. below shows son:e other arrov;s . tlairiS t: 
integers. /^^-^) [^^ ''^) (^-"^3 U.X 



"7 "6 "'5 "4 "3 "2 "! Q 1 '"2 "^3 "^4 ^5 "^B "^7 

We have agreed that counting In a positive direction mear 
counting to the right from a reference dot on the number line. 
This may be sho>m by an arrow diagram and labeled with the 
symbol " "^5 ^_ mea-3 that you start at a reference dot and 

count six spaces to tne right. The measur e of the arrow is 6. 

Counting in a negative direction means counting to the left 
fr-^.Ti a reference dot on the number line. The symbol " " " on an 
arrow diagram shows this; ^ "6 r.eans that you count six 
spaces to the left from a reference dot on the number line^ The 
measure of the arrow is 6, 

The figure below shows two arrows with the same m.easure. One 
indicates a count in the negative direction; the ^uner a count in 
the positive direction. 



-^6 



■7 "6 "5 "4 -Z -2 -| 0 +1 +2 +3 +4 +5 *6 +7 
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Exercise Set 



Look at the arrows on the number line below. 



a. How are they alike? 

b. How are "hey different? 



-7 "6 "5 "4 -3 ^2 ~\ 0 "^2 "^3-"^4 "^5 "^6 "^7 

Draw a number line. Label it with integers. Draw five 

arrows that begin at these dots: '1, "2, ~v, "3, 3* 

/ ^ 5 ^ 



*4 

^4 — » ^4 



\ ^-7 -6 -5 -4 -3 Z ^ 0 ^ 1 4 ^3 ^4 ^ ^6 -7 7 

3. Look at tae arrows on the n\mber line belov;. 

a. How are they al ike ? (''J*^ ^ -^uxx^^^ ^) . ^ 

b. How are they different? [^^^ 



"7 "6 "5 "4 "3 "2 "1 0 ^1 ^2 ^3 ^4 ^5 "*"6 ^7 
Draw a number line. Label it with integers. Draw four 
arrows that begin at these dots: "3, *^3, "^6, ~1 . 



<- 



"5 -4 -3 "2 "! 0 +1 +t? +4 *5 +6 '*^7 
Write the number name for each arrow below. 



, b &:^) c (^3)^ dt^^ 



0 '^2 '''3 '^4 



3-4 

33^ 



± 



Draw a number line. Label special points icith integers. Draw 
the arrojes described boiow and latal them. 

a. Begin at 0 and end at 

b. Begin at "^5 and end at "^7. ^ ^ . 

c. Begin at 0 and end at '2./ <^ \ 

d. Begin at "2 and end at 6, 



7. Writs- the number name for each arrow below. 



' -7 -6 "5 -"4 -3 "2 -1 0 ^2 +3 +4 +5 +6 +7 

8, Draw a number line. Label special points with integers. Draw 
the arrows described below and label them. 

a. Begin at "4 and end at "7. 

b. Begin at "2 and end at ^ — 

. + ^ o"3 b^6 

c. Begin at 6 and end at ^ - ^ ^ ^ t n ^ 

+ - -7-6-5-4-3-2-1 0*1 ♦2*3*4*5*6*7 

d. Begin at 3 and end at 1. 

9. Which arrow has the greater meas\2i*e? 



<x . 


"2 


to 


+6 


or 


■^2 


to 


'6 




b. 


+8 


to 


+1 


or 


+8 


to 


"1 
















to 






c. 


0 


to 


+ 


or 




0 




d. 


^5 


to 


"3 


or 


"3 


to 


'5 


(^JXi '3) 


e. 


"4 


to 


"8 


or 


■^6 


zc 


^9 
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Review 
Exercise Set 



At 


what intege 


r c. 


. the 


number 1 


ine 


wil 


1 you s 


top, if 


a. 


begin 


a"c 


0 


and 


count 




"o 


the 


right? 




V. 


begin 


a. ^ 




and 


CO^JJlt 


)i 


to 


the 


left? 






begin 


at 




and 


count 


c 


to 


the 


righu? 




d. 


begin 


at 


0 


and 


count 


5 


to 


the 


left? 






begin 


at 


-f 


and 


count 




to 


the 


left? 






begin 
begin 


at 
at 


■^3 


and 
and 


count 
count 




to 
to 


the 
the 


right? 
right? 





Draw ai-rcws to represent each answe. in exercise 1. Label 
with an integer. 

Copy and ^ri^e the opposite for each integer .below. Underline 
zhe greater integer in each pair. 



b. 0 [o) d. r. 

Write in words the r^.es of the following integers. 



a. 



b. 0 



5. Label the arrows below using "^4^ 

c M) ^ 

■ c f^^) 

d C-3) 



7 6 5 "3 "2 



-o e 1 4t a c - 

2 "3 +4 +5 +6 +7 
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6. Sore of these mc thematlcal sentences are tr-ae and sone false 

Mark them T if true and F if f-lse. 

a. > '99 'J) e- '6 > 0 (f) 

b. "17 > "99 ^'^) "1 > 



■2 < "5 ( 



F) g. "V ^ -1 . C^^ 





< ""5 C^J h. "1 






Choose 


the largest interer from each set. 




a . 


? = ("29, ^3, "31, "50, "1} 




(-50) 


b. 


T = ("5, "l, "2, "1, "5} 






c . 


W = ("23, "^H, "30, " 29, "20} 






d. 


F = [0, "3, "7, "2, "6] 






e . 


G = ("^ ^10, "15, "9, ^1} 






Choose 


the smallest integer from each 


set in H 


Ixercise 7 



9. '.sould the arrow dra'.vn for each of the following be named by a 
positive or ra-^ative integer? 

a. fror. *3 to *7 [o^'cd^) c. fro..i "5 to "1 



(7 

I ror. d. to 



f^^^^^) d. from to 0 (:^^) 



lO. Nane these sets of nur.'-^ers. The letter us^d for each set 
should nelp vou remember the name of the set. 



- (..., "2, "1, 0, "1, "2, ...1 Cc^-^^^ 
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11. Draw ^ picture diagram like tne one below on your oaper. 
Label the sets given in exercise 10« 




Write these subsets of the set of integers. 



■••0 



Integers which are positi*^e ({^^^'^^ 



a. 

b. Integers which are nepr 

c. In^^-^ers which are neither positive ncr negative (^;/^lJ 



0-0 



ADDITION OF INTEGERS 

Ob.'ective: To use arrov; diagrams as an aid in renaning integers 
like "5 -r "^2; *3 + "7; "5 -r "3; ""^ - '1 

To use r-athenatical se^itences to rename integers 

To add integers v;ith the aid of an arrov; diagram 

l-:aterials: Der.onstration number lines; (The teacher will find 

it mos"^ helpful to prepare sheets cf number lines for 
the children from a ditto carbon to save time. See 
page 355.) 

Vocabulary: Rename integers 



Suggested Teaching Procedure: 

The material in the i:athem;atical Background, \ 
oagcs 312-325 is useful in this section. The j 
teacher m.ay find it helpful to reread these pages. 

i 

have the children do Exercise Set 5, page 20b, 
as an e:cploratory ""esscn. 

i ?]ace figures 21a, 22a, ..^a, and 2^a . P^g- 

I 351, on zhe chalkboard prior -co class. 

Ycu have dra;<.T. arrow diagrams for Z.iercise Set 5- In each of 
the exercises you drew three arrows. The second one began where 
the first one stopped. 

Help m.e describe the diagrams . 

In exercise 1 you drev; a "^3 arrov: and then began where it 
stopped and drev; a "^5 arrov;. what was the next thing you >?ere 
asked to do? (Draw an arrow from the tail of the "^3 arrow to the 
head of the ^5 arrow.) 

vrnat can v;e nam.e the dsi;ted arrov:? ("^3; 

V^nat doe. zhe dotted arrov; represent? (The m.easure and 
direction cf zhe other tv:o arrov;s together.) 

i- Repeat -.rLzh exercise 2. i! 
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Exercise Set 5 (Exploratory) 

Draw a number line. Label it with integers from "8 to '^8^ 

a. Begin at zero and count 3 spaces to the right on the 
number line. Draw an arrow abcve zhe number line to 
show this count. Label it "^5. 

b. Begin at a point directly above the head of the "^3 
arrow and count 5 more spaces to the right. Draw 

4- 

another arrow to show this counr. Label it '5- vour 
diagram should look like this: 

-3 " 



■|0 *9 "8 *7 "6 -5 "4 "3 "2 -I 0 *! *3 *4 *5 ^6 *7 *8 *9 *I0 

Put a finger on zero where you started counting to make 

the "^"3 arrow. Put your pencil on the dot where the "^5 

C-s) 

arrow ends. What integer does this dot represent? Above 
the "'"S arrow draw a "dotted" :rrow, with its tail above 
the zero, and its head directly above the point where you 
stropped coimting, "'"S. Label the "dotted" arrc with an 
integer. Your diagram should look like this: 

^^r- 

^3 ^ 



< — • * • — o — « e • — • — • o > 

-! 0 *l ♦a M *5 ^7 *S 

Change e::ercise 1 by beginning at zero and counting 5 to 
the left then 7 to the right. Shc>- bot'i of these 
counts with ervovr.. > 

♦7 ^ 



-7 -6 -5 "3 "2 ^! 0 ♦! *Z ^3 M *5 *e *7 

Draw a "dotted^* ^r-^row which begins at zero and ends at 
the dot where the counting stops. Label tie "dotted*^ 
a.^row with an integer. 



3 



*M M M M * M M M " 

-7-6-5 -4-3-2-1 0 *1 *2*3*4*5*6*7 



rig^ore 21a 



M M M M ^ ^-HM-^ 

-7 Ho -5 "21 -3 "2 "1 0 *1 *2*3 *5 ""6 *7 

Figure 22a 



^ *t ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

"7 ~6 ~5 "4 "3 "2 "1 0 *l *2 *3 *4. *5 *6 *7 

Figure 23a 



«f » f » — f » » » • 

"7 '6 "5 "4 "3 *2 "1 0 



-f— f — 9 — 

^2*3 *4 *5 *6 *7 



Figure 24a 



Refer to Figures 21a, 22a, 23a, and 24a on 
the chalkboard. The discussion should follov; the 
plan below for each of the figures one ar a tijr.e. 
(?:ugu::e 21a is used as an exarple): 

(1) Name the arrow v/hich begins at zero. ("^3) '/Tnere does 
the arrow end? ("3) 



(2) NaTie the arrov; which 
arrov: end? ( ' 7) 



E:gins at 



("^-) vrnere does the 



Drav; one arro-A '.^th dotted lir.es to show the raeas-ore and 
direction of both the arrov;s together. (See Figxxre 21b) 
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'nhAt dc we name this arrow? (*^7) We call "^7 the sum 
of "^3 and "^4. It shows the measiire and the direction 
of the arrow sum. 



^4 

^ 

*3 



— ^— • — ^ e • — >~ <i — t? — 9 — P—P — t— r-— <>-t> 

?igi-ire 2lD 



A sl.Tiilar discussion of Figures 22a;, 23a,, and 
2^a should result in Figure 22d aopearing as 220. 
Figure 23a as 23b, and Figure 2^a as 24b. 



" 5 




p ^ i ip 

'4 '3 "2 "i 0 



9 9 9" 



^5 ^6 "7 



Figure 



— f — » <^ 0 » — ■ y f » g 9 > 

'7 "6 *5 "4 "3 '2 "I * ' ^3 "4 ^5 *6 *7 

FigUT'. ib 



- 5 

< 

'7 "5 "5 4 "3 ^2 "1 0*1 *2 *3 *4 *5 ''S *7 
Figure 2''-fb 
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Review and extend the developed by the 



i 

(1) 
(2) 

(5) 



following discussion about 
and 2^b. Direct the dlscu^v- 
tions and su^-^estlons {Fl^r. 
example ) : 

In each of the diagrams, 
Name them for Figure 21b. 

You showed "^5 and ^ 
you drew one "dotted'* a^'rov^ 
the two arrows. Name \^h'^c^ arrow. 



/. .'es 21b, 22b, 25b, 
1 >;_th these ques- 
21b 3 used as an 



first drew tv;c arrows. 
^3 and "^4 ) 

drawing arrows . Then 
>'hich showed the sum of 



You have shown the sutu c^" ^;ae c^o integers in two ways 
with arrows: first, y drawing twc 'j»rows, the second 
one beginning at the point ..-here first arrow stopped 



and then by drawing one jo' o -rf 
the suj:. o:' tne two arrcv , 
tence to 3how th-LS. {^3 ^' 
you drew represents rhe adaer:^ 
you drew represents tr.e ac. \-." 
reoressn oS the s-'om. 



■-^/w which represents 
'i mathematical sen- 
'!') The first ?jrrow 
: . The second arrow 



4. The dotted arrow 



The mathematlcr." 
should write for e?.* 

Figure '^T ' : 

Figure - ^b: 

Flg^are 25 b: 

Fir-.- re 2Vo: 



enc. 6 which zh?t children 
the figures are \:hese: 

'5 + = '7 
"2 ^ "5 = "5 
^6 + "4 - ^2 



2 + "5 = 5 



Have the ■ "ren find several ways of 
renaming "^6. They should draw two arrows^ the 
first ber'^nning at / ^ro and the second starting 
at the point where e first arrow ends and end- 
ing £t "^6. The third arrow, which represents 
the sum, can then be drawn. This should be a 
dotted arrow - /.tending from zero to the point at 
which the second arrow stepped. By studying the 
arrow diagram, the pupil can write the mathemati- 
cal sentence shewing the renaming. See Figures 



Children should understand that each of the 
first two arrows they draw represents an addend 
and that the dotted arrow represents the sum, 
which was unknown. Label the arrows as appro- 
priate, with the words "addend" or "sum." Note 
that the dotted arrow represents an unknown 
Integer, the sum. 

( s um) "^e 

( addend) *8 

^-2 f addend 1 

^ — p — 6 0 — % 1 — • f— ^ — 9 » C • 

'7 'S "5 "4 "3 '2 "1 0^1*2 *5 *4 *5 *6 

Figure 25 

(s]ml 1^ 

( adde nd) ^4 

(addend) *2 

► 

< 9 p ^ ^ — • » ^ » — ; — 9 9 » — 0 9 » ► 

"7 "6 "5 "4 '3 "2 "1 0*1 *2 *3 *4 *5 *6 *7 

Figure 25 

(sum 1^ ^ 

^'^ (adc3nd) 
( addend) -^7 ^ 

< ft 0 — 0— (> — » » » — •—9 — y e » » » y» 

'7 ^5 "5 "4 "5 "2 "I 0*1 *2 *5 *4 *5 *6 *7 

~'5 = -r ~1 

PiS-^e 27 





The children should nov; read the iTiaterial in 
their^books on "Renaming ^Integers, " page 209 and 
GC the exercises of Set 6 v;hich they need. 



This model sheet may be dittoed by the 
teacher for the pupils to use in doing the 
F^.ercise Sets. One number line is not labeled 
so that different scales -'in be written in 
and used. 
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RZNAMING INTEGERS 

Arrow diagrams may be used to rename integers. The dlagrain 
below renames "^3 ~5 as *2. This may be shovvr. by the 
mathematical sentence ^3 4- "5 '"2. 

^addend ^ 

add end ^ 5 ^ 

* < » O O 6 o c o c « » « • • « o > 

"7 ""6 "5 "4 "2 "I 0 "^2 "^3 "4 "^5 "^5 "^7 

The diagram js made by following these steps: 

(1) Begin at a poinT directly above zero and draw a solid 
arrow for the first addend ("^3). Draw to the right 
fo:- positive. 

(2) Begin at a point directly above the head of the arrow 
for the first addend and draw a solid arrow for the 
second addend ("5)- Draw to the left for negative. 

(3) Above this arrow draw a "dotted'^ arrow from, directly 
above zero to the head of the arrow for the second 
addend. ThJls arrow ("2) renames + "5- It is 
the sum of "^3 a^^d ~5. 

Follow this plan: (l) draw the arrow for the first given 
addend directly above the number line; its tail should be at Q; 

(2) draw the arrow for the second addend above the first rrrow, 
starting at the pcinr where the first arrow'S head ends; and 

(3) draw the "dotted" arrow representing the sum above these two 
arrows. -This dotted arrow begins directly above zero and ends 

at the head of the second arr'^v;. 7f t'" ' s pl^r. s followed, we 
will better understand our cla.^rar^s. 
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Exercise Set £ 

1. Srudy the arrow diagrarrs belov;. I'/r'tc n nat'-neratical 

sentence for each: /' ^-jijt t- '7= r( \ 

_suin \ ^ ^ 

addend 

addend 



'5 '5 "4 "3 "2 'i 0 "2 ^3 ^4 ^5 "6 



sum ^ ^-5^^5--7n,] 

addend ^ L 

-addend 



3 '2 ~l 0 "1 '2 ^3 "^4 ^5 ^6 

_sipi t'7= 

addend v '^'^ ^ 



a ddend ^ 



c . 



a 9 % ^ 



5 "4 ~3 "2 0 'i ^2 "5 4 



_s ujn 1^ o ' / 

addend 



addend 



3 "2 "! 0 I 2 "3 ^4 "5 



Q 




Ansv;ers for 



2. 



exercise 2, Exercise Set 6 

( sp^J— > 

(adde nd)^ y 
( adde nd y 3 ^ 



— • — P — f — o — t » ^ — ^ — » » 

"6 "5 "4 "3 "2 *I 0 ""l "2 ''3 ''4 ""S *6 

^\ (addend) 

^ "2 (addend) 

^ f » f — ^ — t — <? • f — ^ — » ^ — ^ 

"6 *5 "4 "3 "2 *! 0 *! *2*3 *4 *5 *6 

^ "± Jsii^i. 

^ ~2 ( addend) 

^ "4 (si^ ) 

9 • — t — 0 0 f f — » » f — <M> 

"6 "5 "4 "3 "2 *l 0*1 *2*3 M *5 *6 



<- 



_"_3 __(_suin) 



"7 (adden d) 



< 

( adaen d) *4 ^ 

< 9 ^ ^ e < 9 # — 3— -€—<>— C Q % » » 

*6 "5 "4 "3 *Z 0 *i *2 '3 *4 "5 *6 

( addend; ^ 

^ "5 f add end ) 

6 y 0 — ^ — » ♦ — . — >— < — 

"6 "5 "4 "3 "2 "1 0 *i *2*3 *4 *5 *C 

(adden d) ^3 

^ -6 (add end ) 

"6 "5 '3 '2 "1 0 * J *2 *3 *4 *5 *6 
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3. Rename each Integar in Column A by matching it vith another 
name in Column You might be able to do this wiT:hout 
drawing ar2x>w diagrams. Look at the T^rst sum in Column B. 
It is "^IJ + "2. Can you "imagine'^ a number line which has 
the arrows "^15 and '^2 on it? The "^13 arrc.' would 
begin directly above zero and have its head directly above 
^13 • The "2 arrow would begin directly above the head of 



the "^13 arrow and would be drawn 



stiaces to the left 



Its heacL would be directly above 11. So the arrow for 



the sum would begin at zero and have its head directly aoove 



"^11. Thus 



13 + 2 = 



and 



is the answer, 

7>. 



O 



■11 



'^e) ("20 



- "8) 



r\rr\^ : .-3. - 



-5) 



(-1) 



359 
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Complete these mathematical sentences. 



a. 


^8 




~15 


e. 


"2 




+6 


b . 




+ "9 = 


"15 


f . 




+ ^15 = 


'■6 


c . 


■^20 


+ hf) = 


"15 


g. 




+ ^3 ■-- 




d. 


■^1 


^(1^ = 


-15 


h. 




^t^ = 


+6 



6. Use an integer from Coliunn B to rename a, c, and d In 



Colizran A. 
A 

a, "5 + 



r^) "9 
r-; "1 



7. 



?<£trk true or false. 

"2 is another name for 

a. ^5 + "5 

b. "7 + '5 6-) 

c. "8 + +6 '"T"-^ 

T) 



d, 
e. 



'2+0 
0 "2 



'5 is sjDother nace for: 

a. 0 -r ^5 ^■^) 

b. "^9 "12 (^P) 



c. 
d. 
e. 



8. may be renamed, for example. 



7 - 
0 + "3 

or 



■1 * *5. 



Rename each of the following integers in two different ways 



a. ^3. 



b. 



d. 



'1 
0 



e. 
f . 

S- 
h. 



75 
■•18 
"100 



'dr. 



?213 



9. BR AINTWISTZR : * Rename each o-; 




the following nurT'.bers with a 

e. "8 -i- "^8 "5 "^5 "^^ 

f . +1|5 ^ "46 -r ~1 Co) 

g. ~2 ~ '2 ~ 2 -f "2 ('^^ 
•n. "5 + ^5 ^ "10 (°-^ 



o 
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Suggested Teaching Procedure T Continued after children ha\'e 
coi-ipleted Exercise Set 6) 

; 1 

r-:ake sure that the children have an 'un.der- 
I standin'3 of the aduition of integers and can find 
! suns like "3 - '5; - - "5 - "2: | 

I and ^3 ^ ~o oy drav;ing arrov;s on a n'oribei- line 
\: and 'shen vvriting niather;atical sentences like 

"^2 ^5 = '2: -r "5 = e::c . Then you are 

ready to tell the children that v.*hat they hav.-^ been 
doing is adding integers and have discovered hov.^ 
\'- to do so themselves. 

The children should now read 
1; "Renar:ing Suns" and "Usin^; the Nuncer Line.'* 
Theso r.ay he follc^ed oy Exercise Set 7. 



^ ^ ^ 



Exercise Set 3 is an exploratcr;:,' exercise for 
helping children discover that v:hen opposites are 
added, the s'JT; is zero. The exploration should be 

! follov;ed by ''Opposites," page 22a and Exercise Set 

: 9, cage 221. 

'i Exercise Set 10 is an explora:;ory exercise 

for helping children discover that in the addition 
cf integers, the order of addends nay be changed 

:[ vrith no change in the s^^n. The er-cploration should 
I be followed by ''Crcer of Addends/' page 22-, and 

'\\ Exercise Set 11, page 225- 

:j 

jl It nay be desirable tc integrate rhe e:q^lora- 

il tion of "Occosites" and "Order of Addends" into 

M 

i! one deve^cpnent. 
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RZNAMING S'JXiS 

When "^5 "^2 is renamed "^7 fror. a diagram, when '5 * 5 
if: renamec. ~2 Troni a dlasram, and when "2 ^ "5 is renamed "5 
•'rom a diagram, you are finding suns. The sum of *5 - *2 is 
'7; ^5 * "3 = "2; and "2 - "5 = "5. 

It Lz no:: always necessar^^ zo draw a diagram. Som.e of you 
can look at a number line and Ima'-lne the zlttowt, without m^/-:lnr3 
t h em^ . iTy this. 

Find t::e S'um. In n:^ . rantence: -i- "2 = s. Look at the 

n'jm.'-^^r ' ine c-]^'-. -^a-flngs, please; Isiagine the ~^ srrowj, 

then 'he '2 *^r-c^. '•^"'^s.c Ic the nam.e of the arrow for the sum.? 
It m^ay he^y Zo outl ^n^. :.no ^ rr-ows with your eyes or a finger. 




The operation we use when we thinly of two integers like "-^ 
and 2 and get "5 is 'called addition . It may be possible for 
you to cdd two j.r.tegers 'Without arrcv; diagrams without even 
looking at a n/^mber lino. Tr:/ It with these: ^3 + ^5; ""5 ^2; 
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USING THE NTJM^SH LIj^'Z 

The integers and arrov; diagrans rr.ay be used to solve problems. 
The dlagra-^. below ;^as dra'AT. by a girl to show -where a new friend 
lived. This is the way 3he er-cplained it: 

The line below represents ^^ny street and is marhed 
off in blocks. 1 live at the dot na^ied zei-o. I^^v' friend 
lives on the sarie street three blocks east of r?.e , The 
"^3 arrow shoves ohis . A new girl has noved in fr:ir 
blocks east of my riend. The "^^ arrcv; shows this. 
The arrow shows that the new girl lives 7 blocks 

east of me . 



_ _suiri G _^ 

addend ^ ^ 

- — ■ ^ 

addend 5 

— > 

^ « « «— 0 O O 0 • • o « 5 0 • ® > 

'7 -6 -5 -4 "3 "2 0 ^2 "3 ^4 "5 ^6 ^7 

The diagra.^ above shows the three arrows. The "dotted" arrow 
shows the silt of the other two arrows. Living seven blocks to the 
east is the sanie as living three blocks to the east and then four 
blocks foro:.-^: east. This is the mear/^.g of the mathematical 
sentence vh^ich ohows addition: 

"^3 -r "^4 = d 




20 



2C I p -Jo 

! 

i _ 

! 

^ ' 25 

! 

1 ?"^20 



^ jl5 



^•10 
4"^5 

i 



<?"10 



1 



^ 2C 



Tne cr.ar * 3 oC rer.pera: as snovrr. cy a 
thermaneter maj' be illu3::rat ' v arrov 

L:)Cr: at the the.T.orr.eter scale 
le:l'z. It It " sTtlza.! nur.b^r line, 
labeled with 1. . .^ "^rs, 

Ihere is a.'. diagra'^. at t:.-. .ol o^' 

the therrr.cT.eter ^ .--l. ..Tlch shcv;s s r .S£ of 

^ - . <- _v^y C->._ --.C^ ^ 

T:.e :^.:oUj.t of these tv/o 



of 15'' ("15) 



fnar^es is shc^n ir. diagrarr: by a ■'dorr,ec' 



arrow 



, r-'rr-o 



) . The i^.p.thenia*:ic 



which show.^ this is 20 4- 15 5^ 

'rp.e p.rrcv ciagra::: -iit the bc^r<or.: tr." 
^he.nr':ine'"':r- £;cals ch^v/r. a fall of li i'"'5' 
in t e.T.p e r a I ■ ? ar^d an c t he r fall ^ f < 0 " 
("'2C; , The ^'der-t^,-'' arrow shcwr z]r:e r::3.I 
cha-ngc in te!T:p'=^rature . The nathematlcal 
sentence which shov;s thlo is "15 ~2C = "3^ 

Draw a tre^'.ncm- ter .cale; sket. h in 
arrows zc show rwo changes. Draw ^ "dotcer- 
arrow tc shew the total chan::e sn^-wn by tne 
two arrows . 



t j / rx 
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Exercise ^^et 



Write a T.atr.emati3al o.ntence shcwirg addition for each dlagraiT) 
celcw. 



adde nd 

addend ^ 



0 ■! "Z ^4 "5 "6 7 

3p2n_ 

addend 

> 

-\ £>y^ 



^ -r ^ o_ ^ o — O ^ O- C» ^ O * O > - - — 

' 7C "50 '"50 "40 "30 ' 2C "IC 0 "^10 ^^21 '''3 i' ^40 ^^0 "^'oO "^70 

-'^^) 

^ addend 



-5 o C) c e ^- c ^ *~ 



35 "30 "25 '20 'i5 'iO "5 0 "5 "10 "15 "^.0"25"X '35 



■ - ► 

iddend 



-4- 

add^^r 1 



'500 ~4C0 "5CC 200 'IOC 0 '^0( "200 "300 .JO "^500 
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Solve these problem bv drawing diagrajns if necessary, like those 
on page il7. Write a mathenatical sentence, using integers, for 
each problem. 

5. Charles and John are plajing a game. The boy with the 
greater total score for two games is the winner. Charles has 
2 scores. One of them is 5- The other is ^5 in the 
hole," John has 2 scores. One of them irj J> . I'he other 
is in the hole." 

a. What is Ch^arles' totsLL score? [^J 

b. What is John'^s total score? (i — / 

c. Which boy is the winner? [^^--^^^^^^'^^^^ ^ 

6. The tenxper-atur-e in a inountaln cabin was 15 degrees above 
zero. During "che night the ■c.an^erature fell 20 degrees. 
What was the temperature then? fj-fs ^"^(0 = S^^^ 

7. A scientist invented a "subcopter." (A helicopter which caji 
also go beneath the sixrface of the water like a submarine.) 
The "subcopter" was 50 feet above the water. It dived 4o 
feet, Kow far below the s\irface of the water was it chen? 

8. l^iree girls were playing a game. They played it twice. The 
girl with the smallest total score was the winner. Jane's 
scores were "5 in the hole" and "8 in the hole." Sandy's 
scores were "6 in the hole" and Helen's scores were 

"9 in the hole" and 2. 

a. What was Jane's total score? ( "/S ^^'^-^'J 

b. What was Sandy's total score? ( ^^c^^-^ , ' ^ 

c. What was Helen's total score? 7^-^^^-^-^" 

d. Who was the wirj^.er? i.<^^-tLt. 



e. Which girl was second? C 

367 
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Exercis ' Set 



Drax an arrow diagrair. to help rename 5 



2. Draw an arrow diagram tc help rename 



Draw an arrow dlagrar, to help rena^-ne '*12 -f 12. 

/ ^ "12 




♦|2 



\ "1 0 *l *2 *5 '^'4 *6 *7 ^9 ♦lO *!! / 

4. What arrow did you draw for the sum in exercise 1? Exercise 
2? Exercise 3? ^^^-^y 



How Lre the answers to exercises 1, 2, and 3 similar? 

' \ 

, cu^jt^ aJJZ- 1^^^ ) 

What do we call pairs of integers like "5 5.- and 



7. Choose ar.other pair of opposites and draiv an arrow diagram: to 
find its SUIT!. [Om^^^-'M 



3. Is the sun in exerclre 7 the sar-.: as :hcse in exerci-ses 1, 

2, and 3? 



Aliat is the Sim when opposites ai*e added? {^f^^ 



0. V.'rite a sen-ence in worf\s about adding opposites. 
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0??CSITZS 

You were asked to renair.e "5 ~v -r ar.c ^12 - 

In Exercise Set 3. 

'Trie diagram, you drew to i^enar.e ^4 - ' was like 3ho one 
below. The ethers were similar. 



"4 addend 



0 ^1 ^2 "5 ''<i "5 ^5 



No arrow was ^'rawn for zhe new na:?.e of ~- -f You v.'ould be 

dra'/fin^ an arrov from zero to zero. Counting ^ backward and ^ 
forvrard undo each other. 

Y:iU fo'ond: "4 + ^^ =0; "J- "^5 = 0; and "^12 ^ "12 - 0. 

and ' are opposite s; *5 and "5 are oppcsites; "^12 
and *12 are opposites. We can s^-': 

When opposites are added ^ the sum is zero . 
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Exercise Set 9 



Which of the n-jriber pairs below are oppc:_:.tes' 



2. 



a. 










e . 








b ♦ 




"5 








-r 


— /- 




C . 


















d. 




^2 










J- J 




?i 


11 the blar. 


ks 30 


the sentences 


are 


tiue 






a. 




-r y - 


0 




d. 




- "9 = 






"7 








e . 




= 0 + 


0 




C 




"5 










0 



Vrnich of the followir^ are r.aj::es x'^or zero? 



a . 
b . 
c . 



"8 ^ "8 
■6 + c 
'3 + "^3 



h. 



Tell whether each of thes^ is a true 
Write "Yes" or "No." 

(^2 + ^4) + ("3 + "3) = 0 

(+5 ^ -3) + (-5 + +3) = 0 

("7 + ^6) + (^6 + -7) = 0 

("8 + "6^ + (^4 -.- -2) = 0 

(-3 ^ +h) + + +3) = 0 

(""9 + 



0 



12) + ("2 - -1) = 0 



C2S + +5) ^ ("18 + "13) = 0 
("17 ^ ^3) - ("2 + ''IS) = 0 (''^•^ 



~2 + '2 
~l6 + "^16 
"7 "7 
"5 - "5 

shematical sentence. 



3oG 



b. It is equal to Its opposite. (i 



c. It is less than azi^ negative integer. 

d. It is the s-or of . -^.y integer and its opposite. (""^^ 

e. It is less than ar^- positive Integer. 



Uae *positi a" or ^negative" to conflate thase 
sent a: ^es. 

a. If an integer is greater tl-^an its opposite^ the int^ge: 

is a -^^iTZLci^l^i/-^ ) integer. 

'J 

b. If an integer is less thsn its oppcsite, the integer is 

^ „ — . 

c. When vou add two negative intege:^^ t.^e sum is a 



•.^J^L^-^ integer. 



d. When you add two positive integers, the sxm is a 



1L,<y<:^Jt:L.rf^; integer, 
e. When you add a negative integer- and a positive integer^ 
the s\an is a ^-^a.»<t<^±>^) integer if the dot labeled 
by the positive integer is farther away from 0 than 
the dot label :i by the nega-^ve integer. 
A. When you add a positive integer and a negative integer, 
the ar_-i is a i^-Tui^^^^J^^ integer if the dot labeled 
by the negative integer is farther away fro!!! 0 than 
t'-ie dot label '^d by the positive integer. 
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Exercise Set 



irawin^ arrow diarrar-^' 



/ < ■ 



■> ! 



.cc •: at 




'rfhat is the first pair of acaencs* 
w'hat is the second pair of acden-o? 



Kow are the tv;o T^airs of addenda alike? .j^^ 



"ow are the two oairs of addends different? 

/ ^ J-'fi^^J^ ^^^^^ 

"^Jhat do you nc-^ice about the new names you found for the 

^ aytJZy ZXc- ^.<Lc*. f ..y 



two oairs? 



Rename + '^l and "^3 "by drawin~ arrow diagra^.s . 

ii-3wer exerc^s.3 2:. th-o^ugh 2e for these pairs of addends. 



*3 



6 "5 "4 "3 2 10 



<-« — o 0 • 



0 "I "2 "3 M / 

^3 4 - -/ 



'-srclse Sez 10 ''cu zre\ diagrams tc rename ~- - ~2 and 
ver^/ interesting . 



The dia::rams ceiov are s__^.il?^ tc er. 

^ _ _ 

7 addend 

ad:.and 3 



"'"/i "^c:, ■ 'Z 



addend 3 
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addend 



•"7 "6 "5 "3 '2 "i 0 ^! ""2 3 ^4 ''5 "7 

These dlagrarr.s shov; thaT; ^3 and ~r - "*^3 n?_^.e the same 

Integer, 

You Co^jsid ~2 and *2 ^- ~-' each names "5; i-nd that 

"4 - ^5 and "^3 -r each nanes *i. 

Vjur work shov:s rhat: 

the order of adding tv;c intererc r:ay h? 
ch?ngei .-.Ith no change 3n the z 's^. . 



Addition _s comnr^ ^ative in the set ol 
Integers. 
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cercise Se : 11 



?11 


1 Z'.e ': 




s c "c h t 


i sen 


"ences arr 










a. 


"7 + 






-7 


e . 


■51 


■5 


= -5- - 




b. 








"^14 


f • 




"IS 


= -18 - 










"6 ^ 






5 




= "17 + 


"6 




^29 ^ 




^12 -r 


-29 


h. 




J- 


= "^7 - 


~16 



CcTuplete these mathenatical sentences. The ord::-r of adding 
t'To addends may be changed without changing the sum. 



D . 
C , 



-7 + -"T^^l 

- 6' ^ ~/ ^ = '12 ^ "6 
^3 - "11 = ■^//t--^5 



e. -/jJ 



^10^-^ = "5 - "10 
'3? -f "19 = "'^ — 



Jo:rolet2 the .iTiathenatical 

a. '3 

b. ^3 + "6 ^<iJ 



D.,— / C -r 3 



;er.ces 'A-lth " " <, " o: 



O -r 3 



r>.) -3 - -6 



-6 ^ ^2 /=) 



e . r - 

"2 ^ 
"2 - 

h. "2 -r "^7 r>) "7 -r 



/ "2 - "7 



If 6 *^2 iG '.vTitten in each blanK belc'-r, v;ill the 
sentence tr^ae or false? 

a. ' > "8 - ^8 e. < "2 (F) 



c . 

d . 



_ < 0 + -"5 (t; 



0 f '6 (F) 
-7 . -9 fF) 
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Writs the set 'i&iose n-reir/oers •■■-ill be: 

a. the integers > and < ^2. 

b. the negative integers > 5. ^1 

c. the integers > 2 i < C . , ; 

d. rhe integers between ^2 and "2. J. 



e. the po:jitive integers < 



Add the foilovring. Use arrow diagrams only 'Alien necessary, 
a. ^5 - ^8 = ;'-3: d. ^9 - "26 = ^TZJ 



c. ^23 ^ -22 = -^'-^ :. "5 - 0 =- J^f.^ 



In each pair of staten:er.ts , or.ly one is true. '-Jrlte the 
correct staten-er.' 



a. 


^78 > 


"93; 


"73 


> 


^93 




b. 


"15 > 


"2; 


"15 


< 


2 




c . 


"125 < 


"26; 


"125 


< 


-^25 


d. 


"''-371 > 


"589: 


"571 




^589 








"35; 










e . 


"2 < 




< 


-35 




f . 


"45 > 


0; 




> 


0 
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8. Psi airplane pilot sa^s' that the temperature outside his 
plar.e was 23 degrees below zero. A lit-le later, as he 
was approaching a landing field, he saw that the outside 
temperature was degrees higher, '^.at was the 

/'-A 5 -^-^ , -t = -^('J \ 

temperature outside the plane then? ^ ^-tA^^i^^-^^::^:^ 

9. The tea^ner peaces zr.e end zC a pointer on a nuTiber line in 

a sixth grade roo.T.. She then moves it along the number line. 
If it was placed at a point labeled "^8 and moved 9 spaces 
.0 tne left, at .nat cel.-.. did Ic sec:- i^XlfZt^^"!)''^ 

IC. These are the scores of three girls on a game, 

Betty ^'6 in the hole/' 
Mable "9 in the hole." 
Ruth '^8 in the hole." 
Cn the next game, each girl r^alce a score of 12 points. 
wTiat is ^.rch girl^s score th:n? ^ 
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SUB-TPrACTICN 0? iy,1Z0E?.S 

Objective: To subtract in::egers with the all cf ar. arrow diagrar: 
r-iQ , v«, >-»;^ p ^ p r-g *nT_' '^^3 ' ' s her ~ cu"^ rr.'S tho c. 

Vocabularj: Undo; ^jr.kncwr. azderA 



developr.er.t is Tor the -purpose 
r. draw arrow diagra^.s tc "ind 



grans us 



::.dc.er.dz and is dependent on the arrow cia- 



:or 



addition of tw^o inte^^ers. 



T'o^ rereaomr 



:he sec::ion oi ::ne i^a 



,ical Bacl^igrour.d, parses be founo 



ne- 



Place ..r-ures ^oc. ^ c 
chalkboard and througn z: 
cuss ion develop ther. in::: 
and 31b. 



}a, 30a, and 31a on the 
' s'^S^sted cla^s dis- 
Ficures 23b, 2}b, 30b, 



*^'ur 1 




— ^ — '^"^ 
2 +3 +4 *5 *6 *7 



:oa 
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^ Sim -2 

' ^ — >. 



0- 

'7 "e 



-6 — 0 — 0 — i:^ 



*2 *3 *A *5 *6 ^7 



^re - -a 



^3 iknov::: addend) 
> 



j~ — ^ — 0 — 0 — V , — i — ^ — ^ — ^1^— «f — ^ — ^ — ? — f- 
-J -5 "5 "4 "5 "2 "1 0 *1 *2 *5 *4 *5 *6 *7 



Flexure 2Ca 



'5 .3;-; 



-6 — 3 — 0 — 0 — — p — 0— — 0 — f—^ — i — 9 — ^ — ^ 



"I 0 *1 *2 *3 *4 *5 *7 

- n = "5 

.,T^re 21a 



ana x) 



|! A discussion cf each oC the four ri^'ores 

i should center aro^und questions and su^cestions 
li like ::hose v;hich follov; for Fi^'ure 23a. 

(1) V.nat integers are represented by arrov-'s" {'I 

(2) In the sentence, "^1 - n = "^3, v;hat do ohese arrov;s 
reoresent? (The "3 airrov; represents the S'uti and the 
"^1 arrov; represents the >ciov,r. addend.) 



J 3'. 



uocc 



sno" .1: 



■Ceo 71'*ure 2-2lo The arrow for rhe unknown sodend 
)e dra'AT. z'ror. the head o: zr.e knovvn addend arrow 
"lead of the sur. arrow , ) 



accenc 



::^on 



her.at ic al sentence, 



?c for 0 : ^. 0 'jni-i^: 0 .r. a 0. a e n o . 0 'v' 
t'-^e final forr: of rlruro Loc. T"ne children should 

-^vci • — Q-"^ -^--r^ d ' ' a r ST". s for finding 

-'--o Z'jsr. in il - ^r: = z and the 'un^riovm addend in 
'^1 n " '"2 . Helo children see that the arrow for 
zhe known addend is drawn first and then the arrow 
is drawn for zr,e S'^t.. In n ^ "5 = ^5j» the known 
addenz is *5 so irs arrow is drawn first. The 
arrow for zr.e s^on, *5, is drawn next. The arrow 
for the unknown addend is drawn last— Just as the 
arrow for the unknown s'uni was drawn last. This is 
a dotted arrow and represents an ^urJ<T:own integer. 
Thus, the dotted arrow always represents an un- 
known integer. 



:ov.-n aaaeno; 



— ^ — i — i — P—^ — ^ — ^ — ^ — ^ — ^ — ^ — ^ — ? — ?" 

-7 ~6 ~5 "4 "3 "2 "1 0 *2 *3 *4- *5 *6 *7 



ire 2ob 
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0 0—0 O — 0—0 0 — O — 0 0 9 O- 

"6 ~5 4 ~5 "1 ~! 0 -^I "2 *5 *4 *5 *6 "7 



< _ — _ 



-0 — 0- 



0- 



-0 — 0- 



-0 — i-— ^> — ^ 



0 *2 ''5 *5 "6 ^7 




When the use cf arrow diagrams to find an un- 
i known addend is unaerstccd by zhe children, they 
! should i-ead "Introduction ^o Uriknown Addends", 
i page 223 and do Exercise Set 12. Time will be 
|j saved if dittoed copies of r/umber linet* are 
11 provided. 
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INTRODUCTION TO UNKNOWN .\DDE>;DS 

Diagrams may be used to rena-T:e a sum when one addend is 
unknown. If the s^rv. is ^7 and one addend is '2, zhe 
inathe.T*atical sentence is 7 = 2 a or 2 ^ ?. = r. '^'^e 
diagram below renames "^7 as "2 and the r/jmber represented by 

^ 7 sum 



c urJwOvm_a^dend_^ 
"2 icnown addend 



-© o- 



-? "6 "5 "4 "3 ~2 "1 C "l "2 ^3 ^4 ^5 '6 ^7 

The arrow for the known addond, ~2, is drawn directly 
above the number line. It is a sol^id line because it Is a icnown 
addend. Notice th^t the arrcv; representing the S'sii:», '7, is 
the top arrow. It is a solid line because it is a known s'jm. 

The arrow representing the urJc-.own addend is drav;n as a 
"dotted" line between the other ^wo arrows. I: must be drawn so 
that the sum of it and the arrow representing the known addend is 
the sum arrow, "^7. 

The arrow for the unknown addend is drawn from the head of 
the arrow representing the known addend to the head of the arrow 
representing the s^jm. In this sentence the arrow represents '9. 



3.9? 



Zyercise Set 12 
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2. What integer In Coramn 
in Column B? 
A 

a. "9 



A may be used to complete each sentence 



e. 



3, Complete the follo'A-ing sentences. 



' a = 



0 
"2 



4. Rename the integers below b^ 
sentences . 



a. 



letirig the mathemiatical 



-(-/i^; = "12 



a. 



1 -f 



^ ^-1^- ^18 = 

^ -17 -r"^ = 



1^ 
'12 
'12 



O Q 



Diagram, each of these natheriarical sentences tc find the 



"5 -f m = "^5 



b. 



7 V. ' v 



•2 -f s ^ 



2 -f o 



^ lLllu i jTe^rpessnvS ^ e^^iT^e rr*c:.v>-».3r*eo w'^s^ a.>>.^ Oo ^\>km. . ^ 

repi^sents ten:perat\ires at -:00 p.rr.. Find -^he total change 
in tamperat^are between 6:00 a.T. cind ^:00 p.m. U^e- an 
Integer to indicate the ainount and direction of char.ge. ' 



Monday 

T'uesday 

Wednesday 



-;,0 



f (-3' 



Below is a list of cities and the location of each. We think 
of directions north of the equator as positive. 



Hilo 

Rio de Janeiro 
Stn Francisco 
Llnia 



20 north 



23 sou-oh 



12^ south 



Co^^lete ■ 

a. San Francisco is i^:>l) degrees north of Rio de Janeiro, 

b. Lir.a is degrees south of Hilo. 

c . Rio de Janeiro is 

d. Lijna is 



(5-0-^ 



("^3) degrees south of Hilo. 



y degrees south of San rTancisco. 






'5 (a dder 



"'S 5 



-0—0 — 0— ^ ^ 6 ^ — 9~ 
■5 "2 "1 C *l *2 *3 *5 *6 



You have renar.ea 



l"*ke '"'5 



n = 2 . Hov: cid ycu i'-^ 



Ycu have heen aacir.r 
i Lr.~ n in centor.ces 
r.d ::he integer 
arrov;3 on a nur:bor line) 



ERIC 



(6) In the sentence "^5 + n = "2, give the na^^nes for 5, 
Tor n, and for "2 in the sentence. ("^5 n 
are addends. "^5 is the knom addend and n is the 
urJmown addend. '2 is •:he siun. ) 

(7^ What are you asked to find in zhe sen::ence? (The iin- 
knovm addend) 

(8) Diagra-T. the sentence. (See Fi^^re 53) '^nat integer 
does n name? ( 7 ) 



-7 (addend ) 

< ■ 

(add end) ^ 

^ < ^ — ^ — ^ ^ — P ^ — f — ^"^^ — ^ — ^ — ^ 
"6 ~5 "4 "5 "2 "1 0 ^1 *2 *3 *4 *5 *B 



(9) Ho v.- is the s'or. *"2 renamed by the diasrar:? ( ' 3 7) 

(IC) 3y renar.in:: zhe s'tur, you fo^und the '^nkr.cv-Ti ac.d.end. vrnat 
operation ic used to f ^' nd an 'jsi:<zio',rr. addend? (Subtrac- 
t-on; 

(11 J /.'rite the addition sentence "^5 - = "2 as a subtrac- 
tion sentence • (n ^ "2 - '5) 

I ' The teacher should remember that the aim of 
this unit is to develop vocabulary and meaning 
for addition and subtraction ^f Integers by the 
use of diagrams. Mastery is not expected or 
desired at this time. Each child should be able 
to add and subtract integers using an arrow dia- 
gram. Some children will be able to add and 
subtract integers without a number line; however, 
do not require this of all students . 

The children should ncv; read ''Finding an Un- 
knov.'n Addend'^ page 232; and do Exercise Set 13, i 
page 235. 



?232 

FINDING AN UNKNOWN ADDEND 

The process of findjing ari \mknown addend in a sentence like 
"5 + n = ""7 is subtra-jtlon . 

The diagram on p;i€e 22S renaned "^7 as "2 + "^9^ It aelped 
you find an unknown aar'end v^ich is the result when you subtract 
"2 from ^7 . 

The sentence n -r "^7 = "^3 is diagramed below ana the steps 
outlined. 

^3 



-< o 0 c e o o 9 o -o o • -o o e ► 

-7 "5 "5 ~4 "3 -2 "! 0 ^1 ^2 ^3 ^4 ^6 ^7 

(1) A soli-l airrow for the l-cno-;^'- addend, "^7« is -Vrawn . 

(2) A solid: arrow for the sur^, '5^ 'Is drawn. 

(3) A ''dotted" arrow for the 'uLrLl-^r.ov.T. addend, n, is cra>,T: 
fraT the head of the arrow to the head of zhe 3 
arrow. 

(4) The "dotted" arrow is named . 

The subtraction of integers may be shown by drawing arrovj 
diagrams. To show subtraction by t;ie use of arrcv^ dia,3ra':is, you 
must find an arrow to represent an 'unknov.T: ad'^ 
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Exercise Set 1 



1, Flr-c the unknov: 



a. -II + = ^3 

b. - "10 = "7 

c. "l5 = ^3^+ 

d. -^12 - H) = -3 



f. + "^12 = "5 

g. -7 ^ "6 

h. ^ "15 = "10 



2, Use arrov/ diagrams to find each unknown addend below, 
a. -5^t!)=^^ e. (V^--2 = -3 

(^j)^ = "2 f. ^~ -^:^)= "3 

d. -5 = 0 n- (r^- ^'^ = 



Diagrar: on a r/-LTicer ^me 

a. Txc trains stajrtei Tror. zr.e sar.e st.-tion cut rravelea in 
opposite directions Trair. A zraveied north at the rate 
of* ^6 rniles oer ho^-ir . Train H ^ravsisci souon a '^^ne 
o"" ^'^ riles r.er hour. Hov; far north of ::rain B 



WOU-lO 



:rain A be at the end oC the first hou 



b. In a garie, Jane's score was 



S3 



nd y.arv ^ s score v;a s 2 



in the hole." How many points was Jane ahead of >SLry? 



The "Short Cut'' Method For Subtracting Integers 



Suggested Teaching Procedure: 

' The children should nov; be able to recog- 

1 nlze a short cut for finding an unknown addend, 
i.e., for a subtraction. Some of them may have 
made the observations to which you should now 
direct their attention. It will be important 
zo observe again that subtraction is finding an 
I; unknown addend and that, for example 'o - 5 = n 
I has the sajne meaning as ^5 = n 3. 



In finding the integer represented by n 

4- 

we are finding the unknown addend in ' 5 = ^ 
to make the arrow diagram. 

^5 :su::.J 



in '5 - ^ =^ ^ 
"5 . We know how 



"0— 



^6 



"crat represents whe unknc*'.*n addend drawn iror. 
a ccint Jus:: above zhe head of tne arrow representing the known 
addend? (Yes. ) 

Tc where is ir drawn- (To a point directly below the head 
of the arrow representing zhe s*um ) 

Allien one of the si^-mbols -r " and '' - " can we use to 
denote the direction in '.'-hich Lz is drawr.? f -r ) 

Vhat is the measure of the lengrh of zhe arrow which repre- 
sents zhe untaown addena? (z) 

The n^jjnber £ gives us "'-^.e measure of the arrow. The 
^ i; cenctes the direct: ion in which is orawn. 



3.9 



lee an easy way zc 



LI wnat zne unknown addend 

is? (Yes, it is ^b. We use o to .T^ean the arrow nas r^ieasure 

b, and to mean tne arr^^w is drawn C spaces t-. tne rignt 

We can write ■^::) - ~j - "^b: also = "^o -h " j . 



This tyce of discussion sr:ouid foiiow several 
exercises in' finding unknown addends by arrow dia- 
^ranrs. The children sr.culd have acquired consid- 
erable skill in making tne diagrams. The short 
cut to whicr. you are now leading is the following: 
In find-ng the unkn:;wn adder.d in an addition pro- 
blem, count the n-u-mber of spaces from tne head of 
the arrow tnat represents the known addend t^-^ the 
head of tne arrow tnat represents the s'um:. This 
:._mber is the measure of tne arrow in spaces. The 
direction in wnicn you count determ.ines tne super- 
scriot symibol for tne num.eral whic:" nam^es the 
n-^mber of soaces in tne length of the arrow. T.ne 
suoi^rscriDt" is ocsitive ^f you counted toward tne 
rignt and' negative if you cc^ur^ted toward t.ne left. 
This integer is the unknown addend. 

ExamLle: "^^ - n - "o. Coun ' from tne point 
^abeled on t::e umber line to tne pcint iace^ec 

*c on tne num.oer line. Tnere were spaces 
c^-^nted- Tne Cs^-^ntln^ was toward tne left. Then 
z:\e ^n.-mcw;-. uude.nd 
a^sc , 
expected 
cetter z 
is 

o • ^ 

precise 



e c 1 sion in language .Ls net 
i:^s at t::is stage. It would be 
from "^7 to "6; tne coun: 
t::e left: the addend is 
^ "1^/* than to insist on mere 
1::-: ana nave tne pupils ^ost i.. a 
^ing^^st^c maje. 



yj t:.e : 
a jce.^ t 
:::e count :s 



In tne : 

rln-^ W V I a OC -o' , . u 

are ecu:. ted. 



count from: tne 



to 



\e counting 



s'um. ( 0 ) . T-wo spaces 
is toward tne left so 



tne 



:wn adu^nd is 



S^m.e degree 
ose ^f 



t:.e 



f proficiency mig:-t be expected 
'snort cut ^n subtraction*' or "s.nort 
a- onr-::.own addend" before the pupils 
are asried to Ho ..xercise Set In. No exposition is 
.-ive:. to t;.e oucils 1:. the^r boo.< preceding this 
Exercise Set/ It will be better for you to develop 
o:.e ''snort cut'' wit:, den.onstrations on the .num.ber 
li/e and' by leading tne L.;.plls :n class discussion 
tnan t^ nave t:;e p'^pi.o read a:: t^-xposition whicn 
at tne criefest wou^d oe -/ery ^ong. 



4 , 



Some pupils will quickly understand that 
they need not "count"^to get the answer. They 
will in the example '7 + n = $, think some- 
thing like.this, "To go from 7 to 5, I 
I go from 7 to 0. This is J spaces to the 
{ left. Then I go from 0 to "6. This is six 

spaces to the left. I have gone 7+6 _or 
,! 15 spaces to the left so my answer is 15. 
i por 5 + n = 5, a pupil might think, 'I 

go from "^5 to 5- This is 5-3 ^ 2 
i spaces to the left. So my answer is 2." Our 
1 goal at this stage is not to have all the pupil 
I thinking in a rather sophisticated manner, but 
I certainly any such observations by the pupils 
I should be encouraged. 



The "Short-Cut" Method For Subtracting Lntegers 
Exercise Set l4 



One addend in each of the following represented by 
What integer does n represent in each? 



a. 


^2 




n 


= +6 




f . 


■7 


+ 


n = '2 




b. 


0 


+ 


n 


4- ^ 




g. 


^5 


+ 


n = '2 




c . 


"2 


-r 


R 






h. 


4- 


X. 


n = '2 










n 




(:io) 


i. 


+1 


+ 


n = '2 




e. 


•6 


+ 


n 


= +6 






"1 


+ 


n = "2 


(-') 



What addend is represented by n in each sentence? 



a. 
b. 
c . 



n "5 = "10 (C^) 
n -r '5 = iC 
n -r "1 = "10 



n + -1 = -10 (-'/^ 
e. n + "^5 = "10 ('^^3 



r: -r D = 10 



Find the ^jrJcnowr. adder.i. 
a, "^12 = n + "^4 

"7 = "5 + n C-"^) 



c. 



"8 = n + 6 



^9 = "2 + n 

^Ik = n + -2 (^^^^ 
'2 = 'l + n ("'' 



r.^hat integer nuist be added to each of the following to 
obtain a etm of ''"6? 



a. ;> 

b. "5 

c. 0 



-3 



d. -^9 



(-3) 



e. 9 

f. -6 
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5. write a true mathematical sentence using addition and these 
integers : 

a. "6, "^8, "^1^ Answer: "^8 = "6 "^1^ 



c. -4, +2, -6 

d. -6, +5, ^9 



e. '6, +5, '9 

f. "6, -5, -9 



/■ - -1-0 -t 

I T — 



ERIC 
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WRITING SUBTRACTION SENTENCES 

Subtraction is the operation of finding an unknown addend. 
Sentences like these have ^unknown addends. 

n 4- "5 = "^S ^6 = n ^ ^2 

"2 ^ n = ""5 ^8 = "^12 n 

To find n, the known addend is subtracted from the sun. 
To find n in n + "5 = "^8, "5 is subtracted frc^ *8. 

To show this in a mathematical sentence you may wr:^te 

n = o - 0 

"2 -r n = "5 niay be written as n = "5 - ""^ 
= n 4- "^2 may be written as n = "^6 - '^2 
"^8 = "12 -f n may be written as n = "^8 « '*12 



Exercise Set 15 



Write the follo'^ng subtraction oentences as addition 
sentences . 

-18 - -13 = g 
"l9 - "35 =-r 
"^45 - "17 = a 
*45 - "^8 = d 
"12 - "^16 = e 



a. 


"4 - 




= s 




0 


b. 


"9 - 


^12 


= 1 


L 




c . 


~7 - 


"9 


= cc 






d. 


■27 - 


^25 


= t 




± 


e . 


-35 - 


^21 


= h 




i 



Rewrite the following subtractlor sentences as addition 
sentences • 



a. 




2 


= g 




b. 


a. 

■7 - 


■ "5 


= i 


(-7 


c . 


"3 - 


- "7 


= r 


r 


d. 


■^2 - 


- "8 







7 = 



'6 - -13 = c 

■7 - 9 = a 

■^12 - -^5 = 

~9 _ "1=6 



Choose an Integer fra- Set A to use as an unknown addend 
each of these. 



d. 



■^3 - c 

"6 - a 

~l6 - r. 

■^12 - d 



^2 (^1) 



/-<? 



/ 



"8 



?238 



4. Rewrite as addition sentences. Then find the vmknovm addend. 



a. 



"17 ~ 5 = n _ 

(-/7 -z. r\-r ,^ - 22) 

■^10 -'2=8 , 
"3 - +8 =. a , 
+2 - "6 = c 



e. 



3 = h 



y - J = N 



"22 = 



h . 



if - 19 = I- 
-16 = a 



Copy and coinplere the follc;ving 


sentences by writing 


the 


:orrect sign of operation. 








a. ' ~ ^ 


e. 


-1 (i^ ^6 = 




b. ^1 (iL = ^ 




+18 C-) -3 = 


J- 

■ 21 


c. ^13 "10 = ^23 




-2 -4 = 


+2 


d. "9 ^) "7 = "2 


h. 


+26 +11 = 


^5 


Mark true or false. 








a. "2 + "3 = "3 - "2 C"^^ 


e. 
f . 


+3 - "12 = " 

"2 +3 = 


12 - 

CP) 


c. "5 - "3 = "3 - *3 C^^ 

d. "7 + "5 = "5 - '7 L"^'^ 


6. 
h. 


+l6 + "18 = ■ 
+ 1-'! - ^9 = 


18 + 

■9 - 



^3 

"2 

+16 
+14 



SUMMARY 

Objective: To s'urrr.arize zhe r^eaninc, riec ' arid U3C cf the set of 
integers In addl::ion and cuctra^ticn 

To expend the corjr.utatlve property of addition to the 
set of intecers 

To extend the closure property to zr,e set of integers 

To urge rr.ore able students to discontinue use of arrov; 
dia^rarr.s v;hen adding and sub oract-...j intec;ers 

Materials: Dittoed copies of addition and subtraction char::s 
on pages 2--1 and 2-3. 



Susses ted Teaching Proced^jre: 

1 1 Exercise Zcz l6 is intended to s'umr.arize the 

idcaj developed regardinr; integers. It r,ay be used 

1 as independent v;or^: for pupils, as class discus- 
sion, or as a co.v/sination of rhe tv;o. 

These exercises are extremely iriportant 
because ::hey help children restate the co™utative 
property of addition and realise that in this nev; 
set of nur/oers, the integers, subtraction as v;ell 
as addition, is alv:ays possible. 

The niore able pupils should be ur^ed to use 
the arrov; diagrans only v;hen necessary or to check 
their work; the less secure children, hov;ever, 
should be encouraged to use these aids . Indeed, 
many children at this grade level may never advance 
I beyond this point;. 



There is a se:: of suppler.entar:^' exercises 
included on pages -C---Cc for use in reviev; or as 
tes:: itens. 



ERIC 
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REVIEW 

Exercise Set l6 

1. Add these integers. Try to add them without the use of 
sirrow diagrams. 



a. +7 

b. "6 


+ ^3 
+ ^9 




d. 
e . 


"I; + 
~i>^ + 


+4 
+6 




c. "^10 


+ "5 




f . 


"9 + 


"19 





2. Try to find the unknown addend without the use of arrow 
diagrams . 



a. 


"7 - "5 




d. "12 - 


+- 
D 




b. 


+6 - +8 




e. +18 - 


"2 


(^^^) 


c . 


^6 - +5 




f. ^5 - 


"5 





3. perform these operations* Try to perform them without arrow 
diagrams. 



a. ^ -r V 



b. +5 - "7 ' e. "4 - "3 L 

c. -8^+15 i=*^^ f. ^8 -+10 (--'^^ 

HRADiTWlSTER . Perform the following without the use of airow 
diagrams . 

a. -625 -^25 (^'^^^^ d. +2,500. "500 P^'^^ 

■ b. +999 - "1 ^''^''^^ e. "7,225 . ^125 (='77-; 

c. -455 + "55 L^'^'^^^ f. "4,576 --4,576 {=^3 



. On any number line, how many unics apart are: 

a. the 9 dot and the 4 dot? 

b. the "6 dot an: the ^3 dot? ("^^ 

c. the "lO dot and the "^10 dot? (^^; 

). John has a accre of "8 points ("8 points in the hole") in 
a game. How many points would he need to earn to get 
to a score of points ("5 points out of the hole")? 

We can think of this in this way: "What integer nrast be 
added to 8 to z^z a sum of 5? 

"8 + n « "^3 
n « ^15 

He would need tc earn 15 poir^ts. 

a. How many points would he need to earn to get to a score 

of -8? (^f^) 

b. of ^10? 



c. of "2? V ^""z 

d. of 0? ('^^^ 



7. I^ie lowest temperature ever recorded 1\ r.he United States was 
70^ below zero at Roger's pass, Montana. Hie highest 
temperature ever recorded in the United St.ates was 15^° 
Death Valley, California. How niany degrees higher was the 
temperature recorded at Death Valley than the temperature 
recorded at Roger's Pass? • ^ . . . T 

8. Mt. Everest is 29,028 feet above sea level. The Dead Sea 
is 1,280 feet below sea level. How much higher is Mt. 
Everest than th^ Dead Sea? ^^a^o . ^B^^J^- 



9. Complete the addition chart Delow. Add to each Integer 

given In the left column the Integer given in the top row. 
Use arrow diagrams If you need them. 

ADDITION CHART 
Addend 



Addend 


1 


1 

"5 


"2 


"1 


0 


! 

+1 i 


+2 i 


:> 




+4 


O 


■^1 




" 3 








^7 




^5 




o 




+2 








■^^ 


"7 


^2 




-i 
















^1 


-3 




"1 






^2 








0 






"2 


- 1 

; 


o. 


-1 








"1 






-3 




-1 


o 




^2 








'5 


"it- - 


"3 


~U 


— -f 
J- 


0 


*1 










'S 




~5 


"2 


-1 


o 




"4 




"7 


-6 


"5' 


~^ 


~3 


-2 


-1 


c 



10. Examine the chart and list as many relationships as you can. 

^^^^ ^ T^X^Jf.ir- 



11. Complete the subtraction chart by filling in :he un>r:cwn 
addends. Subtract froni each integer given in the left 
cal\mn (tha sum column), the intef^er given in the top row 
(the krvo>m addend row). 

There are three ways to find integers to compl2te this chart. 
Suppose you are subtracting frcin ""5. You could wrlre 

~5 - "5 = n. You can write this as -n addition sentence 
"5 = n -r "5. 

A. Then use the addition chart. "5 is the sum and ""5 is 
one addend. Find ""5 in the left colTmn of the chart. 
*5 is in the row to the ri.-ht of '5. The Integer in 
the tor) row in this ccJ^x^r: Is '2. So *2 is the 
number that is represented by n. *2 belongs in the 
subtraction chart in the row to the right of *5 and in 
the col'wjnn headed by ~3 • 

3. You can use the counting method to find an unknown addend. 
You would count from the icnown addend ( 5 to the sum 
('5). Th^E count woiild be to the left for 2 spaces, 
so n is 2. 

C. You can ::raw an arrow diagram to find the unknown addend. 
You would draw the arrow for the known addend ( 5) and 
for the sum ("5). The arrow for the unknown addend 
would start at "5 and have Its head at 5- 1*he 
arrow would be la'oeled 2 . 



4L1 



Known Addend 



Sum i 

1 






! 

"2 ' 

1 




i 

0 ! 


4--, 


"2 1 


^5 




^, j 
^ i 




^7 


6 i 






6 




1 










' f 

• — 1 








i 


o 




— ^ 






i 

( 1 


:> 


•I 


J- 






+1 




u. 












"2 




0 






1 -2 1 




c 


-i 


i -1 






"2 




i 


hi 


0 










-5 


"2 






i o 


1 


-a 




i -4^ 






"^5 












i — ^ 


! ~5 


-4 


1 

-7 


"4 




i - - 
1 — 


\ -^2 


"3 


; 


\ 


J 


' -7 


i 



12. SxaElne the chart and list sone relationshjLps you noticed 
as you naide the chart. 



i Vfnen two vj'hols nunbers are added, the order of 

I 
I 

j the addends may be changed vrLthout changing the sum. 



13. vniat property of addition is stated above? 

V^. Select at least five pairs of "hole nxmbers. Add them to 
illustrate this property-. 

15. Select some pairs of integers and add them. Decide if this 
property also applies to the addition of integers, (-^d^ 

16. If this property of addition of whole numbers also applies to 
integers, write the statement of the property on yoiir paper. 



^02 

4 J ' 



[-3 ) [ ^2 i 5 



i 

2. 1 




5 ; 


+6 \ 




• i 


^7 




( -2- ^ i 




^ 1 

i 






^2 i 




5 ! 

i 


i 


"^~V» ! 




"10 j 


(adMi:^ ; i 




"7 j 








T i 

1 




"8 i 


i 


; 

^ i 


8. 




"9 


"7 : 

! 




9. 






'-^ 1 




10. 


1 

+-. 1 

^ i 


(-? ) 1 


-6 i 




11. 


! 


^12 ' 


^3 ! 

1 


> 

t 


12. 




^ - 7 > 1 ~Ji 

^ ' ' 1 




15. 






^12 


— 


14. 


"l8 


"2 






15. 


( ^ ) 


i 

1 ' 
! 





S. Choose ar. inte: 



Cor.p^ete eacr. e:'Cpre3^ 

^o , , 
a. d. oe^ov; zero 

c. 5,23c feet acc-.-^ 



$20C 



r.or::r. oi 



(^^2^^/ dollars 

^ ^ w o 



00 'JJ". 



10. Ccr.olete: 



a. J.1 an in::eg^ 



- >-> o p ^ r- 



IvC 000 



'=v> -tv^i.^^^^ sar.e as Its opposite, the ir.te^e: 



Z*."ery ne5a::lve ini:eger is 
oositive ir.te[:er . 



:nar. any 



EKLC 



. ^ ^ ^ ^ .-i V 



(a) 2 ne-ative integers 



(a) 



a negat^ive r/jr.ber 
ar.d zero 

a pair oT cpposites 
2 oositive integers 



(c) 



name i oi 



could ce the suin Oj. : 

2 positive integers 



(a) 



• c'- a positive integer 
and zero 

(c) 2 negative integers^ 

(d) a pair of opposites 
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Mark true or false: 



2 ^ 



-5 (F) 



1 2: 



(-9 J 



15 • Subtract 
a. *5 • 



16. 



-2 = 



■J) 



17. 



c . 
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.8. Conolete zhe table so that a 



i a 




"11 ! "1 i c 


"5 


• 

-5! 


! ^ 






1 







19. y.ark true or false: 



C^/ a. Addition is a-^vrays 
integers . 



cossicle v;ithin the s^ 



(t) b. Subtraction is :-lv;ays possible 



:hin the set of 



integers . 

Addition is always possible vrithin the set of 
negative int:egers . 
(r) d. Subtraction is always possible within the cet of 

positive integers. 
Cf) e. Subtraction is always possible v;ithin zhe set of 

negative integers. 
fr) f . The s^ur, cf a pair of cpposites is zero. 
ff) g. The s-o-T, of any integer and C is zero. 
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Tr.e pupl 1 ^ s experience Ir. ratner.atics r.as c:e•.•^3r^cpea 
ur.derstar.cins o:* cer-a:.r. sets cr nur.bers anc operatlcr.s 
the:?.. He r.as also been Introducec :c basic concepts about 
space and certain sets of points in space. The association 
of Ideas about space v;^th ideas about nur.bers has been limited 
to the nu.T.ber line and to use of n-u.T.bers as measures of 
segments, angles, and regions. 

This unit presents the idea that the location of sets 
of points in a plane can be described by the use of reference 
lines and n^ombers which are called coordinate systems. The 
particular coordinate system emphasized is the rectangular 
coordinate system, in which points are located with reference 
to two perpendicular lines. 

MATHEVJ^TIC^Ui BACKGROUND 

The idea of relating concepts of num.ber and concepts of 
space is one which developed late in the history of 
mathematics. In fact, not until the work of Rene Descartes 
(1637) was the idea developed in a substantial fashion. 
Because of Descartes » contribution, the system of coordinates 
studied in this unit is sometimes called the Cartesian 
System. 

The system is based on a one-to-one correspondence between 
a set of n^um.bers and the set of points on a line. To set up 
a correspondence, we choose any point A on a line and agree 
to let it correspond to the .num/oer C. V;e choose any other 
point B on the line and assign to it the number ^1. Using 
aS as unit, other points are located to correspond to the 
numbers "^2, "^3, and so on. In the opposite direction 

from A, points are located to correspond to 1, 2, 3> 2.nd 
so on, so that the points corresponding to a num.ber and its 
opposite are the same distance from the 0-point, A. 

-C9 
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li.ze^trs ^ r.cwever 



^ v-i c ■ ■ c - 



:a-es are . 
:corc:I.::a^es 



r\lsc there are s^:!!! zzr.er po^r^zs on ^r.c 
r/u.Tib e rs called ^ r ra 1 o:.a 1 r. u.t. c e rs 1 c r. 
ratio:. al r.u;:.bers. 

Tr.e process of j^ra^^r.ir.j, a set o:' 
^ocat^r-r: s r/^T.ber line tne p^lr.ts wrJ 



igarlv6 
^ _ . , i c c 



: .aticnal nun:ber 
:rrescor.Gl::g to 
:e exoressed as 



:er3 cc::sists 



"esocr.G to tnose 



r:-^T;Oers . Oons^aer t:"e se^ o. ^r.^-^'^e. . o, 
To ^rao.. t-ls set, a ll/.c; Is eraser, as a r.ur/oer lire, tne 
r^^lr.ts corresoondlr-i^ to C and "^1 are selected ana labeled, 
a " d a scale Is rr.a r rie d o S . .■ r. e a v ^ e r c a r .-i e r o c t s t n e r. p i. a c e g. 

v; r.L.cr. corresponds to a n b e r 
.ts are t:ie graph of this set . 

t for t::eir enapolnts'} 



in. t:.e set. Tn-^r tnree n-^^ 



are not :^ar- 
tne se^^n.^^nts , 
r/LLT.bers w:.lcn are r. 

3y usln^ oo.rd 
answered oy t:.e 'r^.e^ 
we wisn to fir.o tne 
G, witn coordinate 



ne craon. Tn^s -lS troi- because all points of 
er t:;an tne tnree r.arKec by dots, correspond to 
t :r.er;be rs of tr^e set to ce graphed . 



.nates, r.ar.y ^eorr.etric o:uestions nay ce 
.ods of aritror.etic . For example, suppose 
length ">.f tne segment whose endpoints are 
^^d C. witn coordinate "^2 on the 



line aoove. If *"''e subtract tne cooro^nate c^ one 



point irom tne cooru^nc:. 
answer wnicn tells us t: 



' tne other point, we obtain an 
::r.ber of units and direction fro: 



Suppose z'-e perpendicular zc zr.e x-axls inrerseors zr.e :>>a?:ls 
z'r.e pcln. -orrespondin;^ '3. This nun^cer Is ::he i^lrsr 

V 



X-2 

; -r 



1 ^ U J 1 5^ X 



P 2 ^ 



-2 "3 



coordinate, or x-cccrdinate , of point A. S^uppose zhe per- 
pendicular to the y-axls Intersects the y-axls at the point 
corresponding to "^2. Thij nu:::^.ber Is the secor:d coordlna:e, 
or y-coordlnate.j^ of point A. The location of A is thus 
described by the pair of nur:bers, "j and. '^2. \<e use a 
standard T;athe:T:atlcal notation for the tv;o coordinates by 
v;ritlng then*, within- parentheses, with the x-coordinate alv;ays 
written first. The coordinates of point A are ( 5, ^2). 
Since the order is i:?.pcrtant--the point v;_-.h coordinates 
("5, ^2) is not the sajr.e as the point with coordinates 
(■^2, "3)--these pairs of n'onbers are called ordered pairs . . 

The fact that ("5, "^2) is the only ordered pair whioh 
can Identify tne point A with reference -to these axes and the 
given unit is assured by tnese facts: fr:.- A there is only 
one line perpendicular to the x-axis; this line intersects 
the X-axis In exactly one point; and the point of intersection 
corresponds to exactly one na^ber on the x-axis, 3. Sirillarly, 
there is only one possible y-coordlnate for A. 

S^uppose now we v:lsh to &raph the point ? whicn 
corresponds to the ordered pair (^''^ "5). The two cocrdinatcs 
uni-quely determine the point ? for the following reasons: 
At the point corresponding to on tne x-axis, there is, 

in the plane, only one line perpendicular to the x-axis . 
Similarly, only one line in the plani Is perpendicular to the 
y-axis at tne point on the y-axis v.-hlch corresponds to 5- 
Tnese two lines intersect in only one point, the point P, and 
its coordinates are (^i, 5)- 
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The method discussed earlier for finding the distance 
between two points of a n^j-T/oer line y be used to find the 
distance beeween two points on any line parallel to the 
X-axis or parallel to the y-axis . Consider the points 
aC^S, ~2) and 3(^3, . Since these t;;c points have the 
sajne x-coordinate , Ar is parallel to the y-axls and 3 
units to the right of it. Thus A3 has the same length as 
the segment on the y-axis v;hose endpoints ha.ve coordinates 

and *2, and this length, as v;e have seen, ^.c.n be frur-d 
by finding the difference of these y-coordinates . Since 
"^ii - *2 = "^6, pojnt 3 is 6 units above A Likewise, 
*2 - - ~6, so A is 6 ^sinits belcw B. Thus the 
length of A3 is 5 units . 
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It is interesting to explore the effect on a polygon of 
adding an integer n to the x-cocrdinate of each vertex, 
leaving the y-coordinate unchanged. V/e find that ^his 
operation '^moves'' the polygon n .units to the right if n 
is positive and n units to the left if n i. negative, but 
the new polygon is congruent to the original one. In a similar 
manner, if an integer m is added to the y-coordlnate of each 
vertex, the polygon is moved upward by m units if m is 
positive and dov;nv;ard by m units if m is negative. 

It is also interesting to explore the effect of multiplying 
both coordinates of each vertex of a polygon by the same 
number. We find that the polygon whose vertices have the new 
set of coordinates will have the same shape, but not the same 
size, as the original polygon. (The polygons are said to be 
similar . ) 

Coordinates may also be employed in the study of 
reflections. The concept of congruent figures is a fam.lliar 
one, as is the info: - z.1 test for congruence by placing a 
tracing of one figure on the other, to see whether each point 
of one falls on" a point of the other. In r. similar fashion, 
one figure is the ■^^reflection" of --other if they are so 
-placed in the plane that by "folding'' along a line in the 
plane the congruence of one fig^jre to the other can be 
dem.onstrated. One figure is thus seen to be the "mirror image" 
of the other. The particular lines of "reflection" emphasized 
in zhls -^nit are the coordinate r.xes. If figure A is a 
reflection of fig-ure 3 with respec. to the -y-axis, then 
for every point of A then? will be a point of 3 with the 
sam.e y-coordinate but with the x-coordinate replaced by its 
opposite; and likewise for every point of 3 there wi] 1 be 
a corresponding point of A. If figure A is the reflection 

^igu^^ 3 wlch respect to the x-axis, then for every 
oolnt of A there will be a point of 3 with the same 
x-^oo^ci^ate but witr the y-cccrdinate replaced by its opposite 
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In so::;e cases nalT cf a figure Is zhe ^e^:ec^io^. of tne 
otp.er naif witn resL^ec^ ro sc.r.e -ine. Figures cf tnls ^yce 
are said to be s:rnnr;ecr^c and rne line is called t:ne line of . 
Sy-ir.eZTj axis ^f sy— :err'y . This n;eans ^nar a syn^r^etric figure 
is a very scecia. ase cf a ref ^ec ui^n-- ::nar reflection in which 
zhe line of reflecvi^r. n es "rignt tnrcu^h zr.e -iddle'' of Che 

Polygon A3CD is a syr-T.euric 
figure. T:.e refleccio:. of YK, 
AD, and D? in are E3, 

30, and C?, respec Cxvely . 
.nlso, one reflections cf 35", 
and C? in are EA, AD, 

and DFy respectively. The line 
of reflecoion, is also 

called zr.e line (or axis) of 
syironetry of one syr^ietric figure 
A3CD. 

rfereno fro." one sysoer. of rectangular 
coordinates discussed aoove is one syste- of polar coordinates. 
In this systeir., a norlo.r.tal ray OX extending to tne rignt of 
tne endooint 0 is used for reference. T-.e two n'U-T/oers used 
to describe tr- position of a point in tne plane are the roeasure 
of a segment and the -easure of an angle. The endpcint of the 
ray, 0, is called the pole . In the s>:etch below, the position of 
oolnt ? rr^^y be described by stating the rr^easure of angle POX 
and t.ne r.easure of 0?. 




i.nate systeo. z'. 



angle is to be r.ade 



It is understood that tne r:easure ^: d.-^,- 
"countero:ocr:wise"--tnat .s, OP is in the direction fro:.. OX 
wnicn 1.S tne opp.sit- fr.::. t:.at s^gg-steu by tne -over:;ent of tne 



hands of a cIock. It is clear zhaz if 0? has a ^engtr. of 
6 ur.its and- rr./^?OX in degrees is -C, point ? is uniquely 
deterrnined . 

The polar coordinate systerr. is nc'c discussed in ^nis unit 
but one of tne rr.etnods for locating a point discussed inforu.ai 
in the first section -akes use of the idea of tnis coordinate 
sy ster* . 



OVERVIEW 0? THE l^^'IT 



Tne first section of the unit presents tne proolerr. of 
finding a way to identify a point in a plane. Three r^etnods 
are discussed inf orrr.aily . One of tnese depends upon the ideas 
of a rectangular coordinate system, (tne one we will use), and 
another of a polar coordinate syster., aj.tnough these ternis are 
not u?ed. The tnird uepends upon tne fact, familiar to the 
pup.l, that any triangle v.r.ose sides are segments with three 
given lengths is congruent to any otner triangle whose sides 
have tne same lengohs. 

Coordinate systems are tnen introduced, first on a line 
and then in a plane . Tne coordinate of a point on a line ^ 
defined as tne n'um.oer whicn corresponds oo it , and the ^rapn 
of a nuiuber as the point whicn corresponds to it . A metnod 
for finding the lengtn of a seg-.ent by means of coordinates 
is developed. Tne use of two perpendicular number lines and 
an ordered pair of num/oers to describe the position of a 
point in the plane is explained, and practice is provided in 
finding coordinates of points and grapning ordered pairs. In 
som.e exercises, segm.ents connecting pairs of points to form 
polygons are used, and tne effect of changing coordinates on 
tne size and snape and position of the polygon is explored. 

The final secnior.s deal with tne use of coordinates in 
studying tne reflection of a set of points in tne x-axis and 
ir. the y-axis, '^ind wit:, tne cor.zazz of sym-metric 



TEACHING THE UNIT 



Ir. zrAs unir each secclcn Is aivided into two parts-- 
ExploraT^ion and Exercises. The Exploration is intended to be 
a teacher-directed class activity. IX^ring zhe exploration 
period the pupils should participate fully. In most cases 
tne pupils » books will be closed. However, for some sections 
the teacher r:ay want the pupils to work through the Exploration 
item by item with their books open.- After the understanding 
is developed, or the skill is learned, or the generalization 
is realized, the pupils n:ay open their bocks. 

The Exploration is included in the pupil book and serves 
as a printed record of the activity in which the class has 
oarticipated. The teacher should decide the extent to which 
tne Exploration should be repeated with the books open. In 
most cases, the pupils will glance quickly over the printed 
Exploration and then proceed to the Exercises. However, if 
the pupils have had trouble with the section, the teacher 
may prefer to have the pupils read the Exploration in detail 
to reinforce the ideas that have been developed. This m.ay 
be done as a group activity cr an individual activity. 

Independent work by the pupils should be done on the 
Exercises. The Exercises will help provide further under- 
standing or will provide for drill and retention of material. 
The Exercises also develop concepts and therefore should be 
used as a basis for class discussion after pupils have had 
opportunity for individual study. 
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DESCRIBING LOCATIONS 



Objective: To introduce the general problem of describing a 

location and to develop the notion '::.at tr.ere are 

several ways of describing a location . 

Vocabulary: 

Materials Needed: 

Teacner: cnali^iboard ccr.pass, blaci^board protractor, 
straight-edge . 

?^uL-il: pencil, paper, prutracror, corrioass, straightedge , 
Teacning Procedure: 



Follow tne HL.pl^raticn in the pupil text. 
C'ive zhe children opportunity to "discover ana 
to discuss. 

Essentially tnere are ::nree xethods presented 
for locating a poino . The r.ernods are by using 
rectangular cocrainat::.s , polar coordinates, and 
triangulation . 

Encourage the oupils o proceed step by 
steo along with zh-^ Explc -.tion in order tha:: 
they may understand and "ge^ tne feel of 
what Is being done. So-icic ideas from tne 
chili ^'en about ctner ways of iocating a pc^nt. 

It is often nelpful for the pupils to ^ see 
a-^ examole of each meon;-.a of locating a point 
before tney try to do i::. Place a dot as a 
reoresentation of a poinc on zhe chalKOoarc 
ana find its iocation using the three methcas 
proposed in tne expicration. 
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Martha's method illustrates the use of 
rectangular coordinates — the method used in 
tnis unit. A sketch mlgnt .look ^ike zhis: 




After gaining tnis firsz ur.derstanding 
relative to locating a point of a plane the 
children should be prepared to work the exer- 
cises and arrive at the desired conclusions. 
T-wo other niethods are presented for the purpose 
of contrast; however, after the exploration 
only "Martha's method" will be used. 

Jane's metncd is one of triangulation . The 
point of intersection of tne circles drawn from 
eacn corner would mark the location of the point. 

Tnere would, of course, 
be another point of 
intersection of these two 
circles, but this point 
wGu^c not be on the desk. 



Joe's method illus::rates the use of polar 
coordinates. Tnis system of locating positions 
is comjT:only used in piloting, for exam.ple. 
A sketch of Joe^s .method m.ight be: 

There is another ray that 
m.akes an angle wnose 
m.easure in degrees is -^0 
but it would be in the 
other half plane, as show.n 
by zhe dotted line in zr,e 
sketch . 





DESCRIBING LOCATIONS 



Chacter o 



COORDINATES 



ExDloratior. 



1 How niany points are tnere in a olane?/ Is eacr. polr.t 
al.TerenL from ever-y otr.er point? How can we I'lnd a 
to identify a particular poir.t? c^^-^^^— ^ ^ 



Think of the top of your desk as a part of a plane. Place 
a small object to represent one point on your desK top. 
Hew 



could you describe its location? (Jj^^ZI^lJ^^ 



•^e- said "The point Is { inches frorr. the lower left-hand 

corner of rr^y desk." Dees this give you enough information? 

( 

How rranv points are /* inches from the corner of the desk? 




Mart.! a s-::id, "l didn^t measure from tne corner, /'c/ point 
is 7 lnc:ies from the lefi^-nana ei^e and b Ir.ches from 

to locate 




^'21 
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5. Jane said, "l can use Ted^s information and some more 
information to describe a point. point is { inches 
from the lower left-hand corner and 19 inches from the 
lower ri^ t-r^nd corner." Do-js mis give you enough 
information? K j 

How many points are 7 inches from the lower left- 
hand comer? Hew many polnrs are 19 inches from the 
lower right-hand comer How many points of the desk top 
are at the correct distance from both corners? ^^^^^^^^V- 

6. Joe said, "l can use Ted*s information anl some different 
information. My point is 7 inches from the lower left- 
hand corner. It is on a ray that makes a ^0° angle 
with the ray from the corner on the lower edge of my desk." 
How many such rays are there> ^es Joe^s method work?^^^ 



Are there at least three ways of describing the location 
of a point on t.he top of the desk?' :an you think of 
others? -^^^^ ---^ ) 




Exercise Set 1 

Suppose a rectangular region 6 inches long and ^ 
inches wide represents a picture, an?: a poir^ Z is a 
particular point of the picture. 



use your ruler and protra::tor to draw a rectangular region 

to represent the picture. Label it as shown "below. 

13! is 6 inches in length. AD is ^ inches in length. 

D H 




2. Suppose C is 5 inches from A and 3^ inches from B. 

a) Use your compass to locate C. Is C exactly one 
point of the picture? , 

b) What proper ty^of -.riarigles is illustrated? ^^^"-^-^-^ 

c) What information was used to locate C? ^ What lixed 
points were used? How ':ar apart are these fixed 



ooints? 



a) Make another copy of the rectangular region. 
Draw AC so that the union of and 



is an angle of 37 



b) On AC locate point C to make AC* 5 Inches long. 

c) Is C exactly one point of the picture? (^^^ ) ^ 

d) What Information v;as used to locate ^y'', J 

e) What fixed point and line v;ere used? (Jcy^ h ^ /ffi) 
Your drawing should look about like this: 

D 




Ccpy the rectangular region again. 

a) Locate a point E on AB so that ]SE is ^ Inches 
long. 

b) Draw a ray. P^-it its endpoint at E. Make it so that 
it and EA form right angle. 

c) Locate a point F on 115 so that AP is 5 in.nes 
long. 

d) Draw in the rectangular region a ray with endpoint F 
perpendicular to FA. 

e) Does the Intersection of the rays you have drawn locate 
exactly one point C? 
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f) What Information was used to locate C? (f jA ^^jf ^j'^^y j 

Look at Exercise 2 in this Exercise Set. Is the method 
used in it the same as the method used by Jane in 
Exercise of zhe llTol oration? (^^-^ 

Look at Exercises 5 and in this Exercise Set. 

a) Which of these exercises uses the same method that Joe 
used in Exercise 6 of the Exploration? (^■-) 

b) Which of these exercises uses the same method that 
Martha used ir. Exercise 4 of the Exploration? ( ) 



II. COORDINATES ON A LINZ 



Objective: To ievelcp the concepts of cccrainate c:' a poir. 
and graph oi' a n^^Tiber. 

Vocabulary: coordinare, graph, horizontal, vertical 

Materials.: s trai :3htecse , p-^^---:^ paper 

Teaching Procedure: 

i| A short reviev; of the general concepts cT 

the nur.ber line v;culd be rr.cst helpful here, 
t The previous chapter on integers is a very goca 
j reference. The an^.ount of reviev: cepends on 
[ the anility of the class to retain the facts 
learned and also the depth of learning v;hich 
took place in the previous unit. After this 
reviev:, or if no reviev: is necessar-y, the 
teaching procedure should fcllov; the explora- 
tion in th.e pupil's bco>. 
! Call particular attention to r::-:ercise - 

of the Exploration as this is the definition 
of a coordinate and the "heart" of this 
section. Emphasize that a co ordinate of a 
point on a line tells botn oTstance ana dTrecticn 
or a poi.'it fror, a given point. 
' Discuss at sor;e length v:ith the pupils the 

rr.eanlng of the v:ord ^raph as vr^-d in this section. 
Begin to use the v:or-a "graph'' rather than "plot 
i the points'' as scon as possible. ^ 
[I 'as in the chaoter on the integers, '3 

|i is read ^^T:csitiv- 5/' and "5 is read "negative 
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COORDINATES ON A LINE 

Exoloratlon 



The methods you have considered for locating appoint in 
a plane. all Involved using: 

a) at least one fixed point and at lea^st one line from 
which measurements were made; and 

b) at least two measurements of segments or angles. 

1, Think of a situation in which you are given a fixed 
point A on AB. Can you describe the position of another 
point C by Just one measurement? V^here ^st C lie if this 
is possible? ^ 1 ^ * 

2. Look at the number ray below. 
A B 



6 7 S 0 10 11 12 



Tf vou kr.ow the distance of C from A is 6 units ard jjhat 
C is on A3:, do you know exactly where C is? y^-) 

3. Now look at the number line below, 
a) What kind of niimbars are snown on this num.ber line? 

A B 



"6 "5 "3 "2 "1 0 1 2 ^ :> ^ 5 o 

b) ir you know the distance of a point C from and that 

C is A3, hov; many different points could be nanied C? 

c) What must you know beside the distance In order to locate 

exactly one point 0 ? ^ XX-^ ^ 

■■28 

•13:. 
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, v:hat kind 
.stance cf a pcln: 



:he direction anc 



A n'vLT.ber that tells bc^h distance and cirecticn cf a 
-oint on a line fron: the C-poirt is ca:.ied the coor-dinat^ 



.ne oe-.c ^ , 



:ccT^c: na 



:e ci 



'.fnat ocint ::as 



clnate 



coorcinate 



^Ahen vou mark on a nrimber i:n3 the pc:nts 



wn:_ch ha', e a 



certain set of nur/oers a^ coordinates we say y-u are drawing 
a graph oi the set of n'^T.bers . 

Below is show: the f.^aph of a set of integers. The three 



heavv dots are the graph of the se": 



)] . Is this a 



t'^'os^ vo^j have 5eer} befor^e? 



-PC 



^'3 




"^^s. V * 3. '/ c — c Ci ^ r.'^i ! 
^hls zez c:' Integers: 



A 



0 X- 

-/ ! 



A arc 0 
Integer? 



■Int half-way betv;eer 
the coordinate an 



;ay berv;e^ 
:hese ceo : 



:-nate: 



hai: 



'.;av 



.-ocrdlnate of a point half 
)etweer E and F? Arf 



ir.::egers . 



Many pC-'-n^s have as coordinate? n/or/oers which are not 

all "se points v;hose 



.s unit, however, we 



coordinates are integers. 
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Zxercise Sez 2 



Draw number lines shCAlng Zr.e Inwegers fro::: 10 ' ar.c 



graph these sei:s. Use scr-e horizontal and sone vertical nuniber 



[-9, "6, "1, 0, +Si v -I -r 



'-V .5- ^7 ^« 



TThe oositlve Integers less z:ia:\ '^6] ^ 
[The negative ^nteg ers greater thrn 



[Tne integers less than J ana greater than llj . ^ 
- >^ ■ ■ - 4 ' ' ' • ^ ' 

[The positive integers less than "^11 which are aivislble 
oy 5^ and their ooDCSitesj 

o. [The integers less than "^2 and i^reater than "11] 



7. [The integer which ^s j 'greater tr^an "2 and tne 
integer whicn is j less than 2] 



List or describe the sets of integers whose 'graphs are shown 
belov;. ^ . 



i — 
"6 




- ^ 

" "3 


i i -* 

"2 "1 C "^1 


— 1 • : — 


-5 










— i i !- 


! — ^ 


. * i 






1 C ^ <i 


5 ) 


+ 6 


.-•-H^ 1 ; \ » ' / 



c -"i "2 ^3 




.jCRDinates in a plane 



Look the nij^:oer llr.e and the points ? and Q below. 



^2 ^5 



Since ^ is on the nu.T.ber line we can state its position 
by nac.i:.-: l::s coordinate, ^1. On the other hand, since ? 
Is not on 'cnis n*.iTiOer line, we cannot state its position by 
narr,ins its coordinate. It seems to be directly above "1 on 
the line, hut we >:eed a way to tell how far above the line it is. 

We can find a way :.o do ihis by using a second number 
li.ne which is perpendicular zo the first number line and has 



tne sarr.8 zero ooint. 



T 



'1 -L 



"2 T 



"5 



■It. 



We see new :ha:: ? Is tLrezzly to tne leCz of "^2 on zr.e 
vertical r'jjr.ber line. We can describe its position by usin^^ 
the two nu.ube:3, " ^ ann *2 . Is there any point except ? 
which is exactl;; above "1 :n the horizontal n^onber line and 
also exactly to tn.e left o:' ^2 on the vertical nianber llne?(^J 

What is .T.ean: by ^:actiy above" and ''exactly to the 
left pf.'' in the J^ast .two, 5ent£nces/4r?4 — T* " "S* ^^TC^^T^ 

position "of ? can thus be described not by one 
riLLT.ber, cut by tne psir of nuTibers, [*1, "^2]. The numbers 
*1 and "^2 c.re called coordinates of the point ?. 

Tne .^'irst n-^-ioer tells the number exactly below it (in 
this example; on tne horizontal n^umber line. The second n^j^-nber 
tells tne niuTiber exactly to the right (in this example) of ? 
on trie vertical number line. The order in which the numbers 
are narr.ed is important, so [*1, "''2} Is called an ordered pair. 
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Let us tnlr.k r.ore preclseiy about findlr.g Zi.e ; 
which describe the pcsitlor. of a point. Look, at po: 
.T-ar-ced below. ^ 



moers 




T »■ 



^1; 



"4 4- 



A :ine seg.me.nt frc" R is drawn perpendicular to t.he 
horizontal n'u^T.ber li.ne . It intersects the number line at - k . 

A line segment from R is drawn perpendicular to the 
vertica.. nu.m.ber line. It intersacts the number li.ne at "3. 
The location of R Is described by tr.e ordered n^ber pair 



^36 
■1 1 . 
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We can use perpendicular lines to find tne position of 
a point. 

Consider the point which is describel by the 



oraerec pair [ 



2.x^n5 



'2 ^ 



0 



Since the first nuniber is lind the point for "^2 on 

the horizontal nu.::ber line. A line segnent perpendicular to 
the number line is li-^.-y.'r at this point. 

Find the point **1 on the vertical number line. 
A line segment perpendicular to the number line is 
drawn at this point. 



4 .1 7 



The tv;c perpendicular lire se^r.er.zs Ir.cersect at zr.e pcin* 
labeled Q. 0 Is the point v;hcS''" position Is described by 
tne orcerea pair ■ ^, 



Its first coordinate Is 
loS second coordinate Is 



0 the ordered pairs {^2, *1 ) and ("l, "'2) describe 



tv.o different points In the plane? v-v^ 

Briefly, we can thlr^k : 

To locate the point start at (o, O) 

count - units to the left and then 5 'onits down. 

To locate ( 1, ^2), count 1 unit to the ? ana 
then 2 units ? . 



To locate ('2, l), count ? unl ts to the 
and then ? ^unlt ? . 

To assist in describing accurately the position of points 
It Is customary to use graph paper. On graph paper sets of 
perpendicular lines are printed forming segments of equal 
length. Any pair of perper.iicular lines may be chosen as the 
number lines . 
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The ordered pair ("5, "3) is graphed b-^iow snd the point 
it identifies is labeled A. Notice the ordered pair is written 
in parentheses beside the point. 

1 . Write the ordered pairs which are the coordinates of 
points B, C, D, E, F, and G. Write ycv ■.- answer like 
this: A("5, 3) £(^9.0) _ pCs,-7) , r 



a a 



^9 
+8 

+6 
C • ^5 

+•4 

+ 



o 



B 



-9-3-7-6-5 -4-3-2 "I 01 ^r2^3 ^4^5 "6^7 ^8 ^9 

-2 

•Ar5,~3) -3 

~4 



D 



"5 
"6 
"7 
'8 
■9 



?26o 



2, Use a sheet of graph paper with lines one-half inch apart 
Choose two perpendicular lines for nu-T.ber lines and. draw 
heavy lines on therr. to show the lines you have chcsen. 
Label the n^tLT^ber lines frcr. 6 to '6. 



C-r?.ph these ordered pair 
coordinates , 



rs . Label each with its letter and its 



h) 

J("6, "3) 
K(0, ^6) 
M("2, C) 
H("2, ^5) 

When number lines are used in this way, we call each 
number line an axis . The horizontal number line is called the 
x-aais and the vertical number line is called the y-axls ... 
Tne point of intersection of the x-axis and the y-axis is 
called the ori.^J.n. 



-2J ^ 



440 

4:, 
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When you draw graphs you shcul: 



("axes" is the 



P A p 



aiways -.are. 
ertalr. v:av as shov:r. below. 







1 








i 

+4 






•> 




Origin — ^ 




Horizontal Axis 
— — -2:— 1=»- 







~4 "3 '2 "i 0 
— t 

~2 


■^1 ^2^3 


■^4 ^5 



"4 i 



-Vertical Axis 



Write "x" and "y" near the arrows on the rays pf the axes 
which show the positive integers. 

Label the C-point and several p>^ints on each aj^is. 

When you graph an ordered pair, label the point with the 

ordered pair. 

Label the x-a:<is and the y-axis on your graph paper for 
Exercise 2. 
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Exercise 3et 3 

1. V.'rlue as ordered pairs the coordinates of the 
labeled points . 



y k 



rV6) ^7 j 

- ^6 
^5 



cr5,o) 



+ 2 



79 ~S- 



■5~4_~3"2 ~i 0 



r3,"3) _ 



■! +2+3 '"4 + 5 +6+7-^3+3 



D( 5) 



~7|k(0,"7) 
~8 I 



B»r!0,'4: 



2. Graph the folio'ing ordered pairs. Use graph paper and 
label the x-axis and the y-axis . Label ea.ch point. 



ACT, "3) 

ore, -5) 



D(0, ~10) 
S("5, "5) 
F("5, 0) 



3. Can 5.- . v;rite an ordered pair of nimber-s ^^o tell the 
loca'-ion of vovr -^.ovm on the earth's surface? Wiial 
would you use for nuinber lines? ^^^^ c>i^.) 



Answers : Exercise Set 3 
Exercise 2 



^10 



DvOriO) 



"8 



^7 



. 8(^4; 3) 



ERIC 



•ATT, ^3) 



■7 "6 "5 "4 3 "2 



• E { 5, 8; 



+ 2 

+ 1 

"1 

"2 

~3 
~4 

"5 
~6 
"7 
~8 



Fr5,0) 

""3 "4 "^5 "^6 "^7 



"-3 



4^- 
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Exploration 
(X-Coordinates and Y-Coordinates ) 

You have been using two perpendicular number lines with 
the s^nie zero point. We called these nu-mber lines the x-axis 
and the y-axis. These lines h3lp you identify the point in 
c plane which is the graph of an ordered pair of numbers. 

We say "ordered pair" because the order in wrich the two 
numbers are named is important. The point named by the pair 
(^5, "^6) is a different point from the one named by the 
pair (^6, ^5)' 

The first numoer in an ordered pair^, which tells how 
far the point is to the right or left of the j-axis, is 
called the x-coordlnate . The r/-^aber which tells the distance 
c the poin^ .bove or below the x-axis is called the 
y-coordinate . 

X. a) Nar3 the x-coordinate of each PP^^^ ^^^^^f^f ^^j(o) 
Exercise 1 of R.erclse Set 5. [ f^J ^^^^ ><(^^ 
b) Name tha y-ccordinate of each of these pCir.oS. 
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2. Write as ar. ordered pair the coordinates of these points 



n, ', 


X- 


coorcir.ate 


is 


■ 3 , 


y- 


coGrdiri5.te 


is 


~Y . 




3; 


y- 


coordinate 


is 


-10, 


X- 


coordinate 


is 


"3. 




C: 


X- 


-ccordinate 


is 


0, 


y- 


coordinate 


is 






D: 


X- 


-coordina^ 2 


is 


~5, 


y- 


-coordinate 


is 


0. 


D 


E ; 


X- 


-coordinate 


is 




y" 


-coordinate 


is 






?: 


y- 


-coordinate 


is 




X- 


-coordinate 


is 






G: 


X 


-cooi'dinate 


is 




y- 


-coordinate 


is 


"3. 





3. Granh the points whose x- and y-coordinates are given 
m E. rcise 2. Label each v.-lth its letter name and its 
ordered pair. 

E 



Dr5,0) 



-6 

•^4?CvO,*<-. 
-3 



"? "S "5 "4 "3 2 1 - 

"i 

'2 
"3 
"4 

"5 

" e 

"7 



-r. -r 
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Exercise Set ^ 

1. a) Graph the points whose coordinates are given below. 

Label each point wicn its letter name and its ordered 
pair. ijo^Y^ ^rCf^ ^^^) 

A: (-1. ^7} 
B: (^^. 0) 
C: (^2, 0) 

b) Draw 73 and AC. The 'anion of A3, 3C, and AC is 
a triangle. What kind of triangle is it? {.^u<L^^<^.<^^ J 

c) Tne base of (^^Ly^^-^^-^i^^u^^ triangle ABC is on the 
: %) a xis . 

2. a) Graph these points. Label each point with its letter 

name and its ordered pair. 

D: x-coordinate y-coordlnate ^3 (^^y^ 

E; x-coordinate 1, y-coordlnate 3 
F: x-coordinate ^5, y-coordlnate 1 
G: x-coordina::e ^3^ y-coordinate "*"5 

b 1 Draw "D^, "3?, "55, Which of these nanes describe 



the 


figure IKPG? ' / ^ - 


. 3, 


1) 


Sim)le closed curve 


5) 


2) 


Polygon 


b) 










Square region 


8) 



c ) Draw and w?iat are the coordinates of their 

intersection? ■ ^ , 




Answers : Exercise Set h 
Exercises 1-2 





" -5 Br4.or2 n o 


^1 0^2,0) -^5^6 


"2 




~4 
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J>, a) Write three different ordered pairs in which the second 

n'omber is 0. ( • ^ </ ^ 

b) Graph the^e ordered pairs, [ M^-^>^ u^^^-*^-") 

c) Where do the three points lie? f^,-^ ^-^j 

d) Write three different ordered pair.: in v hi^h 'he fj^sb 
number is 0. L ' V' 

e) Graph these ordered pairs using the same axes you usee 



for b . 



f ^ wTaere do these points lie? 



I'M 'C/^ 

a) Any point whose x-cocr^iinate is 0 lies on the ? 



b) Any point whose y-coordlnate is 0 lies on the ? ^ . 

a) What are the coordinates f tr.-' Intersecvion of the 
x-a:cis and the .y-a^is? 

b) What special na.T,e i^ i^iver ^ ■. ' • nt of intersection 
of Che >:-a::is and y-axis? " ' 



IV. USING COORDINATES TO FIND MEaSURES C? rMIlNTS 



Ob.1ective: To lead pupils zo find len: 
by counting uni^ segments \ 
x-coordinate or the y-cccr. 
and second, tc find zhe 

Vocaculai"'/: unit segr.e/.ts 

Materials: graph paper, pencil, scrua^ 

Te a c h i n s; ? r o c e du r e : 



Before the children op-:., 
a set of ordered pairs on ^ r.c: 
Tnese ordered pairs should ce 



segr:ents, first 
vn*-n ei:her zhe 
: . : remains cons cant, 
ry computation.. 

.1 chalkboard, straightedge 



.heir books, gr:.ph 
quared chalkboard . 
.: '':oser so that 



either the x-coordinate or ' ne y-cocrdina s 
the same for all pairs. -elr Vne children - J 
reccgnlze that the points li' dlong a ]i:ie 
segment. Notice the poc' :i of the .h ■ e 
segment. Is it tc the ;■ ' - t cr left c. che 
v-axis or above or belov. uhe x axis? The 
teacher might desire to raoea: thir ^- ^lopm.ent 
v;ith the se.rr.ent parallel .-j c... " axis. 

v:ith prac-:.C': cnildren c^r ■ isu J. the^ 
location and positir-. of a i./ie c .^nt by 
looking .:it a set of ordered pai' - . 

vov; give the children the 
follov; the exploration. They ^ 
find the measure of segm.ents 
x-coordlnate or y-coordir' ;-3 
counting ani then by : 
com.putation. This ac 
the generalization st 
The area of th'' 



in Exercise 5 of Exc 
the areas of all the 
. us the area of thf 
Recall that the area 



^unity to 
.Id learn to 
uTiits), if the 
the same, by 
difference by 
direct them, to 
n Exercise 7- 
, ' ' ilateral region A3CD 
' c: Set 5 is the sum cf 
.ght triangular regions 
octangular region EEGH- 



All- 



r the rcctang-alar region 
is c:tained by m^jitiplying the m.easures of nhe 
^ e-^'gth and the v:idth. The area of a rignc 
c^jang-j'^r regie- s found from the formula 



b X h 

-TT 



v'here 



se™ents \:: 
ric,ht t..?^ 



h are the m.easures of the 

:;p:.ermine the right angle. In each 
.e tne nase m^ay be considered a'^ either 



side of the right angle. For example, in CG3 
if [Q^ is the right angle, side GC or side 
G3 rnay be considered as the base. The area is 
in square units. Seme of the children may want 
to do other exercises similar to this to see 
that it is possible to find the area of almosr 
any polygonal region by dissecting it into 
rectang-jlar and right triangular regions. 
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USING COORDINATES TO FIND MEASURES 0? SEGMENTS 

Exciors. ;ior. 

1. a) Write 5 ordered pairs whicn have the same x-coordinate 

b) Graph the points for the orderea pairs, f^'^r^ 

c) Are all five points on the same line? l^^) 

2. a) Wri^c: 5 ordered pairs which h3ve different 

^coordinates and^tne same^ y;Coo^f/^^ ct^V'^^'.^v!^.). 1^ j 

b) Graph the points for the ordered pairs. T-^^^ A^ ""^ 

c) Are all five points on the same line? 

3. Wnat do youjiotlcejbo^t^the^lin^ ^^Jl'tli^i. . ^ 

2 c)? .u^-^. ; 

4. a) Graph the points R(-2, "^7) and STS, -^a) (^^y^ — ) 

b) What is the measure of RS in unit segments? [V— 

c) Could you find the measure of IS, without counting 
unit segments, by using -he y-coordinatesM'|^ ^ ^ 

5. a) Graph the points A ("3, '5) and bC^^, ~5) /Z.fC^ 'v^v-) 

b) Subtract "3 from - 3 = ? v''^) 

c) Subtract from "3. "3 - "^t = ? 

Dees your answer tc either . b," or c) t^all you the , 
length of a5? , ?^ ; ^ ^ * 



Answers : Exploration 
Exercises lb-2a-^a-5a 



Ex.ib 4 

+5 
■^4 
+ 3 
+2 
+ 1 

^ 

-3-2 -| 01 +1 ^2+3 ^4+5 
-i 



A.(V6) 



B«f3,^3) 



cr3,-n 

0*r3.-4) 
£•^3,-5) 



Ex. 2b 


L 




b-^4/5) 


Ar3,^5) 




^3 












-4-3-2 -i 0 

"i 


^1 ^2+3 "-4*5 ^6^7^8^9 s 


"2 









Ex.4o-5a 

Rr2,-'7)» 



3r2,-'3)« 



+ 5 

^4 

^3 
+0 





X 


-4-3-2 -i oi 

-l 


^1 ^2+3 ^4^5 


-2 

-3 

-4 
~5 

1 


B(V5) 



■^52 
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6. a) Consider the points CC^ICd, and D("^105, '^69). 

Without graphing C and D, can you find the length 
of ^? %L.^^^,:U I . ) 

Wh^t is tne len^tn of TTo If H has coordinates 



\ 



(*3, *579) and S has coordinates ( 3, "^66)? 

7. From your observations in Exercises 1-6, complete this 
sentence : 

To find an integer which tells the .-neasure, in units, 
of the segrr.ent between two points: ^ 

a) if the x-coordlnates are the same one ^ "^1 
coordinate from the other. 

b) if the y-coordlna-es are the same ^-JJ^ one \ ^ J 
coordinate from tne other. 
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Srcercise Sez 

1. Here are names cf points and the coordinates of each: 





'7) 


'2 ' 0 










) 




5) 


F("8, 


"D 



a) List the pairs of ooin-cs with the same x-coordinate. 
Then find tjie len^:h of the segment Joining each pair 

' .Find the .airs of points with the same v-coordinate . 
^Then f-nd the_ length of_the segment _Jdinlng each pair, 

^ ^"C -- ^ AO - ^ CD - ^>u-^ J BE - 7-*-^ J 

c) Check your answers by graphing the ordered pairs and 
courting unit segments, [ AjulTC f:L.^ 4-5'^,) 

2. a) Gi*aph this set of ordered pairs of Integers and label 
the points of the graph. iA("^2, "^9). B("^2, "2), 
cn. -2), B(^7, ^9)} 



Draw 3?. Cl5, Dk. 

V/hat kind of cusirilateral is ABCD? i ^^^"^^-^ 



g ) 



Find the lengths of A3 and BC. (Don^t count 
subtract coordinates.; ^ 



-6^ 



) 



d) 'tfnat is uhe area cf region ABCB? 



Answers: Exercise Set 5 
Exercises lc-2a-3a-3b 











Br2r3) • '-z 


• E (5,3) 






1 


X 


"^9 -8-7-6-5 -4-3 -2 -! 0 

• 1 


"2+3 ^4 ^5 ^6+7+8 +9 


Frs.-i) '2 




-3 




"4 




-5 




'6 




C(-2r7) • "7 





Exercise 2 



? 



Dr7.-9) 



^ Oi 
-I 



Exercise 3 



Fnt8) 
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a) Graph these points £,("^5/ F(~l, "^8), G( 1, ) . 

b) Draw W, PG, EG. What segments are ^he base and 

£? uJU iutL l-^ ^.^Q, -^-a^- /' 

a) Write on your paper the coordinates of each labeled 
point in the figure below. r('^. "-^3 



height of AilPG? 
cl Find the area of AEFG 







— r 

i 




i 

1 J 




j ! 
















1 






i i 


J 
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1 — i — , 
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1 — 1 — 
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y i 
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— 1 




1 1 
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■ — 1 




i 
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— 1 
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V 1 
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0 

— i- 




^ "i 

1 J 
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n 




I ^ 
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F 
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4 
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\ 


































1 




i 
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1 
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; 1 
1 
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i— 












1 '"1 - 

! ! • -A 
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1 






















1 — \~^ — ^ — 

! 1 i ! 
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i 




i 












i 




1 — 


, ' 1 

1 i ' 


^ i 




i : ! 




1 






1 




i 


! i ' 




i i ' 


r 


■ i I 




1 












^ind: :) a set cf four lacelec cclnts with c:;e 
:ar.e joor^^ ■ a::e . 

2} a set cf two labeled poir.ts wl".- tne sa-e 
y-coord-nate . \ ' ' ^ 

3) two sets of two labeled points witin tne 
san:e x- co ordinate . ^ 

c- Find the lengths of these line segments: -rTz, ZW, 

zp, WT, ?T. / . - ; 



d) Na.T.e o'ao triangles and a rectangle in tne fic^^j^e , 
ano find one area of eacn 

e) Wr^at is the area of the region bounded by 
idrilateral RST?? , ^ \ 

9c ^ 



Guacri^atera^ li^n)^ : , ^ , no 





w: 3.Z set of thres points have the sane x-coordlnate? 
Can ycu lina anc^ner se^? -j ^ ^ 

What three labeled points h^ve the same y-coorcinate 
can you find another sec? . / ' ^ 



Find the lengths of base and altitude of each r^ght 
t ^ianc-le wl^h labeied vertices. (There are four,) 



ERIC 




How T.ar.y ^^e^^^ei'^zz ar^^ 



•na R as tnd-ooLr.zz 



a raw RT 



RTT'^i >:aiv: aric ^a: 



J raw . 



A:.a' 



:.ave ^racnea is: 



srs, ^-^), rT^, --^'r-, anc Tr5, ■2)1- 



Fcrr: a new set 



ordered pairs by changing 



tne coordinates 



to each x-coordir^te and. 



tnese pairs as .oi^ows: .nCia 

add C to each y-coordinate , 
~.e tne -orresior:din^ . new points , A, 3, C , D , and £ , 

arapn ana ic:b-i ^.ae se^. o: ^rdered pairs you found 

i:. Exeroise c and draw -.ne se^T.er.ts AC, CE, and 3D, 

What does tnis new figure Iook like? (Uyii^ f\ 



ire ! 



£x. •1.3,4.5.3 



n 

S j 
5 



/ 



3i 



"s -5 -4-5-2 cj +i "2^3 ^5-^5-^7 



"4 i 

- r- i 




: rox ea CT; 



; d ' n a s 01 



.all t:.e ccrrer, onc-^r.g c::.n^s 



Draw £?, 



:s E?GH ccng: 



ire we get cy cnangin^ ^::e y-coorcilna:^^s 



n-LS se , 



:airs. Lacel "Che pclr.ts . 



C(":, ^^), D(^3, C)] 
3C, Whcit letter does the ^or.ion 



vr.ese se^7;en::s l-ok li" e? w 
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Exercises 1-' 




Ex. 2 



y4 

^6 
^5 

+5 
+ 2 
•^1 



-7 -6~5 ~4~3~2 i 0 




'CO 



P2-8 



, ) Forrr. a r.ew se" of ordered pairs [E, ?, H} fror. 
the old se': of Exercise oa as follows: Acc "^3 to 
t' •• x-ccordlr.ate ard subtract *o fror. tr.e y-coordinate . 




Suppose yo^ var.tec to "-eve" tn- fi^^ure of Exercise J 



: ive ur 



three ui.its 





Battleship Ga.tie 2: Tr,e r-;les of this garie are the same 
as those for Battleship Game 1 'isee end of Exercise 
f-^t 5) except tnat Rule d .s r-jolaced by: 

(l) Tp.c- first player calls out sor.ethir.g like ''2 
■^-its exactly to left of ("^1, . - there 

Is a point (battleship) rarked with the 
coordir^tes ("1, "^3) then tne marking is 
erase;, ^battleship sunk) . 
2) If tne first player said "2 units exactly to the 
ri^n- .f "o)" then the -arking at ("^, ^o) 

wovi^d oe erased . 
j) If tne firsc player said "j 'units exactly below 
(■^1^ "^j)/' tnen tne marking at (^1 O) would be 
erased . 
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■7) 




c n74) 



-4-3-2 "Lpi 
-21 



•2+3+4 



'3 ! 



i \ 

■2! ^Gr4T2) 

: \ 
) \ 

-5 \ 

-S ! H(+67S) 



cescrl cez . z:^er. 



BRAINTa'ISTL.^ 



:er:lse.- ycu grap 



Drav; sorr.e ^t::er capit:- 1 letter or. a sneet oi 



oaper. Wrice ^r. a separate snee: 



cremates 



endpolnts oT :::".e sei<.Ten::s tnat "err. the figure, Har..:: 



.ons 



:-e grapn) sor.e Jtner studer 



See ir ne :an fcllcv; "-r.e i.-.s^ruct^oriS *:c 



ne sarr^e 



nave or: 
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GRAPHS OP SPECIAL SETS 

Exploration 

Suppose we have Just the set ["*"!, "^2, "^5, '^h, '^3]. You 
wish to write the set of all the ordered pairs of numbers 
such that both numbers are In this set. 



1. Follow a system so you do not omit any pairs. 

First list In the first row all pal ^s which have ''"1 as 
first number. Then list In a second row all which have 
"^2 as first number; and so on. 

Arrange your pairs In a chart as shown below. ^^J. -^omTC-U 



Cl, +1) 1+1, +2) (+1, ? 
(+2, +1) (+2, ?) ( ?, ? 



( 



) ( 



) ( 



) ( 



) ( 



) ( 



) ( 



^1, 



1, 



2) a) Does the chart contain all ordered pairs with both 
numbers In the set [''"l, '^2, '^3, ''"4, ''"5}? 
b) Where In the chart are all the pairs with """l as v 
second number? 'With ^2 as second number? With. 
as the first number? 
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Answers : Exploration and Exercise Set 7 
Exercises 5b-4b-3b-6a-ob-^ 
Exercise 1 



*6 

+3 



'6 ~5 ~4 ~3 "2 "I 0 
-| 

"2 

~3 

~4 

~5 



• • s 



+1+2+3^-4+5+6 X 



Exercise 1 

























(^3/2) 










('4/2) 




('4, H) 


^4/5) 




1*5, '2) 




('5, %) 


('3 , t5) 
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5, a) Find in the chart the ordered pairs m which the x- 

coordiriate and y-coordinate are the same. List the pairs. 

b) Graph these ordered pairs. {J^TC-^7'^J 

h, a) Find in the chart the ordered pairs in which the second 

number is greater than the first number. List them. ^ , ^ .7 

b) Graph these ordered pairs, using a red crayon. Use the 
same sixes you used for Exercise 5b. C-"^ / 



5 , a) Find in the chart and list the ordered pairs in which 
the second number is smaller than the first, 7" 

b) Graph these ordered pairs on the same a^os you used for 
Exercise 5b, using a green crayon. ( J*-l l^C 

6, a) Find all the points whose y-coordinate is "^5. I^raw 
in black the line segment through theae points. 

b) Do the same for the points whose x-coordinate is "^5- 

[2^ TC-471) 



(-3^ -3} 


(-2.-3; 




Co. -3) 


/I. -3) 


('2, -3) 


r% '3) 




{-2, -2) 


(-1. Vj) 


(orz) 










i-s.-i) 


(-iri) 


(0, ~i) 


/in) 




/3rO 






(-1.0) 










(-3/0 






(0, "/J 


/h-^l) 










(-1. 






/^, "^J 


/3, 


(-3/3) 






Co, 


/h 




C3. -^3) 



4 So 



•Answers : Exercise Set 7 
Exercises 2-3-4-5-Bralntwlster 1 
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Exercise Set 7 

Use the nxunbers In this set: ("3, 2, 1, 0, 1, 2, 3], 

1. Make a chart of all ordered pairs of niimbers with both 
niunbers In the set above. How many should there be? 

2. List the set of ordered pairs In the chart In which the 

two coordinates' are the same. Graph this set In red, Ir*** ^ 

/(-3.-i3 r/.-O. M , ^O.C^.^^J X'^/3)J 

3. List the set of ordered pairs In which the second nximber Is 

2 greater than the first, (There should be five such pairs,) 

Graph this set In green on the axes you used for Bcerclse 2. 

4. List the set of ordered pairs In which the second number Is 

3 less than the first, (There should be four such pairs.) 

Graph this set In blue on the same axes. 

5. List the set of ordered pairs In which the second number Is 

(7) X 

the opposite of the first. (There should be ? pairs.) 
Graph this set In black on the same axes. TC 'il-7-/3 

6. TJoea the set of red points suggest a llne^^^he green 
polnts^^lhe blue polntsW*\he black^^^ 
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BRAINTWISTERS 

1. Qraph'the set of ordered pairs (aC^I,- "^l) bC5, "^l) 0^3, ^5)] 
Draw as, B?, iJI. Form new ordered pairs by doubling 

each number. Graph the ordered pairs and call the points 
D, E, and P. Draw T5E, EP, FD. Is A ABC congruent 
to A DEpi^Does It have the same 8hapi?*^\re corresponding 
angles congruent 7^"^^ (^^yn^, ^TC ^7V-J 

2. Draw some other figure whose vertices have positive 
Integers as coordinates. Find the coordinates of each 

, vertex. Multiply each coordinate by 3 and draw the 

corresponding n«w figui^e. Are the figures the same shape? 
(/>^ /r- r^^^}.-^- 

>iJty<« .l-J-J^^ 

3. Write a sentence that tells what you have observed from 
Exercises 1 and 2. Z*^"^ ^ 'X^tm^^.y*^ ££l ,.-u-*-J^,} 
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VII, REFLECTIONS 

I 

\ 

Objective: To develop, an understanding, of geometric reflections. 

Vocabulary: reflection, reflection In a vertical axis, 

reflection In a horizontal axis, reflection In a 
line 

Materials: graph paper, pencil, straightedge, squared chalkboard 
Teaching Procedure: 

Use the chalkboard graph for the" set of 3 
ordered pairs given in Exercise 1 of Exploration. 
Follow the procedure as ou-ciined In the pupil 
t ext.. This will show a reflection of :^e figure 
In the vertical axis. The triangle ■ DEF should 
be drawn on the chalkboard prior to the beginning- 
of this Exploration. 

A different figure than that given in the 
Exploration may be used. After this introduction 
ask the pupils to follow the Exploration in the 
pupils text. A small group that is having - . 
difficulty would profit by addi'-.ional help from 
the teacher. 

If the entire group finds this section 
difficult, then as a class, work out several 
examples similar to that of the Exploration. 

The mathematical idea of reflection in a 
vertical axis is given at the end of ExercTse 1. 
The meaning of reflection in a horizontal stxis 
is brought out by Exercise"?. Exercise 1 and 
Exercise 2 are designed to help children under- 
^ stand the mathematics at work in reflections. 

Exercise 2 of Braintwister gives many 
ordered pairs. If the pairs are graphed 
correctly aiid the segments drawn as Indicated, 
the figure will roughly resemble an Indian. 
Children might enjoy making si-milar exercises 
for their classma,l;es to graph. 
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REFLECTIONS 



Exploration 



You already know at least one meauilng for "reflection." 
We think of a niirror or a pool of clear water as giving a 
reflection. Let us see what reflections are in geometry. 

1. a) Qraph this set of ordered pairs: ^ 
(AC'S, ^7), 6^9, ""5), CC^, n)) 

Draw segments a5, and TS. The union of these 

segments is a ?(/^^*^^-^ ) 



Does your triangle ABC look like trl^gle^^ j^^^ j)elow? 
This drawing shows also triangle DPE which is a 



called a reflection^ 



reflection of triangle ABC. Do jrou^s ee^wh^^ it ^ ^ 




b) Copy the table below arid write the coordinates of 

pointe'^ — D, E, and F. Pill in the distance of each 
•^oint from the y-axis also. 



Point Coordinates of 
point 

A C2, ^7) 

•D (7/7) 

B (^9, ^5) 

p n.'^) 

C (^5, 

E {-J^'^ ) 



Dlstancie of point 
from y-axls 



c ) What do you observe about the coordinates of points 

d) What do you observe about the distances from A to 
the y-axis and from D to the y-axis? ^ ^ 

e) Are the observations you made for the points A and 
D similar for B and P^^^or- C and E?^^^**^ 

f ) Mark and label points D, P, and E on your graph. 
Draw triangle DPE,. 

g) Fold your paper along the y-axis and hold your paper up 
.to the light. Does A fall on D? Does B fall on 



h) Is AaBC -AdPE? ('f^) 
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Point D Is a reflection of point A in the y-axis. 
Point F is a reflection of point B in ^tht* y-axis . 
Point E is. a reflection of point C in the y-axis! 

AdfE is a reflection of v^ABC in the vertical axis. 

'* ' . < 

Note that we get a reflection of a point in the vertical, axis 
when tjie first coordinate of the .point is replaced by its 
opposltei"*and second coordinates remain the same. 

A figure is a reflectiorr of another in the vertical axis 
if corresponding po-ints are the same distance from the veijtical 
axis but in opposite directions from it. ^""^ 



2. How can we get a, reflection of A ABC In the horizontal 
' axis? In the drawing below, does triangle LKJ look like 



a reflection cJf triangle ABC In the horizontal axis? 



y 

^7 
^6 

- +3 
+-2 
+ 1 


\ ' ^^^^^ 

C "'^ 


-9 -8-7-6 -5-4-3-2 -Lp 




-2 




'3 




-4 




-5 




-6 




; -7 










f 0 



a) Copy the table bellow and fill In the missing facts, 



Point 

A 
L 

B 



J 



Coordinates 
of point 

. i'^. "7) 
. {'"9, "-S) 



Distance from 



x-axls 
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b) What do you observe about the coordinates of:' 

(1) A and L W2i^-^-:^^./-;:::2iIz::^'*':£) 



(2) B arfcl Y:^'>{^lL'.u^rM^^:dM^<i4^ 

(3) C and J ? ( ^--^'•^^ ^ ^ ^u^. 3^u^^^ 

c) What do you observe about the distance of; 
(1) A and L from ^e x-axls? [ l ^"^-^^ 

'(2) B and K from trhe x-axls? \ 
(3) C\^nd a ^from the x-axlB? C^^*-^} 

d) How do these observations compare with those you made 
fi?bm the table In .Exercise ^\^Xm^ ±L tc- u^nL^ ^-M^ 

e) Along. which axis would you fold this drawing bo that 
A, B, and C would fall on the 'corresponding points 
L, K, and J? (^M J^2l X-f^.). 

f) ' When the second coordinate of each point Is replaced 

by Its opposite and the first coordinate remains the 
same, we get a reflection In the ? axis, 

A figure Is a reflection of another figure In the horizontal 
axis If corresponding points are the same distance from the 
hgrizontal axis, but In opposite directions from lU. 

3. a) Graph this set of ordered pairs: 

A("5/ "2) D("9, "10) a("7, "6) 

B("l, "4) E("9, "it) H("7, "10) 

o,-a.-.o, .,-9.-6, (^-f^^jff^ 

Draw jSS, 15", TD, W,, Eff, 

This figure Iboks like, a drawing of a ?. ^ > ^ 
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b) Graph the reflection of point A in the y-axis. 

The reflection of A in the y-,^ls should have the 
•jl"^) coordinate as A. Its coordinate 



same 



should be the opposite of A*s. 



Point A and its reflection in the y-axis should be 

the same distance from the axis Y^^^"?^^ ^.^"^ 

JLM^ l^HL x-^^ ^'T::^± JU^ 

c) Oraph the reflections in the y-axis of the other labeled 

points. Draw segments to get the reflection of the 

figure. 



d) Do your figures look like the ones in the graph below? 
Label the points of your reflection figure as shown. 
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43. 



Name pairs of points so that one point Is the 



reflection of the other. Tell how far each point Is 

r^s^f^^ fi^z^s^j /^.^vj--^ 

Find a point on TS. halfway between A and E. 
Call It W. What are the coordinates of '3.) 



from the y-axls . 8^P ^ 



Find a point on JK halfway between J and K. Call 
It N. What are i:he coordinates of N? 

Is N the reflection of W?^^^^ you think all_ points 
of one figure are the reflections of corresponding 
points of the other? 

Along what line can you fold your graph so that 
points of the reflection fall on corresponding points 
of the figure? ( ^^^^ ^ tj,-c^.) 

This Is an example of reflection In a line . The line 
of reflection In this case Is the y-axls. 

Draw the reflection of polygon ABCDE In the 
horizontal axis. ( X^Tt^^S^) (y^) 

(1) Is this an example of reflection In a line? If so 
what line? (^-^) 

(2) Does the line of reflection always have to be 
the x-axls or the y-axls 
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Answers: Explcjatlon 
Exercise 3h 
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Exercise Set 6 



a) (l) Graph this set of ordered pairs. Label each point 

with its letter and coordinates. [X^TC 4^?) 
(A(+6, +4), B(+8, +2), C(+6, +1)) 

(2) Draw aBi, 57, a7. 

(3) Is your figure a triangle? ("Z^J 

b) Qra^h the reflection in the vertical axis of A ABC. 
Label each vertex of this second triangle with its 
coordinates. { 2lcTC ^f7) 

c) Qraph the reflection in the horizontal axis of A ABC. 
Label each vertex of this third triangle with its 
coordinates. ( J^TC 4-^^) 



The line of reflection 
in this drawing is the 
-axis. 



y ' 






/ — ' 


s 


\ \ 




/ / 


6 


X 



3. The line of reflection in this drawing is the _?__^-axis, 



y 


o 






M 


M 
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Answers : Exercise Set 8 
Exercises ia,b,c-4a,b 



r6+4) 




+4 
+2 



rs+i) 



10 -8 -6 -4 



2 0 

~Z 

"4 

-6 



AC^6?4) 




BC<-8+2) 



CtVl) 



+4 
(+6,-1) 

(+6,-4) 



+6 




+8 +10 X 
(+8,-2) 



Ex. 4 a,b 


r4t7) 




r6+5^^ 






r7+2) 


^r3t3)+2 




^ ~I0 "8 ""6 


-4 "2 '0 


+2 +4 +6 +'8 +:!0 X 


Fr772) — ^ 


■^^ErSTS) 




GCBTS) V 






00*77) 
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4. a) Graph this set of ordered pairs: ( JU, JC ^f?} ^ 

[ D("4, -7), Efa, "3), ?("?, "2)/ G("6, -5)} 
Draw pS, EF, 

b) Graph the reflection of quadrilateral DEPO in the 
horizontal axis and label each vertex of this new 
quadrilateral with its coordinates. 

5. a J Draw the triangle whose vertices are points with 

coordinates aC^4, "3), B("3, "2), 0^2, "lO) (LTC 4 

b) Graph its reflection in the horizontal axis.. Label each 
vertex of the new triangle with its coordinates. What 
is the line of reflection? (x-"^) 

c) Graph the reflection of the triangle in Exercise 5a 
in the y-axis»- 

BRAINTWISTERS 

1. a) Graph this set of ordered pairs. Label each point as 
you graph it. 
A (+8, -2) 

bC^i6, '10) 

CC^4, -13) 

DC^2, "13) 

EC^3, "9) 

b) Draw IS, c) Draw EF, d) Draw HJ, e) Draw W, 

and ro. H7, and aR, BS, YB, and 

IK. and EF. ., 5?. 





-6) 


M(+6, • 




V(+l8, 


"3) 


H(+l, 


■6) 


PC'S, ; 


■8) 


W(+13, 


-?! 




-5) 




-1) 


X(+l4, 


-8) 




-5). 


sC'io, 


■^) 


YC^20, 


-5) 




■5) 


T(+ll, 


-5) 


Z(+17, 


-11) 
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Answers: Exercise Set 8 
Exercises 5a-5b-Bralntwlster 2 

c'r2+!0) y . 




Br4,-3) 



cr2,-io»f 



+4 
+2 




+2 *4 *6 *8 *IO*I2*14:U5*I8'20 

A 
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Answers: Braintwlster 3 
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This IB a drawing of Chief Pointed Head, Draw his 
reflection /In the vertical axis. ( ^ ^(^^f) 

2. The reflection of the letter A in the vertical axis is 
also a letter A,' but the reflection of the letter A in 
the horizontal axis is not. 



A 




y , 


A 


0 




6 


V. 



Can you think of any other capital letters which would be 
the same as their reflections in the vertical axes? The 
horizontal axes? both axesl/Jon^i^ ; 8,^* t^s^s^j ^ 

See the chart for Exploration Problem number 1 on page 280 ir^ 
your text, can you find an illustration of reflection of 
a set of points in a line which is not the x-axis and not 
the y-axis SO. write the coordinates of a point and, the 

coordinates of its reflection ./J What do you observe? Test 
your observation on three other points .(^X^ ^{f*^t2*r^ 

Battlesliip Qame f 3: The rules of this game are the same as ^ 
those for Battleship Qame # 1 (see end of Exercise Set 5) 
except that Rule d) is replaced by: 

d)** (l) The first player calls out something like "reflection 
.of (■*"1, '^2) in ..the X-axis". If there is a point 
(battleship) marked with coordinates ("^1, "3) then ^ 
the marking there is-erased (battleship sun><). If 
there is also a point marked at ("^1, ^i) it is erased 
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(two battleships sunk at one firing!) If there 
is no point marked at ("^1, "3) (even though there 



erased and the opponent then has his turn. 
(2) If the first player calls out something like 
"reflection of (**'l, "^3) in the y-axis" then the 
marking at ("1, "^3) is erased. If there is also 
a point marked at ("^1, "^3), then that marking is 
also erased. If there is no point marked at 
("l, "^3), then no markings are erased and the 
opponent has his turn. 

Make up some rules for a harder Battleship game which 
illustrates the ideas of this chapter. Hint: seo if 
you can use symmetry ideas to sink 3 or even 4 ships 
at once. 



might be one at ("^1, ^3)), then no markings are 
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VIII. SYMMETRIC FIGURES 



Objective: To develop an understanding of symmetric figures. 

To reinforce the ideas relating to reflection 
through the study of symmetry. 

Materials-; graph paper, squared chalkboard, scissors, pencil, 
straightedge, compass 

Vocabulary: symmetric figure, line symmetry, line of symmetry, 
axis of symmetry ^ 

Teaching Procedure: 

The Exploration and set of Exercises contained 
in this section are- in sufficient detail in the 
Pupil Text to follow. VJorthwhile review in 
graphing points of ordered pairs, review in 
construcoting reflections, and stimulating 
challenge to the quick, able pupil are given in 
this section. Do not expect complete mastery 
by all pupils in the short time allotted for this 
section. Encourage each pupil to proceed as far 
as he can. 

In the Exploration for this section, l) 
is 'a very good activity which can be very easily 
combined with work in art. Some figures which 
can be made in this manner are valentines, snow- 
flakes, Christmas trees and many othei;s . 

After all have had a chance to study the 
materials, discussion should center around the 
problems which pupils find puzzling or difficult, 
liicourage pupils to/ask each other questions about 
the material. This crystallizes the ideas for 
those asking the question and is. very meaningful 
for the pupils ansv/ering the question. 

It is interesting to note the many examples 
of symmetry that one sees each day. Many of these 
are not just one figure, as for example a fireplace 
and mantle. 
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SYMM[ETRIC PIOURES 



Exploration 



1. Fold a piece of paper and crease the fold. Mark a poln*; 
A and a point B on the crease. 

Start at A and draw a curve which does not. Intersect 
Itself and ends at B. 



Use scissors to cut along the 
curve. Be sure to cut 
through both parts of the 
sheet of paper. Unfold the ^ 
part of the paper you cut 
out. 




2. 



The curve Is a symmetric figure. The union of the curve 
and its Interior Is also a symmetric figure. Either set 
of points furnishes an example of line symmetry because 
when the paper Is folded along the line suggested by the 
crease one part of the figure fits exactly on the other. 
The line represented by the crease Is the line of symmetry 
or axis of symmetry . 

George has a "crewcut"; ib this picture of his head 
( ^) 

a symmetric figure? If so, lay your ruler along the 



V. 



axis of symme.try. 
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3 . Chief Point^ed Head made an arrowhead 
It looked like this: 
IS It symmetric? If so, what is 
the axis of symmetry? 




4. Trace these symmetric figures on .a sheet of paper. Then 
use your ruler to draw the ax}.s of symmetry pn each of 
your tracings . ( ^ A ^ ^ ^t^ S ti-^ ^ aJ^^^ «u« MiLJ . 3 




5. Must axis of symmetry necessarily be either horizontal 
or vertical? 
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6. Use your compass and straightedge to construct an 
. equilateral triangle. Let the length of each side be 



r 

Cut out thf; triangular region. 

a) Can you fold the' paper to show an, axis of symmetry? 

- Can you show another axis of symmetry? How many axes 
cf symmetry are there? f "^^^y ^''•^^ 

b) Can a figure have mo^e than one axis of symmetry T^Tf^st 
It have more than one? 



three Inches. ^ 



7. Trace this drawing of a . ^ -i 



rectangle. ^ 

a) Is it a symmetr'ic figure ? 
If so, draw as many axes ' . 



8 



of symmetry as you can. i ' ^ 

b) How .many axes of symmetry does a rectangle have? 

c) How' many axes of syiranetry does a Square' have? ^^^^ ) 

8. Construe a circle with a radius of two Inches. Cut out 
the circulai* region. 

a) How many axes of symmetry do. you think a circle has? 

b) :What is the intersection *of all the axes of symmetry of a 
circle? (ztl^^tL^) 

9. ^Are there examples of symmetric figures in your cIassrobm?^^((^j^ 

If so, describe the axis of symmetry for each figure. 
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As you go home this afternoon look for examples of 
aymmetrlc figures. Notice where the axis of symmetry Is. 
You will find many examples. Look about your home for 
symmetric figures. Be especially alert at the dinner table 
In finding symmetric figures. 

Exercise Set 9 



1. ' This Is a drawing of a 

front of a wide buB. Is 
It a symmetric figure? 

^■^^ a 

2. Which of these drawings seem to be symmetric figures 





3. An insect might look like this. Does 
It appear to be a syimetrlc flgure?^i^^ 
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Polygon 
ABCD is a 
square. Triangle 
ME is an 
equilateral 
tricmgle. 



Trace this figure on your paper, 
a 




Name three symmetric figures. 

Draw all of the axes of symni^try for square ABCD. 

Draw all of the axes of symmetry for equilateral 
triangle aDE.(^'^^^^ ^ ^^y^jL*x.JL^^3 

Is there an axis of syiranetry for polygon PSCIE'ii^^y^ 

Look carefully at your drawing and the axes of bjumietry 
you have drawn. If you consider these axes as well 
as the original figure, do there appear to be even 
more syiranetric figures? (^^^ J 
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Which of these are true, statements? 

a) Axes of synimetry do not need to be vertical or 
horizontal . 

b) A symmetric figure must have two axes of symmetry. (JJam^ 

c) A figure Is symmetric if half of it is a reflection of 
the other half. 

d) An Isosceles triangle is an example of a symmetric 
figure. 

Print the capital letters of the alphabet. Which are 
examples of symmetric figures? 
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IX. symmetkV and reflection 



Objective:^ T?o develop the understanding that the axis of 

symmetry can also be the line of reflection; to 
give further pl:'actice in graphing ordered pairs. 

Materials: graph paper, pencil, squared chalkboard, straightedge 

Vocabulary: No nev( v/ords are used 

Teaching ProCiedures: ' • • - 

The development in the Pupil Text is in 
sufficient detail to be used* 

Braintwister 2 is quite long but should 
prov^ a challenge to some children • The pupil 
will be successful only if he follows the 
direcitlons carefully* 
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SYMMETRY AND REFLECTION 

Exploration 

Is an axl3 of symmetry the same thing as a line of 
reflection? Think about this question as you work out these 
exercises . 

1. a) . Graph this set of ordered pairs. 



aCio, +6) 
B(-2, +6) 
C(-4, +4) 



D(-l, +4) 
EC3, -4) 
PC9, 



H(-8, +4) 



Draw IE, S?, W, M, IF, 1^, OH, and W . 



Does your drawing look like the one below? 




y 




+1 +2 •»3 -^4 -^5 -^e-*? "^s+g 



X 
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b) IB polygon ABCDEPOH a Bymnietrlc figure? 

Use your straightedge to draw the axis of Bymmetry. 

c) Suppose you folded your paper on the axis of symmetry. 
On what points would these points fall? 

A on 7^'^^ H on .^"^ a on 1°^ V on 

d) Call the point where the axis of symmetry Intersects 
55, point J. What are the coordinates of J? (^^j^^^ 

e) Do A, B, and J have the same y-coordinate? ' How 
long is ISr How long is Tff?^^^ ^ 

Are A . and B the same distance from the axis of 
S3niinetry? (^^^) 

f ) Call the intersection of the axis of symmetry with 7E, 
point K. Are F and E the same distance fro^ 'j^? 

g) Are H anc\. C the same distance from JK? (^y^) 
Are D and 0 the same distance from JK? 

h) What are the coordinates of the point of intersection 
Of the X-axis with TIP? with Te? with JK? ^ 

Do these three points determine congruent segments on 
the X-axis? i}^) 

Since corresponding points of the curve are the same 
distance tvom JK, one part of the cux*ve is the reflection of 
the other. JK is the line of reflection. 
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Curve JBCDEK Is the reflection of curve JAHGPK. 
Curve JAHOFK Is the reflection of curve JBCDEK. 
The axis of syiratfetry, JK, Is aleo the line of reflection. 

2. a) Choose a point R In^ the Interior of polygon ABCDEPQH 
whose coordinates are Integers. (Do not chooae a point 
on the- axis of synunetry,) What are the coordinates of 
the point you chose? Cd^.^^^ ^.^^./^O 

b) Find the point which Is the reflection of R In the 
axis of symmetry, JK. Call It S. What are the 
coordinates of si (^^t''^-'^ ^ ^ ^ ^ "^^^ ^ ^ 

c) Find the point which is the reflection of R in the 
X-axis, Call it T, . What are its coordinates? 

d) Find the point W which is the, reflection of R in 
the y-axls. What are the coordinates of V/? 
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Exercise Set 10 



1. Trace this square on paper, and cut out the square and Its 



region. . How many axes of symmetry does It have? 




a) Graph this set of ordered pairs. 

aC^3, "^3), BC^3, "3), CC3, "3), dC3, "^3). 
Draw Iffi, 515, and M. 

b) What kind of quadrilateral Is polygon ABCD? ('Jp-^') 

c) The square ABCD has how many axes of symmetry ?xrName them, 

d) What point Is a reflection of A In the x-axls? In 
the y-ajcls^ ^ In BD? 

(a) 

e) Vfhat point la the reflection of B In the x-axls?^^-^ 
In the y-axlaf^ In AC?^''\n BD? 
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Answers: Exercise" Set JLO 
Exercise 2 - Braintwister 1 



EX.2.P-305 y 






D(-3+3) ' 


+4 




A(+3+3) 




•E 


C(-373) 


-2 0 
"2 


+2 


+4 X 

BC373) 


"4 





Ex.3. 
2 V 


+4' 

+2 


y 

^T(+7+3) 




I \ ~2 0 


+2 -J^ * +8 X 




\ \ "2 

\ 

\ / 


Rt'23^/ / 




V "6 
Y 


Vsr4~6) 
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3. a) Qraph the set: R('^2, "3), sC^, "6), tC^7, "^3 ). 
Draw triangle RST. 

b) Draw the reflection of triangle RST In the y-axls. 
call the reflection triangle. XYZ. 



c) Is the vinlon of triangle RST and triangle XYZ a 
synunetric set of points?"^ If so, what Is the axis of 
synunetry? ("M-^^) 



BRAINTWISTERS 

a) Look at your drawing for Exercise 2, Set 10, Qraph the 
point ("^1, ^2), and label It E. }aa,TC ^^^) 

b) What point Is the reflection of E In the x-axls? In 
the y-axls? In AC (call this reflection point P)? 
m b5 (call this reflection point Q)? 

c) What do you notice about the coordinates of these 
reflection points • 

a) Qraph this set of ordered pairs: 

A(0, "^9) D(0, "^10) 

bC'^, -^9) £(-^3, ^l) 

qCi>, ^10) F(0, 
Draw 705, 713, W., TE, T5P. 
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Answer: Bralntvrlster 2 



+11 



t 



-^3 



R S 



M 



H 



■5 -4-3-2 -|_p 

"2 
-3 
-4 

-5 
~6 



+ 1 +2*3+4+5 
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b) Graph these points using the same axes. )u».TC f^^^ 

0(^2, +3) hCl, >) 

H(^2, +2) M(0, +6) ' • •., 

J(o; ^2) ■ P(0, ^5) 

Draw '5R, T?7, g7. 
Draw KE, KR, mF,- U. 

c) Graph this set of ordered pairs using the same axes. 

R^l, -^8) T^l, -^7) (X- TC vi'-^'?) 

SC2, +8) - VC'2, -^7) \ 

Draw rS, W, and fR. 

d) Draw the reflection of the figure you "now have in the 
vertica; axis. ( xf**- T C 7^ 

e) You have a pxcture of Dandy Dan. Is it an example 
of a symmetric figure? ( 
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